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Orthogonal Rational Functions

Orthogonal Rational Functions. Aim of this talk.

@ ORF: generalization of orthogonal ordinary polynomials (poles
at 00) and orthogonal Laurent polynomials (poles at {0, c0}).
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Orthogonal Rational Functions

Orthogonal Rational Functions. Aim of this talk.

@ ORF: generalization of orthogonal ordinary polynomials (poles
at 00) and orthogonal Laurent polynomials (poles at {0, c0}).
e AIM OF THIS TALK:

© To present a research topic between people from
o La Laguna University, Tenerife (P. Gonzilez-Vera, C.
Diaz-Mendoza, R. Orive, F. Perdomo Pio, R. Cruz-Barroso).
e K.U. Leuven, Belgium (A. Bultheel).
e U. Lille (B. Beckermann, K. Deckers).
@ More exactly: positive rational interpolatory quadrature
formulas on the unit circle with prescribed nodes.
© Survey and some recent results:
o Connection with some recent results by B. Beckermann and
K. Deckers.
o Extension to ORF of some of the results presented in:
Orthogonal Polynomials and Special Functions - a Complex
Analytic Perspective. Copenhagen, Denmark, June 11-15,
2012 (P. Gonzdlez-Vera, C. Diaz-Mendoza and F. Perdomo
Pio, R. Cruz-Barroso).
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Orthogonal Rational Functions

Some works

@ A. Bultheel, P. Gonzélez-Vera, E. Hendriksen and O. Njastad.-
Orthogonal Rational Functions, volume 5 of Cambridge
Monographs on Applied and Computational Mathematics,
Cambridge University Press, Cambridge, 1999. (1st Bible)

@ More than 70 papers by A. Bultheel, P. Gonzalez-Vera, E.
Hendriksen and O. Njastad!
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Orthogonal Rational Functions

Some works

@ A. Bultheel, P. Gonzélez-Vera, E. Hendriksen and O. Njastad.-
Orthogonal Rational Functions, volume 5 of Cambridge
Monographs on Applied and Computational Mathematics,
Cambridge University Press, Cambridge, 1999. (1st Bible)

@ More than 70 papers by A. Bultheel, P. Gonzalez-Vera, E.
Hendriksen and O. Njastad!

@ PhD Thesis of Joris Van Deun and Karl Deckers (2nd Bible).

@ Three works by L. Veldzquez (with O. Njistad) and M.J.
Cantero (with A. Bultheel).

@ Recent works by D. Lubinsky, J. Geronimo, B. Beckermann
and K. Deckers.

@ A. Bultheel, O. Njistad, P. Gonzadlez-Vera, F. Perdomo-Pio
and R. Cruz-Barroso.
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Orthogonal Rational Functions

Rational quadrature formulas on the unit circle

@ /i: positive Borel measure on T :={z € C: |z| = 1}.

o Aim: estimations of /;(f) = ["_f(z)dfi(0), with z = e’

—T

f continuous on T.

@ Quadrature formulas:

Ih(F) = Mef(z) zj#zc if j#k.
k=1

Election of the nodes and weights so that the rule is exact in a
certain space of functions with dimension as large as possible.

~~ Positive rule (positive weights): interest for convergence
and stability.
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Orthogonal Rational Functions

Rational quadrature formulas on the unit circle

o Quadrature formulas for /;(f): n-point Szegé rules, positive
and exact in span{z¥: —(n—1)< k < n—1}.
~> One free parameter of modulus one.
~> Nodal polynomial: para-orthogonal.

o Rational quadrature formulas for /;(f): rational n-point Szegd
rules, positive and exact in spaces of rational functions.

~> Rational quadratures: in many cases, f is much better
approximated by rational functions, instead of L-polynomials.

e.g. f meromorphic, with poles outside but maybe close to T.
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Orthogonal Rational Functions

Rational generalization of well known concepts

]
("]
(*]
(*]

fi ~ inner product (f,g); = ["_f(2)g(z)dfu(0), z = €.

Initial data: 2 and o = {O‘k}ioﬂ CD:={zeC:|z| <1}
Blaschke factor: (;(z) = =X

l-a;z’

Blaschke products: By =1, B, = B,_1(,, n > 1.

