K :=GF(q)
C be an [n, k,d] cyclic code over K, gcd(q,n) = 1;
g(X) the generator polynomial of C;

m the multiplicative order of ¢ mod n;
I the splitting field of X™ — 1 over K;
a a primitive nth root of the unity;
h(X) the generator polynomial of q;
t the correction capability of C;

Sc:={i:g(a’) =0} C {i:0<i<n} the complete
defining set of C';
Then
o F = GF(q™) = K[a] = K[X]/h(X);
e g(X) | X"—1;
e deg(g) =n—k =:r;
e i€ So == igJ (modn) e Sc.
ot =|(d—1)/2].
A defining set of C is any set S C S¢
Sc={i¢Z (modn):ie S, jeN}
Let
e(X) = Z;'f:_é e; X' € K[X] an error polynomial;
J:={j:e;#0,0<j<n} the error positions;
= #J the weight of the error (wlog u <1t);
{a 1 j € J} CF the error locators;

s; ;= e(a') = Y eja €F,i € Si, the syndromes;
jed
Le '=Tljej(1—XaJ) the error locator polynomial.
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e A.B.III Cooper, Direct solution of BCH decod-
ing equations, Comm., Cont. and Sign. Proc.,
(1990) 281—-286

e A.B. IIl Cooper, Finding BCH error locator
polynomials in one step Electronic Letters, 27
(1991) 2090—-2091

Assume
and set

t .
fi = '21 X]-Qz_l —spi—1 € F[Xq,..., X4];
]:

| :=1(f1, -, ft) CF[Xq,..., X4,

z() :={a=(a1,...,a) €F*: fi(a) = 0};

(G the reduced Grobner basis of | w.r.t. the lex
ordering < induced by X1 < - Xp;

g € F[X1] the unique polynomial : GNF[X1] = {g};
Z:={¢: (& ap,...,ar) € Z(D}.

E:={&,...,€.} the set of the error locators.
Then

e E=7={¢:g(¢) =0}

o #E = pu=1t=deg(g);

e g(X) = ngZ(X —&);

e XHg(X~1) is the error locator polynomial.
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S =1{1,3}, P:= Kls1,s3][ X1, X2];

| :=1(X1 4+ X2 + 51, X7 + X5 +53) C P]
G={X?s1+ X157 +s7 +s3, Xo+ X1 +s1};
g(X) = X?s1 + Xs7 +s3 + s3;
id est (Berlekamp)

3
Le(X) =14 Xs1 + X2 (sl T S3> |
s1

{1,—-1}
I(X1+ Xo+5s1,Y1 + Yo +s_1,
X1Y1 +1,XoYo + 1)
C  Kls1,5-1][Y1, Y2, X1, X2]
G ={ Xfs_1+ Xis15_1 +s1,
Yis1 + Xis—1 +s15-1,
Y1 X1+ 1,
Yo+ Y1 +s_1,
Xo+ X1 +5s1}
g(X) = XZ%s_14 Xsis_1+s1

id est (Berlekamp)

Le(X) =1+ Xs1 + X2 <5—1> .
s_1

— W
|

There is in Cooper a designed ambiguity; the arit-
metic is performed on the s;s in K]s;,i € J] but are
interpreted as performed on «; in IF.



g(X)

Le(X)

'+ + 0 n

{1,3,5}

I(X1 4+ Xo + X3+ 51,
X3+ X3 + X3 + 3,
X2 + X3 + X3 + s5)

Ks1,s3,s5][ X1, X2, X3]

X3(s3 4 s3) + X2(s1 + s153)

X (ss3 + s5)

5615 -+ 5:13_53 + sqs5 + 5:23

g(X1),

X35X1 4+ X351+ -,

X5(s3 +s3) + -,

X3+ Xo+ X1 +5s1}

1 —I—X51

2 (S%? +S5>

s7 + s3
+3 (s? + 5:1)753 + sys5 + s%)
S:{’ + s3




S =1{1,3,5}
n=15m=4h(X)=X*4+X+1
F=GF(16) = Zz[a] = Z>[X]/h(X)

