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Fourier sums — Poisson sums

f(6) = Z a,e™?
k
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Fourier sums — Poisson sums

f(6) = Z a,e™?
k

P.f(6) = Z rlkla, e*® = 1 + Z rka, e™? + Z rka_, e~ ?
K

k>0 k>0
— k k, sk _
= 1+Zakz +Zr a_z"=U(z)
(z=rei®) k>0 k>0
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Fourier sums — Poisson sums

f(6) = Z a,e™?
k

P.f(6) = Z rlkla, e*® = 1 + Z rka, e™? + Z rka_, e~ ?
K

k>0 k>0
— k k, sk _
= 1+Zakz +Zr a_z"=U(z)
(z=rei®) k>0 k>0

Harmonic.
(rPO2+rd, +03) Pf(0) =0 <= 09,0:U=0
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Fourier sums — Poisson sums
f(0)

_ E akelk0
k
6) = Z rlklg, o0 — 1 4+ Z rkay e? 4 Z rka_ ek
k

k>0 k>0
= 1 +Zakzk +Zrka,k2k = U(z2)
(z=rei®) k>0 k>0
Harmonic.
(rPO2+rd, +03) Pf(0) =0 <= 09,0:U=0
(rd,)* = —rd, with respect to du(r) = < en [0, 1].

(09)* = —0y with respect to a df.

Decomposition:

P02+ 10, + 0 = = [(r0,)"(r,) + (90)"(90)
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Conjugate harmonic function (Fourier series)

(o) = Z axe™’
K
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Conjugate harmonic function (Fourier series)

(o) = Z axe™’
K

Q.f(6) = —iz sign k rlkl a; e™?
k£0

= E rka e®® 4+ i E rka_, e k0

k>0 k>0

_ ; ko k, sk _
= —IZakz —|—IZr a_,z"=V(z)

(z=rei®) k>0 k>0
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Conjugate harmonic function (Fourier series)

(o) = Z axe™’
K

Q.f(6) = —iz sign k rlkl a; e™?
k£0

= E rka e®® 4+ i E rka_, e k0

k>0 k>0

_ ; ko k, sk _
= —IZakz —|—IZr a_,z"=V(z)

(z=rei®) k>0 k>0

Harmonic.
(r28,2 + ro, + 85) Q. f(A)=0. = 9,0;V=0.
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Cauchy—Riemann equations ( Fourier series)

P.f(0) = Z rlkla, e*d =1 + Zak zF 4 Z rka_ 25 = U(z)
k

k>0 k>0

Q. f(0) = —iZsign k rlklg, e0 —= —iZak K+ iz rfa_ zK = V(z)

k0 k>0 k>0
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Cauchy—Riemann equations ( Fourier series)

P.f(0) = Z rlkla, e*d =1 + Zak zF 4 Z rka_ 25 = U(z)
k

k>0 k>0

Q. f(0) = —iZsign k rlklg, e0 —= —iZak K+ iz rfa_ zK = V(z)

k0 k>0 k>0

F(z)=U(z)+iV(z)=1+2 Z ax z¥ is holomorfic: 9;F =0
k>0
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Cauchy—Riemann equations ( Fourier series)

P.f(0) = Z rlkla, e*d =1 + Zak zF 4 Z rka_ 25 = U(z)
k

k>0 k>0

Q. f(0) = —iZsign k rlklg, e0 —= —iZak K+ iz rfa_ zK = V(z)

k0 k>0 k>0

F(z)=U(z)+iV(z)=1+2 Z ax z¥ is holomorfic: 9;F =0
k>0

Cauchy-Riemann (Fourier series)

Oy (Prf)(e) = _rar(Qrf)(g)
0, (PA)(0) = 9 (QF)(0)  (ice. (r0,)" (PF)(0) = (90)" (Q:F)())
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f(x) = | F(€)e™de
R

Orthogonal systems and semi



Fx) = / 7()e<de

P.f(x) = [ e tEIF(¢) € xde

—

| e Hode+ [ e R e = G
0 0
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Fx) = / 7()e<de