L, = span{B}1_, = {f =P.pc IP’,,} with

n

mn(z) = [[[_1 1 — @jz and P, = span{l, z,...,2"}.

o Set wy(2) = [17_1(z — a;). Thus, By(z) = 2242,
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Orthogonal Rational Functions

Rational generalization of well known concepts

@ For p, g non-negative integers, rational (multipoint) analog of
the space of Laurent polynomials:

R_pqg = Lpx+Lyg=span{Bx :k=—p,...,—1,0,1,...,q}
= {f=2: PePy,},

where B_y(z) = Bks(z) = #(Z).

Functions in R_,, q have their poles in {ay};_; U{l/a7}]_;.
@ Super-star conjugation: *(z) = Bp(z)fi(z), for f € L \Lp-1.
o Ln(B)={feL,: f(B)=0}.

@ Blaschke products are useful for computations:

o B_i(z) = Bki(2z) = Bi(z) for z € T. By =1.
o f=pp/mn € L\Lp_1, then f, = p}/x% and f* = p¥ /7.
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Positive rational quadrature formulas on the unit circle

Positive rational quadrature formulas on the unit circle

@ Aim: estimations of [;(f) = [7_f(z)dj(0), with z = e’ by
In(f) = >Zk=1 Ak (k).

@ Problem: find nodes and weights such that /;(f) = /,(f) for
all f € R_p(n),q(n), With p(n) + q(n) as large as possible.

Basic requirement: rational moments px = ["_ By (z)dfi(6)
with z = e must exist Vk. Notice: p_j = Tik.

@ Gram-Schmidt process to the basis By, Bi, . . ., By:
{pj}i—o orthonormal basis for L.
Repeated for all n: orthonormal system {p;}22,. ORF.

~> not unique, we can always multiply with a unimodular
constant. Normalization: choosing leading coefficient
kn = pi(an) of p, to be real and positive.

Ruyman Cruz-Barroso On positive rational interpolatory q.f. on the unit circle



Positive rational quadrature formulas on the unit circle

Positive rational quadrature formulas on the unit circle

Para-orthogonal rational functions, PORF.

As in the ordinary polynomial situation, set
Xn(z,7n) = Cn[pn(2) + Tnp;(2)], with C, # 0 and 7, € T. Then:

® Xi(2,7n) = KXn(2z, ), for k= &7, € T and
ze C\{1/aq,...,1/am}. (invariance)

] <X,~,, f)ﬁ =0forall fe E,,_l(a,,) and <Xn7 ]->,u o <X,,, Bn>ﬁ 73 0.
® Xn has exactly n distinct zeros on {z}7_; C T.

@ Taking such zeros as nodes, there exist positive numbers
Ao st () = [a(f), forall f € R_ (1) 51

Rational Szegdé quadrature formula
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Positive rational quadrature formulas on the unit circle

Positive rational quadrature formulas on the unit circle

@ Maximal domain of exactness since there cannot exist a
positive n-point rule with nodes on T that is exact neither
R_n,n—1 or Rf(nfl),n-

@ The weights {\«}]_; are positive and can be computed by
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Positive rational quadrature formulas on the unit circle

Rational Szegd recurrence

Rational Szeg6 recurrence:

po(z) =1 and for n > 1,
(55) - (53)
e =etimE (5 7 ) (29 1)
where

5,1 _ pn(an71§ _ (zl QO’J,,Z Pn— I(Z)rpk(2)>ll c D, Vk = 0’ 1’ oo D — 1.

* 1-a, 1.
p,,(an—l (#pn,l(z)’lok(z»ﬂ

with

(6,: Rational Verblunsky coefficients) and

Y 1571 G U
O0<e,= T Ton 12 1[0,
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Positive rational quadrature formulas on the unit circle

Para-orthogonal rational functions (PORF)

@ POREF: by applying the rational Szegé recurrence for p, and
P, Xn can be expressed in terms of p,_1 and p;_;:

Xn(2,7n) = pa(2) + Tap;(2)

= G0 L [Cro1(2)pn-1(2) + Tiph_1(2)]
with G, #0 and 7 € T.

@ Thus: it will be suffice to compute ORF of degree n — 1. The
nodes of the rational Szegd rule are the zeros of

Xn(2,75) = (2 = an-1)pn-1(2) + 7, (1 — @n=12) P4 (2),

for some 75 € T.
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Positive rational quadrature formulas on the unit circle

Fixing nodes in advance in the quadrature formula

e Rational Szegé: always exist, depend on 7, € T (arbitrary),
positive and exact in R_(,_1) -1

@ Rational Szeg6-Radau: always exist, positive, exact in
R _(n-1),n—1 and it is unique.

To fix a node u € T, take 75 = —((anflfu)p”’l(”) eT.