By =53 +s3
ﬁQ . 5%53 —|— S5
B3 :=s8 + s3s3 + s155 + 53 = 5182 + 57

Le(X) =14 Xsq1+ X262ﬁ1_1 + X3ﬁ3ﬁ1_1

e ¢(X) = X3

— S1 :Ck3,53 :Oé9,55 =1,

— 61 207622076320
— Le(X) =14 Xa3.
e e(X) = X3+ X2
— S1 — a67s3 — a5,s5 — C¥5,
— 61 — 0411,62 — O4763 =0
— Le(X) =14+ Xab + X2a°
— Le(X) = (14 Xa?)(1 4+ Xa3)
e e(X)=X3+X24+X
— S1 — Oé11,53 — 0411755 = 0,
— B1 =0 By =03 pB3=all
— Le(X) =14 Xall 4 X2013 4+ X3a5
— Le(X) = (1 4+ Xa)(1 + Xo?)(1 + Xo3)
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e X. Chen, I. S. Reed, T. Helleseth, K. Truong,
Use of Grobner Bases to Decode Binary Cyclic
Codes up to the True Minimum Distance, IEEE
Trans. on Inf. Th., 40 (1994) , 1654—-1661

Adapts Cooper’s results by

1. discussing the structure of g in function of the
relation between u (the weight of the error)
and t (the correction capabily);

2. fixing the arithmetics within Kls;,7 € J] thus
clarifying Cooper’s ambiguity;

3. removing 'algebraic’ solutions;



Let

q=2,K=75,5S={214+ 1,0 <i <t}

t .
fi = '21 Zj27’_1 —spi—1 €F[Z1,..., Z];
j:

h; ‘= Zf’"‘l — Z; € F|Z4,...,7Z] (error locators are
nth roots of unity);

I::]I(fla"' 7ft7h17“‘7h’t) CK[Z]J’Zt]’

z():={a=(a1,...,a) €F': fi(a) = 0};

G the reduced Grobner basis of | w.r.t. the lex
ordering < induced by Z1 < ---Zp;

g € F[X4] the unique polynomial : GNF[Z1] = {g};
Z:={¢:(&an,...,ar) € Z(I)}.

E:={¢,...,£,} the set of the error locators.
Then

e ECZ={{:9(&) =0}

o g(X) = lgez(X —&);

o #E=p <t=deg(yg).



Let

g=2,K=75S=1{2i4+1,0<i<t});
t .
fi = '21 ZjQZ_l —spi—1 € F[Z1,..., Z];
j:

h; .= Z?+1—Zi€IF[Zl,...,Zt] ,

| = ]I(fl,--- ,ft,hl,...,ht) C K[Zl,...,Zt];

Z() = {a = (ay1,...,a1) €EF: f;(a) = O};

G the reduced Grdbner basis of | w.r.t. the lex
ordering < induced by Z1 < ---Zp;

g € F[X{] the unique polynomial : GNF[Z1] = {g};

L. ={¢:(&an,...,a1) € Z(D)}.

E:={&,...,€.} the set of the error locators.
Then

.u,:t::}

— Z(l) consits of all coordinate permutations
of the root (&1,...,&).

— E=/,
— Le(X) = XHg(X1)

o u=t—-1—
— (0,&1,..,&u) € Z(D),
— E=272uU{0},
— g(X) = X - (XML (X™D))

o u<t—2 —
_ (CaCagla"wgbO'” 7O>€Z(I)r \V/CGF,
— E=F,
—g(X) = X"+ X



e X. Chen, I. S. Reed, T. Helleseth, K. Truong,
General Principles for the Algebraic Decoding
of Cyclic Codes, IEEE Trans. on Inf. Th., 40
(1994) , 1661-1663

1. generalize Cooper’'s approach to g-adic codes,
giving a solution for decoding an error whose
weight p is assumed given;

2. give an alternative approach via Newton iden-
tity.



