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Fundamentals

Lie groups and Lie algebras

e We consider a Lie group & as a (closed) linear matrix group.
e a Lie algebra g (of &) is
e the tangent space to the Lie group & at the identity
e a vector space with a bilinear and skew-symmetric multiplication [-, -]:
O [s.22]cg (sico)
B [[a1, 22, &3] + [[83, &1, 2] + (82, 83], 1] = 0 (Jacobi identity)

our model example: the special unitary group & = SU(d)
e ® =SU(d) = {U € GL(d,C)| UUT =1 and det(VU) = 1}
e & is real, semisimple, and compact

e g=su(d) ={g e gl(d,C) g +g" =0 and Tr(g) = 0}
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Schubert calculus: overview

purpose [see, e.g., Hiller (1981,1982)]
e module basis (with relations) of the integral cohomology group

e explicit description of the multiplicative structure

origin
e named after Hermann Schubert (1848-1911)
who solved counting problems in projective geometry
e relies in its current form on ideas of Chevalley (~1958, publ. 1994)
e worked out by Demazure (1973,1974) and Bernstein et al. (1973)

e Lascoux and Schiitzenberger (1982) introduced a special form
(Schubert polynomials)
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Schubert calculus: important special case

cohomology of Grassmannians G(m, n)
e G(m, n) = complex m-dimensional linear subspaces of C™*"
e module basis of the cohomology ring: X

e multiplicative structure: X, - X, =3, c{ X,

Littlewood-Richardson rule
o Lesieur (1947): irreducible (poly.) representations V* of GL(n,C)
satisfy VA @ VI =3 ¢, V”
(A, p, v = integer partitions with < n parts)

o the Littlewood-Richardson rule (1934) for the cy, is exceptional
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Restricting Schubert calculus to a subgroup

basis elements in the Schubert module basis of the cohomology ring )

vanishing or nonvanishing?

e if you restrict a basis element to a subgroup
it may or may not vanish

e plausible that this can be decided in polynomial time
for each basis element

our problem [see, e.g., Purbhoo (2006)]

find efficient algorithms to determine all nonvanishing basis elements

main example
restrict Schubert calculus from SU(2") to SU(2)®" = SU(2) ® - - - @ SU(2)

v
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Motivation

analyze and understand the cosets SU(2")/SU(2)®"

e nonvanishing cohomology elements are important
for computing the cohomology of the coset

e compare with de Rham cohomology computations
using the Koszul complex

e (potential) applications in quantum computing

restricting representations (and corresponding convexity theorems)

e Berenstein and Sjamaar (2000): explicit algorithm to compute
restricted representations (asymptotic version)

o restricted Schubert calculus plays a significant role in this algorithm
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The adjoint representation and the Weyl group

adjoint representation Adg of the Lie group & on its Lie algebra g
* Adg(G):g—9, g— G 'gG (G€B,gcy)
e Ady(9) :={Ady(H): He 9} (H CB)

Weyl group We(a) := Ng(a)/Cq(a) (H C 8)
e o is an Abelian subalgebra of g
e centralizer Cy(a) = {H € $|Va € a: (Adyg(H))(a) = a}
e normalizer Ng(a) = {H € 9| (Adg(H))(a) C a}
* Wsy(s)(a) = symmetric group S3, [S3| =6
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Roots A = A,

roots Ay of g w.r.t. an Abelian subalgebra a

Ag={aeca’|g*+# {0} and o # 0}
where g% = {g € g+ig|Va € a: [a,g] = ia(a)g} and a* = dual space to a

e choose a as a maximal Abelian subalgebra
e positive and negative roots: A = AT W A~ where |AT| = |A7|

e simple roots ¥ C AT cannot written as sum of two positive roots

Killing form B(g, h) := Trg(ad(g) o ad(h)), ad(g): h+— [g, h]
g semisimple = 3 unique a) € a: A\(a) = B(ay,a) for A € a*
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Cartan matrix, weights, and the Weyl group W = We(a)

Cartan matrix n(«, 5) = 2 (o, B) / (o, ) = (a,ﬁ) where o, 5 € A™

e coroot & 1= 2a/ (v, ) where (A, i) := B(ay, a,)

e Killing form B(g, h) := Try(ad(g) o ad(h)), ad(g): h — [g, h]
e g semisimple = 3 unique a) € a: A(a) = B(ay,a) for A € a*

weight lattice © = {\ € a*: \(&) € Z Vo € A}
e fundamental weights @,: (@a,ﬁ) = 0ag
e root lattice 2= (A) C ©