Pf(x) = /R e tEIF(¢) e e
_ 0o N 0o s _ i
= /0 e #F(E)de + /0 e F(—E)de = U(2)

Harmonic.
(02 +02) Pf(x)=0 <= 08,0:U=0
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Fx) = / 7()e<de

Pf(x) = /R e tEIF(¢) e e
_ 0o N 0o s _ i
= /0 e #F(E)de + /0 e F(—E)de = U(2)

Harmonic.
(02 +02) Pf(x)=0 <= 08,0:U=0

(0x)* = —0x with respect to dx
(0¢)* = —0¢ with respect to dt

Decomposition.

02 + 02 = =[(00)(90) + (2.)" (0]
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Conjugate harmonic function (line)

Flx) = / F()eede
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Conjugate harmonic function (line)

Flx) = / F()eede

Q:f(x) = fi/ Sign{eftm?(g) eigxdf
R

— ;oofzé?d 'mffé?fd:v
= / (§)§+:/Oe (—€)de = V(2)

(z=t—ix)
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Conjugate harmonic function (line)

Flx) = / F()eede

Q:f(x) = *I'/signge*tlf\?(g) eigxdf
R
= - - —z€7 [ Csep _
(Z:tjx) I/o e f(§)d§+l/0 e EF(—£)de = V(z2)

Harmonic.
(02 +02) Qf(x) =0 <= 09,0;:V=0

Orthogonal systems and semigroups Logrofio, 23 Febrero 2013 7/29



Cauchy—Riemann equations (line)

PLf(x) = /R e tIEIF(g) i€ X dg = /O e~ (£)de + /O e~ F(—£)de = U(2)

Q:f(x) = —i/ Signge*t\f\?(g) eigxdg
R

=i /O h e ZEF(E)dE+ i /0 h e ZEF(—£)de = V(2)

Orthogonal systems and semigroups Logrofio, 23 Febrero 2013 8/29



Cauchy—Riemann equations (line)

PLf(x) = /R e tIEIF(g) i€ X dg = /O e~ (£)de + /O e~ F(—£)de = U(2)

Q:f(x) = —i/ Signge*t\f\?(g) eigxdg
R

=i /O h e ZEF(E)dE+ i /0 h e ZEF(—£)de = V(2)

F(z) = U(z)+iV(z) is holomorphic: 0:F =0
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Cauchy—Riemann equations (line)

PLf(x) = /R e tIEIF(g) i€ X dg = /O e~ (£)de + /O e~ F(—£)de = U(2)

Q:f(x) = —i/ Signge*t\f\?(g) eigxdg
R

=i /O h e ZEF(E)dE+ i /0 h e ZEF(—£)de = V(2)

F(z) = U(z)+iV(z) is holomorphic: 0:F =0

Cauchy—Riemann (line)
OxPf(x) = — 0: Q:f(x)
OPf(x) = 0 QefF(x) (i (9)"Pef(x) = ()" Quf (x))

Orthogonal systems and semigroups



Orthogonal polynomials (Hermite)

Hermite Polynomials on R:

d" _,
Halx) = (~1)"e*/2 e /2.
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Orthogonal polynomials (Hermite)

Hermite Polynomials on R:
dn

Hn(X) _ (—1)”6)(2/2%6_)(2/2.

F(x) = anHa(x)
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Orthogonal polynomials (Hermite)

Hermite Polynomials on R:
Ho(x) = (—1)"e¥/2

F(x) = anHa(x)

Poisson sums :

P.f(x) = Z r"a, Hy(x)
n=0

a4

dx"

—x2/2

(r=e7)

Orthogonal systems and semigroups
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Orthogonal polynomials (Hermite)

Hermite Polynomials on R:

d" _,
Halx) = (~1)"e*/2 e /2.