Assume K = GF(g) and consider both the com-
plete defining set So and a defining set S of C and
set

73::F[Z]_7'°'7Z,LL7Y17"°7Y,LL]

u |
fi= > Y;Z;—s; € P,i€ S,
=1

hjZ:Z?—lép

N

j = qu_l — 1 € P (Y; represents the magnitude

e; € GF(q));
| :'=1(fi 95,2 : 1 <j<pieS)CP,
Z(1) c F2# the roots of I;
G the reduced Grobner basis of | w.r.t. the lex
ordering < induced by Z1 < ---Z, <Yy, -, 4y,
g € F[Z1] the unique polynomial : GNF[Z1] = {g};
Z:={¢:(&an,...,au,e1,...,eu) € Z(1)}.
E:={&,...,€.} the set of the error locators of an
error whose weight u is assumed to be known

Then
e E=7={¢:9(§ =0}
o #E=p=1t=deg(g);
e g(X) =TIlgez(X —&);
o XHg(X~1) is the error locator polynomial.
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Let h; Z YZ”L and 0;(Z1,...,4y) the jth ele-
=1
mentary symmetric function.

Recall Newton identity
v
hi+ > ojhij=0,p<i<n
Jj=1

and remark that (in our setting) h; represents the
syndrome s; and the error locator polynomial is

p .
Le=1+4 Y ;77
=1

Thus setting
R :={l1,...,l;} such that

{Fl,leRO<j<m}={i1<i<nm,i¢Sc}

P :=TF[Ty,...,TuU1,...,Ur |
T K[I1,...,Tu,X1,...,Xn] — P the evaluation

S; 1 €S
7T(XZ = Zj—]. . ¢

i
fz':=77<j(z'+ >, T5X5— ]>€73 p<i<mn;
fnzT%—ﬂJ<l<u

—M,p M<i<m1§]§ 1<l ) C P
g; the r%o?'nc primitive generator 7H]

Then g/(T}) =1, — 0.

Remark that each g; can be obtained by an ap-
propriate Grobner basis computation.
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e D. Augot, M. Bardet, J.-C. Faugere, Efficient
decoding of (binary) cyclic codes above the
correction capacity of the code using Grobner
bases, Proc. IEEE Int. Symp. Information The-
ory 2003, (2003)

Lo
Assume g = 2 and let h; 1= > Z% be the Waring

J
=1
functions and o;(Z1,...,%4,) the elementary sym-
metric function.
Recall Newton identities
i—1
hi+ > ojhi_j+ic; =0 1<i<p
=1
o
hz—|—ZO'jhi_j:O ,u<z§n
=1

and the existence of the Waring formulas

Qﬁi(Tl, ce ,Tlu) : hz' — Qﬂi(al, ce ey JM)'
so that setting

Q= ZQ[Yl.,...,YM,Tl,...,TM]

1—1
fi =Y+ ,ZlTjYz'—j +1iT;,1 <@ < p;
]:
/1/ .
fi =Y+ _ZlTjYi—ja,u <i<m;
]:

N L
QZ'_,‘Fl Tlalﬁlﬁﬂ 12



QZ:ZQ[Yl,...,YM,Tl,...,TM]
1—1

£ =Y + z T;Y; ;+iT;, 1 <i < p;
]_

U
fir=Y+ X 1Y ju <i<mn,
j=1

a =T ~T,1<1<p

e a preprocessing Grobner basis computation of
the ideal

I(f;:1<i<n)CQ

returns the basis

{Y; = 25,(11, ..., Tp), 1 <i < p}.