W = (so: a € AT) where s,(5) = a—n(a, §)[ is a reflection

e length function: /(w) = min{k: w = s, -Sa, }

e T unique wp: /(wp) = max/(w) = |AT]
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Example: SU(3)

roots and weights
e simple roots ¥ = {a = a1, = az}
e positive roots AT =Y U {a + (}

-1 2

e fundamental weights: &1 = &, =
(2a+ 8)/3, w2 = u_Jg(Oé +203)/3

e Cartan matrix n(a, 3) = ( 2 _1)

the Weyl group W = (s,: ao € A™) [sa(B) = a—n(a, 5)0]
e Wagyz)(a) = symmetric group S3, [S3| =6

e elements: id, s,, 53, SaS3, S35a, and Wy = 5,535a
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Schubert calculus: theory (1)

symmetric algebra S(a*) (a = maximal Abelian subalgebra of g)
e a* ={\1,\2,..., A} is the dual space to a
e S(a*) is isomorphic to the polynomial algebra R[A1, A2, ..., Am]

cohomology ring Hyy,
{Xw : w € W} = module basis index by the Weyl group W

the operators 9, := (1 — s,)/a where 9,,: S(a*) — S(a*)
e 02 =0, 95(@a) = dap, and I (uv) = da(u)v + so(u)da(v)
e define 0,y = 0u,- - -0, if w=154,-+54, and I(w) = k

{ Oy If I(w') = I(w) + I(W)),

e Oy -0y = .
0 otherwise
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Schubert calculus: theory (2)

the operators 0, := (1 — s,)/a where 9,,: S(a*) — S(a*)
° 92 =0, 95(@a) = dap, and I (uv) = da(u)v + sa(u)da(v)

o define Oy = Op, -+ *Oay If W = 54,54, and I(w) = k

characteristic homomorphism c: S(a*) — Hyy = cohomology ring
o c(u) => pewelow(v)] Xw (projection £: S(a*) — S%(a*) ~ R)
o (i [aear @) = Xug, ¢(@a) = X, and c(a) = g5 (@, 5) X

v

o Ker(d,) = S(a*){ and Ker(c) = (S(a*)"V)4

w

e W = complex reflection group = S(a*)"* = polynomial algebra

[Shephard-Todd, Chevalley]
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Schubert calculus: theory (3) and example SU(3)

characteristic homomorphism c: S(a*) — Hyy = cohomology ring
. C(ﬁ [oca+ @) = X, €(@a) = Xs,, and c(a) = 355 (o, B) Xss
® XWo - C(d); Xsa - C(‘Da); Xsﬁ - C(‘*—)ﬁ) [d - 046(04 —+ /6)/6]
* 0u(d) = Bla+p8)/3

Giambelli formula: c(@w_lw()ﬁ [Toea+ @) =Xu
o Xousy = (X3, + X5 Xs, +2X3,)/3

e computes the preimage of ¢ (modulo (S(a*)"V),)

Pieri formula: X, - X,, = ZB€A+,/(W55)ZI(W)+1 (8,@a) Xus,
° Xia = Xsssu? XSBXSa = Xsgsa T Xsasg: Xgﬂ = Xsus,e

e describes the multiplicative structure of Hyy,
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Induced action on the cohomology ¢*

induced actions given by the embedding f: & — &
e embedding f.: g <— g, restriction f*: g* — g*
e restriction ¢*: Hyy — Hy;, (W,W are the Weyl groups)

computation of ¢* (a,d are max. commutative subalgebras)

S(7*) uniquely given by f* (and surjective if f* is);
Demazure (1973) = ¢ (or €) is surjective if &

(or &) contains only SU-components and the

lc lE corresponding Cartan matrix is nondegenerate

(no torsion effects in this case);
-1

S(a") 2 S@)

Hy —— Hjz
W W compute ¢* = ZoS(f*)oc

by inverting ¢ using Giambglli
= we are in a good situation if & = SU(2") and & = SU(2)®"
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Inverting c using the Giambelli formula (1/3): [Ex. SU(4)]