F(x) = anHa(x)

Poisson sums :

Prf(X) = Zr"an Hn(X) (r: eit)
n=0

There is a kernel :

P = Y e o, Hylx) = 3 e [ / f(y)Hn(y)eyzdy} Ho(x)

Orthogonal systems and semigroups Logrofio, 23 Febrero 2013

f(y)e‘yzdy=/RKr(X)y)f(y)e‘yzdy
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ﬁ B. Muckenhoupt, Poisson integrals for Hermite and Laguerre expansions,
Trans. Amer. Math. Soc. 118 (1965), 17-92.

ﬁ B. Muckenhoupt, Hermite conjugate expansions, Trans. Amer. Math. Soc.
139 (1969), 244-260.

ﬁ B. Muckenhoupt and E. M. Stein Classical expansions and their relation to
conjugate harmonic functions, Trans. Amer. Math. Soc. 118 (1965), 17-92.
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| The obvious Poisson integral for a function f(y) with Hermite expansion
! > a,H,(y) is the function g(r, y) with Hermite expansion > r*a,H,(y), 0=sr<].

- -

application of the general theorem in §2. An alternate Poisson integral, f(x, y), is
also mentioned. If f(y) has the Hermite expansion given above, f(x, y) is the
function which for fixed x>0 has the expansion ¥ a, exp [—(2n)"3x]H,(»). The
theorems proved for g are immediately applicable to this since there is a simple
relation between it and g. Like the ordinary Poisson integral, f(x, y) satisfies a sec-
ond order elliptic differential equation. In fact, fi,(x, ¥) +/faa(x, )= 2yfa(x, y)=0.
This makes f(x, ¥) a more reasonable Poisson integral and makes it possible to
define conjugate functions for Hermite expansions. These conjugate functions will
be treated in another paper.

It was shown in [2] that

(L) LD vexp () g ex0 (- Lo22) = 0
Similarly, it will be shown here that
12 ZRED 1 2 [exp () ero (=75, )] = 0

and that the analogues of the Cauchy-Riemann equations

a3 L2 < exp () g5 (oxp (=375, )

Orthogonal systems and semigroups Logrofio, 23 Febrero 2013 11 /29



Understanding Muckenhoupt

Two alternatives following Muckenhoupt

“Pf(x) = Z e 23, H,( versus P:f(x) = Z e_t‘/ﬂa,,H,,(x).

Orthogonal systems and semigroups Logrofio, 23 Febrero 2013 12 /29



Understanding Muckenhoupt

Two alternatives following Muckenhoupt

“Pf(x) = Z e 23, H,( versus P:f(x) = Z e_t‘/ﬂa,,H,,(x).

The second satisfies
(02 + 92 — 2x0y) (Pef)(x) = (07 + (0x — 2x)0x) (Pf)(x)
_ [(at)*(at) n (ax)*ax] (Pef)(x) = 0
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Understanding Muckenhoupt

Two alternatives following Muckenhoupt

“Pf(x) = Z e 23, H,( versus P:f(x) = Z e_t‘/ﬂa,,H,,(x).

The second satisfies
(02 + 92 — 2x0y) (Pef)(x) = (07 + (0x — 2x)0x) (Pf)(x)
_ [(at)*(at) n (ax)*ax] (Pef)(x) = 0

(0x)" = —(0x — 2x)

Adjoint with respect to measure dvy(x) = e dx

Orthogonal systems and semigroups Logrofio, 23 Febrero 2013 12 /29



Understanding Muckenhoupt

Moreover
Qf(x) =Y V2ne V2" a, Hy_y(x)
satisfies
(02 + 0x(0x — 2x)) (QeF)(x) = — [(&)((%)* + 0x(0x)" | (Qef)(x) =0
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Understanding Muckenhoupt

Moreover
Qf(x) =Y V2ne V2" a, Hy_y(x)
satisfies
(02 + 0x(0x — 2x)) (QeF)(x) = — [(&)((%)* + 0x(0x)" | (Qef)(x) =0

Cauchy—Riemann equations (Hermite)
Oy Pef(x) = —0: Qe (x)
DP(x) = (0 = 20)Qf(x), (i (9)"PF(x) = (0.)" Quf())
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Common path?