e the Grobner basis computation of the ideal

[(s; —W;(T1, .-, Tu),q;,% € Sy, 1 <1< p)

returns the basis

{T]_—O']_,"' 7T,UJ_O-,LL}

and the error locator polynomial is

7
Le=1+ ) o0;Z;
j=1
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“It seems that the behaviour of the G-basis com-
putation is the same for all possible values of the
syndrome, provided that it corrisponds to an error
of a given weight” Therefore perform a preprocess-
ing computation for each possible weight and use
this as a trace for each decoding each error. At
worst one gets the true solution and some more...
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e X. Chen, I. S. Reed, T. Helleseth, K. Truong,
Algebraic decoding of cyclic codes: A polyno-
mial Ideal Point of View, Contemporary Math-
ematics, 168 (1994), 15-22

K =GF(q)

S: {ll,,ls}
73I=F[Xl,...,XS,Zt,...,Zl,Yl,...,Y%]
t .
Ji = 2 YjZ;-Z—XiEP,lgigs;
J=1
. n+1
A=Y -1eP;
| :'=1(f;,95,2j 11 <j<t,1<i<s)CP;
Z(1) C F2# the roots of I;
GG the reduced Grobner basis of | w.r.t. the lex
ordering < induced by X1 < - < Xg < £ <
21 <Y, Y

15



Assume that G contains a single element g; €
F[X1,...,Xs, Zt, ..., Zy_;41] with positive degree in
Zy_;4+1 and set

n; .
9i(X1,...,X5,0,...,0,Z;_;41) = ) ci,jzg_Hl
j=0

If an error has weight u <t then.

1. the following conditions are equivalent:

(a) there are exactly u errors

(b) c10(s;,) = =ci—po(s,) =0

2. XFL(X™1) = gcd (gt_,u(slz., 0,X), X" — 1)

ui=1

While ¢, o(s;,,---,5,) =0do p:=pu+1
g :=9cd (gu(spy,- 54,05, 0, X), X" — 1)
L(z) = Xtg(X~1)
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e P. Loustaunau, E.V. York, On the decoding of
cyclic codes using Grobner bases,J AAECC, 8
(1997) 469—-483

1. remark that the CRHT assumption, in general,

does not hold;
2. make a weak proposal to correct the CRHT

algorithm
3. remark that the Grobner computation sug-

gested cannot be performed by the best soft-

wares of the period (1997)*
4. therefore suggest to use, since the ideal is O-

dimensional, the FGLM algorithm;

e M. Caboara, The Chen-Reed-Helleseth-Truong
Decoding Algorithm and the Gianni-Kalkbre-
ner Grobner Shape Theorem ,J AAECC, 13
(2002) 209—232

1. gives a stronger version of L-Y by using Gianni-

Kalkbrener Theorem;
2. suggests to add the relations X49" — X satisfied

by the syndromes;
3. improves the telescope remark of CRHT.

* which is true; what is interesting is that Cooper’s
computation can be easily performed by the same
software.

17



Gianni-Kalkbrener Grobner Shape Theorem

Denote

k the algebraic closure of k;

P =k[X1,...,Xn]

| C P a O-dimensional ideal;

l; = 1Nk[Xq,...,Xy4], d<mn,;

Z(1;) C k? its roots;

< the lex ordering induced by X1 < ... < Xp;

G = {91,...,9s} the GrObner basis of | wrt <
ordered so that T(g1) < T(gp) < --- < T(gs);

foreachd<n Gy=GnNk[X1,...,Xyl;
a:=(by,...,bq) € Z(y);
o P— K[Xg41,---,Xn],:

f(X) = fla, Xg41,---,Xn).

Expresses each g; € k[Xq,..., X;] \ k[Xq,...,X;_1]
as

¢
g = Y gu(Xy,... »Xj—l)Xé’
=0

= Lp(g)X‘+ ...+ 91X, + Trlg).

18



Gianni-Kalkbrener Grobner Shape Theorem

G = {91,...,9s} the Grobner basis of | wrt <
ordered so that T(g1) < T(gp) < --- < T(gs);

foreach : <n G, =GnNk[Xq1,...,X.];
foreach /e NG,y :={gc€ G \G,_1 :degx, (g9) =/}
a:=(by,...,by) € Z(ly);
Po P — K[Xg41,---,Xn],:
f(X) — flo, Xgg1,--.,Xn).
For each h € G,y we have h = Lp(h)X!+...+Tp(h).