S195351951

weak order

w1 < W & wy = W1Sj, ... Sj,
st. l(wisj, ...s;) = I(w1) +i
forall i € {1,... ,k}

Giambelli formula: C(aw—lw()ﬁ [Toen+ @) =X

® Oy = 0nyOny if W=54,-54, and [(w) = k

° 0y =(1—-s,)/c
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Inverting c using the Giambelli formula (2/3): [Ex. SU(4)]

1925992

Giambelli formula: c(@wfl,,,,oﬁ [Toen+ @) =X

® Oy =0y 0, if w=15,,-5,, and I(w) = k
° 0y =(1—-s,)/c
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Inverting ¢ using the Giambelli formula (3/3): [Ex. SU(4)]

1,95
~ 0,05

wﬂw; 03
st
— L0305+ £020% + L0203+ £01 0505+ B K <3303 - %9505 - 80203 - 495
O Q

st %

S010205 — 0105 — L0205 - 10,03 — 393

o< 3
] 193
o ]
s
e}
+4 I 193

19,97 — Lg92 - 193
~L192 — 10,93 - 103

1 1 192, 1 120
10192+ 30105 + 103 + 10,05 - 103

133 3 s
-~ 1503 - %0503 + 0203 + 193

. 8W71W0|W1‘ [Tocas a is normalized w.r.t. (S(a*)"V)4

1 : ; 1,9 95
* T [Toca+ @ is normalized to —551213
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Restricting from & = SU(4) to & = SU(2) @ SU(2) (1/2)

1 19,92 193
—30105 - 30205 - 503

1030, 4 L2024 Lg,93 4+ Lot
— L0305+ 50303+ 20203 + 0%
s
s 1 i 19,92 1
S0ads - 0103 — 0505 - $0203 — 393
O

1 s 1921 1570
10192+ 50105 + 102 + 10,05 - 102

_1g3_ 3 39,02 4 193

L3 - 20205+ 30202+ 503

@ use S(7*) (uniquely given by f* and surjective if f* is)
@ use Z(u) =Y oy ElOw(u)] Xy (projection &: S(a*) — S°(d*) ~ R)

W| =24 and V| = 4 ]
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Restricting from & = SU(4) to & = SU(2) @ SU(2) (2/2)

s
50203

1 19,92 — 193 19293 4 T9.9% 4+ 295
—30103 - 30,03 - 303 30303+ 10204 + 303

S
Lgs
2003

19,94 195
=gtz - 393

1930, + L9202 4 Lp,0% 4 LA 19292 1 1
~A0393+ 50203 + 10,03+ L04 10202 + 1o,

92— 10205 - 12 0102+ §0105 + 303 + 30205 + §3

39 1941
391+ 10, + 205

1 3 92 3962, 1
71)05 = 50s + pitads + ﬁv?é

seven nonvanishing basis elements (W| = 24 and |W| =4)
o ¢"(Xia) = Xia
o 9%(Xy) = ¢"(Xg;) = X, + X5, and ¢%(Xy,) = 2X
¢ $*(Xsy5) = 0" (Xs35,) = 0" (Xp53) = 2X 555,
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General case: & = SU(2)?" — & = SU(2") (n > 2)

Challenge: combinatorial explosion (W] = 2" and |W| = (2")1)
en=2= W =4 and |W| =24
e n=3= W =8 and |W| = 40320
e n=4= |W| =16 and |W| = 20922789888000 (This is a problem!)

Example: & = SU(2) ® SU(2) ® SU(2) — & = SU(8)
83 nonvanishing basis elements (JW| = 8 and |[W| = 8! = 40320)
* ¢"(Xia) = Xia, 9" (Xsy) = ¢"(Xs;) = X, + X5, + X5,
¢*(XS2) - ¢*(X56) = 2X,, + 2X,,,
9" (Xs;) = 0" (Xss) = 3Xs; + X5, + X5, and ¢*(X,) = 4X;,

e 25 nonvanshing elements X,, where w € W is of length /(w

) =2
¢ 50 nonvanshing elements X,, where w € W is of length /(w) =3
)>3

¢ no nonvanshing elements X,, where w € W is of length /(w) >
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Further ideas

tree-free computations (work in progress)
e local decision rule for finding descendants (ideas of Stembridge)

° Eotential speed-up in the case of
® = SU(2) ® SU(2) ® SU(2) — & = SU(8)

algorithms which do not touch all basis elements in H,y (future)

e Can S(f*) be inverted? (respecting (S(a*)"")4 and (S(@*)"V)4)

e This may give us a significantly smaller candidate set in W!




Thank you for your attention!
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