T—an10)py ()
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Positive rational quadrature formulas on the unit circle

Fixing nodes in advance in the quadrature formula

@ Rational Szegd-Lobatto: To fix two distinct nodes u, v € T.

Rational extension of the polynomial situation

(C. Jagels and L. Reichel, JCAM 2007).

Modify the last rational Verblunsky parameter:

Op_1 ~ 5,,,1 € D and to take an appropriate parameter 7
s.t. the n-th para-orthogonal rational function has u, v among
it zeros.

Problem: given /i, {a} € D and u,v € T, to find a positive
q.f. with u, v prescribed nodes and a minimal number of other
nodes, mutually distinct, exact in R_(,_1) n1.

Three possible situations:
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Positive rational quadrature formulas on the unit circle

Fixing nodes in advance in the quadrature formula

Three possible situations:

1 u, v happen to be among the zeros of a para-orthogonal
rational function of degree n. Exactness in R_(,_1) 5—1-
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Positive rational quadrature formulas on the unit circle

Fixing nodes in advance in the quadrature formula

Three possible situations:

1 u, v happen to be among the zeros of a para-orthogonal
rational function of degree n. Exactness in R_(,_1) 5—1-

2 u,v happen to be among the zeros of a para-orthogonal
rational function of degree n + 1. Exactness in
R—n,n =2 R—(n—l),n—l-
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Positive rational quadrature formulas on the unit circle

Fixing nodes in advance in the quadrature formula

Three possible situations:

3 Generic case: there exist a proper (n + 1)-point rational
Szegd-Lobatto rule. Exactness in R_(,_1) n—1-

Set:
2 =60) (E)T’ () == 640 (€>T v)

— Cn—1(u)pn—1(u _ _Cnfl V)pn—1(V
=) eT, m»= 0 e T.

~~ Modified 6, — 5, € CND # &, with C the circle with

center ¢ = 51 £_ and radius r = |1 — c73l.
T161—T2&2

~ It holds CN'T = {7y, 2}

~ |If the center and the radius are infinite, then the circle
becomes a straight line.

~~ Particular choice of 7, | = & 21— s
1— 7'15,,
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Positive rational quadrature formulas on the unit circle

Fixing nodes in advance in the quadrature formula
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Positive rational quadrature formulas on the unit circle

Some references

@ A. Bultheel, R. Cruz-Barroso, K. Deckers and P.
Gonzalez-Vera.- Rational Szegd quadratures associated

with Chebyshev weight functions, Math. Comp. vol 78,
No. 266 (2009), 1031-1059.

@ A. Bultheel, P. Gonzadlez-Vera, E. Hendriksen and O. Njistad.-
Rational quadrature formulas on the unit circle with

prescribed nodes and maximmal domain of validity, IMA
J. Numer. Anal. 30 (2010), 940-963.

@ A. Bultheel, P. Gonzélez-Vera, E. Hendriksen and O. Njastad.-
Computation of rational Szeg6-Lobatto quadrature
formulas, Appl. Num. Math. 60 (2010), 1251-1263.

@ K. Deckers, R. Cruz-Barroso and F. Perdomo-Pio.- Positive
rational interpolatory quadrature formulas on the unit
circle and the interval, Appl. Num. Math. 60 (2010),
1286-1299.
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Positive rational quadrature formulas on the unit circle

A first new result: three prescribed nodes

@ General open problem (hard!): to characterize a polynomial
and rational quadrature formula on the unit circle with an
arbitrary number of prescribed nodes and maximal domain of

exactness.
@ Next step: to fix three nodes.

@ The solution now is completely different!:
the rule may not exist.

@ A characterization can be obtained: a positive quadrature
formula exist under conditions on /i and {a} C D.

@ ldea: in the rational Szego-Lobatto rule, to fix the free
rational Verblunsky parameter §, on C N D s.t. the PORF
Xn+1(2, 75y 1) has u, v, w among its zeros.
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Positive rational quadrature formulas on the unit circle

A first new result: three prescribed nodes

@ Theorem: this (n+ 1)-point rule exists (positive, unique and
exact in R_(p_1),n—1), iff

dn =(long expression depending only on u, v, w, fi,{a}) € C.

Problem!: this parameter does not always satisfy |3,| < 1.