Let

o be the minimal value such that ®,(Lp(g9s)) =0
J,0 the value such that g, € G5
Then

1. j=d+1,

2. for each g € G:

o 1 <d = Pu(g) =0,
e .=d+1=jL<d = Pu(g) =0,

3. ®a(go) = 9gcd (Cba(g) 1 g € Gd—l—l) € k[X 4411,
4. for each b € k,

(bl, .. .,bd, b) & Z(ld_|_1) e Cba(gg)(b) = 0.

19



Let

73I=F[Xl,...,XS,Zt,...,Zl,Yl,...,Y%]

t .
Ji = X }/}Z;Z—Xiép,lgigs;

j=1
=2 —Z;eP
)\] = lqu— 1 eP;

o; :=X,Lqm—XiE73,1§i§s;

| :=1(fi, 95, Xj,0i: 1 <j<t,1<i<s) CP,

Z(1) ¢ F2# the roots of I;

GG the reduced Grobner basis of | w.r.t. the lex
ordering < induced by X1 < -+ < Xs < 44 <
“‘Zl<Y1<"'<Yt;

for each « <n G, = GNP[Z, - ,Z];

foreach/ e NG,y :={g € G,\G 41 : degx, (g9) = ¢}

20



Q.= F[Xl,...,XS]

73Z:F[Xl,...,XS,Zt,...,Zl,Yl,...,n]

G the reduced Grdbner basis of | w.r.t. the lex
ordering < induced by X1 < -+ < Xgs < 43 <
o Z1 <Y, Yy

for each 1 <n G, =GNP[Z, - ,74,];

foreach/ e NG,y :={g € G,\G 41 : degx, (g9) = ¢}

Then the CRHT results implie

L <1 = Gyp=0,
(>, = 0=n+1,G,={z"t -2}
If the error has weight u, then, for each g € G4,

1. if « < p then g(Sll,...,Sls,O,...,O,ZL) = 0;

2. if t=p and Lp(g) # 0 then
0% g(siys-- 4513, 0,...,0,2Zu) = ZHLe(Z 1),

3. ife=p+1 and Lp(g) #= 0 then
g(sl17° * 7Sl3707° ’ .,O,ZL) — ZL ) <Z#L€(ZL_1)) :

4. if t > pu+ 1 and Lp(g) # 0 then
7, - (ZﬂLe(Zb—l)) | 9(spys---,515,0,...,0,Z,)
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g3 31

g3 3 2

g3 3 3

ttt++++t++++l++++++++ I+ ++++++++

S =1{1,3,5}, K = Zy,n = 15,F = GF(16)

Z3(XoX3 4 Xs) + Z2X1 X0 X3 4+ Z2X1Xo + Z3X{1 X3
Z3X8X5X3 + Z3X{Xo X3 + Z3 X8 X3 X3+ Z3X2 X130
Z3X?X3X3 + Z3 X7 X3 + Z3 X1 X5X2 4+ Z3X3X5X3
Z3X2X2 X3+ Z3X2X31 + Z3X2X5X35 + Z3 X2 XS
Z3X%X§X§ + Z3 X1 X3X3 4+ Z3X39X5

Z3X3X3 4+ Z3X3

X32%3 + X8X,X2 + XIX8X5 + XIX3X5 + X§X1°

X8X3 + X3X32X2 + XiX3Xs 4+ X3X3t + X3x86X3

X3X5 4 X3XoX3 4 X3Xo + X2X13X2 4 X1X1%X3

X1X3%X3 + X1X5 + x;;xg + XX3 —|2- X2, s
Z3(X5 4+ X3) + Z2X1 X5+ Z2X1 X3 + Z3 X1 X3
Z3X8XPX3 + Z3XBXE + Z3 X8 X3 + Zs X[ X3X3
Z3X§X27 Xg -+ ngixi};‘){g + 23X§X%90X§3+ Z3X? X3
Z3X2X3X3 4+ Z3X2X3 + Z3 X7+ Z3X1X3% X2