In all the cases,
lim Q:f(x)=0
t—o0
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In all the cases,
lim Q:f(x)=0
t—o0

Hence

Qtf(x):—/too 95 Qs f(x) ds:/tm B PLF(x) ds:ax/too P,f(x) ds
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In all the cases,
lim Q:f(x)=0
t—o0

Hence

Qtf(x):—/too 95 Qs f(x) ds:/tm B PLF(x) ds:ax/tw P,f(x) ds

tlimo Q:f(x) drives to an important operator:
5
(1) lim fiZsign krlkla, k0 = —j Z sign k a e’® (Conjugate function).
RS k#0
(2) lim —i/signge_t‘f‘?(f)e’fxdfz / I-/I\f(g)e’fxdf (Hilbert transform).
R R

t—0
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In all the cases,

A, Q) =0

—/Oo 0, Q. (x) ds:/m 0. PLF(x) ds:ax/w P.f(x) ds
t t t

Iim0 Q:f(x) drives to an important operator:
t—

Hence

(1) Iirrz)fi E sign k rlklay e*? = —j E sign k a e’® (Conjugate function).
t—
k#0 k#0

(2) lim —l/Slgnge t‘f‘f(f) iexde = /Hf )e**d¢ (Hilbert transform).

t—0
I|m—/ 0sQs1( ds—a/ Psf(x) d
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In all the cases,

A, Q) =0

—/Oo 0, Q. (x) ds:/m 0. PLF(x) ds:ax/w P.f(x) ds
t t t

Iim0 Q:f(x) drives to an important operator:
t—

Hence

(1) Iirrz)fi E sign k rlklay e*? = —j E sign k a e’® (Conjugate function).
t—
k#0 k#0

(2) lim —l/Slgnge t‘f‘f(f) iexde = /Hf )e**d¢ (Hilbert transform).

t—0
I|m—/ 0sQs1( ds—a/ Psf(x) d

L 8X/OOOPsf(x)ds 7
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Diffusion semigroups

[@ E. Stein, Topics in Harmonic Analysis Related to the Littlewood-Paley theory,
Princeton, 1970.

(M, dp) measure space . {T;}iso: L2 — L%
(] Tt1+t2 — Ttl th. TO - Id. ||mt_)0 th - f in L2.

I Tefllp <|Ifllp, (1 <p<o0). Contraction.

T, selfadjoint in L2

o T,f >0sif>0. Positivity.

T:1=1. Markov.
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First example of semigroup. Classical heat equation

The example of diffusion semigroup in L2(R):

_Ix—yI?

T) = G L 0
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First example of semigroup. Classical heat equation

The example of diffusion semigroup in L2(R):

1 Ix—y|?
T:f(x) = —— “Ta@ f(y)d
t (X) (47Tt)1/2/]Re ¢ (y) y
For good functions f we have:

0:(Tef(x)) = 62(Ttr (x)) = A (T:f(x))

In symbols
T:f(x) = e®f(x) “heat semigroup”

Orthogonal systems and semigroups Logrofio, 23 Febrero 2013 16 / 29



First example of semigroup. Classical heat equation

The example of diffusion semigroup in L2(R):

1 Ix—y|?
T:f(x) = —— “Ta@ f(y)d
t (X) (47Tt)1/2/]Re ¢ (y) y
For good functions f we have:

0:(Tef(x)) = 62(Ttr (x)) = A (T:f(x))

In symbols
T:f(x) = e®f(x) “heat semigroup”
Interesting remark

T F(€) = e T (¢)
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Second example of diffusion semigroup. Orthogonal

polynomials

llustration. L with eigenfunctions {¢x }« and eigenvalues {\x }«

e i (x) = e M i(x), (Z Ck¢k> Z e M di(x)
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Second example of diffusion semigroup. Orthogonal

polynomials

llustration. L with eigenfunctions {¢x }« and eigenvalues {\x }«

e Lpr(x) = e Mgy (x), (Z ckq/)k> Z e M crpi(x)
We have the “heat ” equation for L:

Oe(etf(x)) = —Le L f(x)
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Second example of diffusion semigroup. Orthogonal

polynomials
llustration. L with eigenfunctions {¢x }« and eigenvalues {\x }«

e i (x) = e M i(x), (Z Ck¢k> Z e M di(x)

We have the “heat ” equation for L:

Oe(etf(x)) = —Le L f(x)

Fourier series case. —Ae™? = |k|2e=0

. ) .
_A)(Z ake—,ke) _ Z o tll ae k0
P K
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Second example of diffusion semigroup. Orthogonal

polynomials
llustration. L with eigenfunctions {¢x }« and eigenvalues {\x }«
e Ly (x) = e Mgy (x), (ch¢k> Z e e i (x)

We have the “heat ” equation for L:
Or(e ™F(x)) = —Le f(x)

Fourier series case. —Ae™? = |k|2e=0
A) ( Z ake_""e) — Z e tlk 5, o= ik0
k k
Hermite polynomials case. L = 0% +2x0,, LH, = 2nH,. Then

e_tL(Z a,,Hn) (x) = Z e 273, H,(x

(remember Muckenhoupt)
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Third example of Poisson semigroup

Formula for Gamma function:

_2
eft\/X: t e e s
oE ),

e Mds, A >0.
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Third example of Poisson semigroup

Formula for Gamma function:

t2

N Tes o

e 7m/0 S3/2esds, A>0.
If Lis positive,

—tvL t e s L
e f—2\/7?0 53/2esfds
“Harmonic”
(32— L) (e Vif) =0

e~ tVLf: Poisson semigroup

Orthogonal systems and semigroups
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Third example of Poisson semigroup

Formula for Gamma function:

t2
N Tes o
e 7%/0 S3/2esds, A>0.
If Lis positive,
—tvL t e s L
e f—2\/7?0 53/2esfds

“Harmonic”

e~ tVLf: Poisson semigroup

If L can be decompose L = (9x)*(0x), we get the conjugate harmonic function:

Q:f = —/ 0sQsf ds :/ O Psf ds
t t

Orthogonal systems and semigroups Logrofio, 23 Febrero 2013 18 /29



Determination of kernels

—tL tvL

If we know e then we know e~
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Determination of kernels

If we know e

il

—tL

then we know e tVL,

_f
S

2 oo —t?/4s 2
€ * sl t / e7t/% 1 ey
e X,y)ds = e & ds
53/2 ( y) 2\/7? 0 53/2 47s

t /°° 1 —u
L T
~~ 7Jo (EB+|x—y]?)

T (2 x—y2)
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Determination of kernels

—tL

If we know et then we know e VL,

t2 2
% /4 1

L/ooe_4 e t(x,y)ds = ! /ooe e ®& ds
2\/7? 0 53/2 4 a 2ﬁ 0 53/2 Adrs

t /°° 1 —u
L T
~~ 7Jo (EB+|x—y]?)

T (2 x—y2)

Conclusion. If we know the kernel of the heat semigroup, we know the kernel of
the Poisson semigroup.
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“Riesz Transforms”

L 1 o dt
Gamma function firmula: A\™% = —/ t¥e At - A, a > 0.
0
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“Riesz Transforms”

. 1 e dt
Gamma function firmula: A\™% = —/ t%e M = X\ a>0.
M) Jo t

Given ¢y, eigenfunction of L with eigenvalue Ax, we have

1 1 o dt 1 o dt
L %, = — ) = —— a o= Akt _ a—tL
O () ARt ol A

Hence,
1 o dt
L=of = —/ t¥ethf =

0

Orthogonal systems and semigroups Logrofio, 23 Febrero 2013



“Riesz Transforms”

. 1 e dt
Gamma function firmula: A\™% = —/ t%e M = X\ a>0.
M) Jo t

Given ¢y, eigenfunction of L with eigenvalue Ax, we have

1 1 o dt 1 o dt
L™k = o Pk = 7/ tre Mg — = 7/ t%e g —
p ) Jo 0

Mo t M)

Hence,

Lof= L / e ttr &
M(a) Jo

oo oo
Y2 = (VD) = / tretvip & :/ e VL dt
r() Jo t 0

Going back to our slide (¢ ?)