@ |dea of the proof:
~~ Rational Szegé recurrence: Yny1(z,7,, 1) is written in
terms of {pn,l,p:‘,_l,gn,ﬁfﬂ}.
~~ Construct Rational Szeg8-Lobatto rule to fix u and v —
0p € CND (free) and 7, ; uniquely determined from d,.
~» To introduce the expression for 7, ; + expressions for the

center and radius + 5,, e CND —+ to fix w + tedious
calculations (and some luck!) — explicit expression for d,.
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Positive rational quadrature formulas on the unit circle

An example

[1: Lebesgue measure on the unit circle.

o ORF: Takenaka-Malmquist basis,
{1pu (Ol g, (7))ot

1-apiqz

@ Two nodes v and v prescribed (green triangles). A third node
w moving around the unit circle.

Take n = 10.

Blue region: accepted rational quadrature rule (existence and
positive).

Ruyman Cruz-Barroso On positive rational interpolatory q.f. on the unit circle



Positive rational quadrature formulas on the unit circle

An example

1000
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Positive rational quadrature formulas on the unit circle

An example

04r

02

02k
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Positive rational quadrature formulas on the unit circle

A second new result (in progress)

o Joukowsky transform: x = 3 (z+ 1), x = J(z). Maps D
onto the cut Riemann sphere C\[—1,1] and T onto [-1,1].

@ Connection between quadrature formulas on the interval and
the unit circle:
e Polynomial situation: A. Bultheel, L. Daruis and P.
Gonzélez-Vera, JCAM, 2001.

o Rational extension: A. Bultheel, R. Cruz-Barroso, K. Deckers
and F. Perdomo-Pio, Appl. Num. Math., 2010.

@ Gaussian quadrature formulas on the interval with a
prescribed node anywhere:
e Polynomial situation: A. Bultheel, R. Cruz-Barroso and M.
Van-Barel, Calcolo, 2010.

o Rational extension: A. Bultheel, K. Deckers and F.
Perdomo-Pio, Jaén J. Approx., 2011.
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Positive rational quadrature formulas on the unit circle

A second new result (in progress)

@ Next step: quadrature formulas on the interval with a
prescribed node inside the interval of integration and possibly
one or both endpoints.

e Polynomial situation: A. Bultheel, R. Cruz-Barroso and M.
Van-Barel, Calcolo, 2010.

o Rational extension: A first approach has been done by K.
Deckers (in progress, not submitted yet!), by considering
quasi-orthogonal rational functions on the interval:

&n(2) = pn(2) + apn-1(2).

@ Alternative approach (in progress): to use Joukowsky
transform and symmetric rational Szeg6-Lobatto rules.
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Positive rational quadrature formulas on the unit circle

A second new result (in progress)

@ Theorem: Suppose that {«a1,...,ap_1} are real or appear in

complex conjugate pairs and that fi is symmetric. Set

. } —% if o #0,
vn =2y mj € {£1} with n; = ajl

1 if aj=0.
Then,
@ The zeros of x,(z,7,) appear in complex conjugate pairs iff
T = 2ElL

Q xn(z,7,) has a zero in
QO z=1iff 7, = —vp,
Q@ z=-1iffr,= (—1)"+1vn.
© In a rational Szegd rule, the weights associated to two complex
conjugate nodes are equal, iff, 7, = +1.
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Positive rational quadrature formulas on the unit circle

A second new result (in progress)

@ By considering symmetric rational Szeg6-Lobatto quadrature
formulas (v and T prescribed) and connecting with the
interval by Joukowsky transform ~-

Characterization of rational Gaussian quadrature formulas with
a node prescribed inside and possibly one or both endpoints.

o Computation:

e Rational Gaussian formulas: generalized eigenvalue problem
(A. Bultheel and J. Van Deun, Numer. Algor., 2007)

e Rational Szegé formulas:
Operator Mébius transformations of Hessenberg or CMV
matrices (L. Veldzquez, J. Funct. Anal., 2008) and
(A. Bultheel and M.J. Cantero, Numer. Algor. 2009).
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Positive rational quadrature formulas on the unit circle

A second new result (in progress)

@ An algorithm for the computation of Gaussian rules with a
prescribed node by passing to the unit circle in the polynomial
situation is presented in the PhD Thesis of F. Perdomo-Pio
(2013): key fact:

o Geronimus relations (computation of Jacobi matrices from
Verblunsky coefficients for two measures related by the
Joukowsky transform)

o A result due to L. Garza, J. Herndndez and F. Marcelldn
(Numer. Algor, 2008): algorithm for the same connection in
the opposite direction by using LU decomposition.

@ Extension to the rational case: ?
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Positive rational quadrature formulas on the unit circle

A second new result (in progress)

Thank You!
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