Z3 X1 X5 X% 4+ Z3X5 X3 + X12X3 + X8xX5X3

XIX1?X3 4 X7X2X3 4 XX3x3 + X$X2 4 X5XoX2

X$X33X5 4 x3x1° 4 x3x10%x3 4 x3x10

X3X3 + X3 + X9X3X3 + X1X5X5 + X3t

Z3(X1 4+ X2X2) 4 Z2X7 + Z2 X1 X5X5 + Z3X{° X3
Z3X8X3X5 4+ Z3X8X2 + Z3 X[ X3° X3+ Z3X{ X X3
Z3X{X5X34 Z3 X2 X234 X3 + Z3 XX X3 + Z3 X0 X3
Z3 XX X2 + Z3 X2 X0 X2 4+ Z3X1 X33 X5

Z3 X1 X8X3 4 Z3 X7 X3 X3+ Z3X3X30X3 4 Z3 X3 X130
L L L LI + B G
AR R e WL L

X3X3X3 4+ X$X1° 4 x4x10 + xix5x3

x?;(%(g + ;{fg(gxg + X X3 4 X X8X3 4 X1X§

X37X3 + XX,
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g3 16 1
g2 21

g2 2 2

g2 2 3

g2 2 4

g2 16 1
g1 11

I++++++ I ++++++ 01 ++++++ 1 ++++++1010

Z:-]3'6 + Z37

Z3(X2X3 4+ X2) + Z223(X2X3 4 Xz)

Z>X1(X2X3 4 X>)

Z2Xo X3+ Z53Xo + Z3 X1 X0 X3 + Z3X1 X0 + XHX3

X8XIX3 4 XIX X2 4 X§X3X3 4 X3X4°

X3X3X3 4 X3X3 + XiX2X2 + X3XiXs

X2x11x3 4 x2xdt 4 x2x5x3 4 x2x§ + X1x8x2

X1 X3X2 4 X39X3 4+ X5X5 + X3,

Z3(X3 + X3) + Z225(X5 + X3)

Z> X1 (X5 4 X3)

Z%XS -+ Z%Xg + Z3X1X§ —+ Z3X1X§ + XFX%

x8x33x3 + x8x8 + x8x3 + XIx3X2 4 X$X7Xs

X2X14X3 4 x5X3xX3 4 X5X3 4 X§XoX2

X3X13X3 4 X3xX29X3 + X2x5X3 + X2X35

X? 4 X3 X12X2 4 X, X0X2 4 X3Xs,

Z5(X1 + X3X3) + Z223(X1 + X3X3)

ZoX1(X1 + X3X32) 4+ Z2X1 + Z5X5X2 + Z3X7?
2v?2 12 2 8 5y2 8 2 Ty12 7

Z3X1X5X3 -|—x X2 4 x%x5x2 + x8x2 -|—x X3 X3—|—X IX7X3

XIX2X5 + x6x14x3 + xfxgxg + xfxg

X5X11x2 + x5x2x2 + XIX13X5 + X1x8Xs

X4X3X3 _I_ X3X10X3 _I_ XBxlO _|_ X3X5X3

x3x5 + )<2x12x2 + x1x4x3 + x“x3 + X5X3,

ZQ(Z?, —l- X2X2) + ZQZ3(Z3 X2X2)

Z>X1(Zs + X2X )+ Z2X3X2 + 23X1X2X2 + x12x2

X8x5x2 4 x8x2 —|— x7x§2x3 —|— x7x7x3

X7X2X3 _|_ X6x14x3 _l_ X6X9X3 _|_ X6X9 _I_ X5X11X2

X5X2X2 + X4x13x + x4x8x3 + x4x3x3

xixgoxg + xfxgo + xfxgxg + xixg + X3

X§1x6;2x§ + X;X5X3 4+ X31X3 4 X8X3 + Xo,

ZQ _I_ ZQ)