IlmQtf_Ilm—/ D5 Qs f( ds_a/ Psf(x)ds = D, L~/%f
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Stein knew everything!.



Stein knew everything!. Look into the red book. j1970!
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Stein knew it ...

We assume that G is a non-compact, connected, Lie group. We let
XI.XI,...,XT'I be a basis for the (left-invariant) Lie algebra, considered as
first-order differential operators on G. We set

ﬂ*‘ = E ﬂij Xixj
where luiji is any real symmetric positive definite matrix, (More specific
choices of the l“ijl will be made later,) Our first object is to consider the

heat-diffusion semigroup T.: = e“'r-

The definition of the Riesz transforms can be given symbolically as

R;(F) = X;(-Ay %1,

Orthogonal systems and semigroups Logrofio, 23 Febrero 2013



Boundedness in L2 of Riesz transforms

L =070,
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Boundedness in L2 of Riesz transforms

L =070,

Eigenvalue case: ¢y = 0, (L)~ Y2y
[ owtndu= [ (00 20) (1) 21) d
— [ (o) 20u) (0200 du= [ (L0)200) (W) 20r) du
= [ (W6 (W 200) du=3272 [ 606 du

Orthogonal systems and semigroups



Boundedness in L2 of Riesz transforms

L =070,

Eigenvalue case: ¢y = 0, (L)~ Y2y
[ owtndu= [ (00 20) (1) 21) d
— [ (o) 20u) (0200 du= [ (L0)200) (W) 20r) du
= [ (W) (W 200) du=3272 [ 606 dn

Spectral theorem:

(O(L)2F,0,(L)7V2F) = (930.(L)7V2F, (L)7V/2F)
= (()V2F,(1)7V26) = (f.f)
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Boundedness in LP of Riesz transforms

General procedure in Harmonic Analysis. Once we know the L?-boundedness,
the kernel is used to get LP boundedness.
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Boundedness in LP of Riesz transforms

General procedure in Harmonic Analysis. Once we know the L?-boundedness,
the kernel is used to get LP boundedness.

a L= 1/2f(X a / —th( ) 1/2 dt / 8 —th( ) 1/2 dt

t
/ / “t(x,y)f(y) dy t1/2
:/Rn (/0 Ox et (x, y) £/ df) f(y)dy

- [ K)o
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Possible Applications — “a priori” estimates

“a priori” estimates

L= (0,)0i

i

Lu="f

felP = 8,'8]'U€ LP

Orthogonal systems and semigroups Logrofio, 23 Febrero 2013 25 /29



Possible Applications — “a priori” estimates

“a priori” estimates

L= (0,)0i
Lu=f

felP = 8,'8]'U€ LP

8,~6ju = 8,-8ij17‘ cLP
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Application — Sobolev Spaces

Assume
[Fllee ~ |OL72F]| 1.

Equivalently

I1L2g]|ee ~ 108 lo-
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Application — Sobolev Spaces

Assume
[Fllee ~ |OL72F]| 1.

Equivalently

1LY 2g]|o ~ [|0g]|co-
Then

{felP:['?felPy={felP:0f € LP}
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Application — Sobolev Spaces

Assume

[Fllee ~ |OL72F]| 1.
Equivalently

1LY 2g]|o ~ [|0g]|co-
Then

{felP:['?felPy={felP:0f € LP}

Sobolev spaces

WP ={felP:d"felPy={felP: ["?feclP}
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iMuchas gracias!
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