Z1+ 2>+ Z3 + Xi.
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Warning: from now on, I write s; to mean SJ, -

g3 31 = %(X2X3+X2)+---
g3 32 = %(XE’ -I—X% :
g3 33 = %(X 1+ X35X32) + - -
93 16 1 = %6-|-Z3,
go 21 = (X2X3+X2)+---
g2 22 = (X5 -I-X%
g2 2 3 — %(X +X§ é‘g
g2 2 4 = %(Z 3 + X5X
g2 16 1 = + Zo,
9111 = Zl-l-Zz-l-Z3-|-X1-
Note that
Lp(gz 3 1) = Lp(g2 2 1),
Lp(gz 3 2) = Lp(g2 2 2),
Lp(g3 33) = Lp(g2 2 3),

and remark that

Zg2 2 1(s1,52,53,0,Z) +Tp(93 3 1),
Zg2 2 2(s1,52,53,0,2) +Tp(g3 3 2),
Zg2 2 3(s1,52,53,0,2) + Tp(g3 3 3),
ZLp(g2 2 «)(Z + X1) +Tp(g2 2 +).

93 3 1(s1,52,53,2)
g3 3 2(s1,52,53,2)
g3 3 3(s1,52,53,2)
g2 2 «(s1,s2,s3,0,2)
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G the reduced Grobner basis of | w.r.t. the lex
ordering < induced by X1 < -+ < Xs < Z¢ <
"'Zl <Y1 <...<§/t;

foreach + <n G, =GN O[Z;,---,Z];

foreach/ e NG,y :={g € G,\G 41 : degx, (g9) = ¢}

Enumerate each G, as

G .= {gbf].? R 7gL£jL€}7 T(gbél) <0 < T(gLEJLE)

We have 9oy — Lp(gbﬁj)Xf + ...+ gilXj + Tp(gbﬁj)-

pi=t, g:=1,
Repeat

3:=20
Repeat j =57+ 1
until Lp(g,u,uj)(sa 0) =0 or j> T
If 7 > jup then p:=p -1
else
If Tp(9,,;)(s,0) =0do p:=pu—1
else
9(Z) == g,,;(s,0,2),

Untilg=10or u =20

Output p, XHg(X™ 1)
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g3 3
g3 3
g3 3
g3 16
g2 2
g2 2
g2 2
g2 2
g2 16
g1 1

5253 + 52 7 0

so53 +s2 =0

H = D WONRERE R WD

A#0
A=0

5 3
S5 + 53

D0
D=0
£0B#0
B=o0 E#0
E=0
s3+s3=0s1+s3537%#0C#0
C=0 F#0
F=0
5145353 =0s353 %0 G#0
G=0 51#0
51=O
5253—051;&0
51—0

%(X2X3+X2)+ -+ A
%(X5+X§)+ + B

%(X 1+ X5X3) +---+C
% +Z37
(X2X3+X2)+ -+ D

Z%(X5 + X§> +- +E

2(X1 + X3X )-I— -+ F
%(z +xixh+ .+
+ZQ7

Zl+ZQ+ZS+X1-

FEErrrpppiirl)

g3 31
g2 21
g1 11
g3 32
g2 2 2
g1 11
g3 33
g2 2 3
g1 11
g2 2 4
g1 11

gi11 1
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e M. Caboara, E. Orsini, M. Sala, Fast decoding
of cyclic codes via the syndrome variety (2002).

1. Perform postprocessing using Grobner technol-
ogy to improve the syndome test.

2. compute and process, for each u,1 < u < t,
the Grobner basis of the ideal encoding only
the case in which there are exactly u errors.

s =20 s3=20 = L =1

so =0 s3 %0 = L = 1+4 Zs1 + Z°s2
Sg-l-lzo s3=0s1=0 =—=— L =1+ Z3s,
ss+1=0s3=0s17#0 == L=1+Zs;

+ 72 (s%lsgsi’sg) + Z3s9s3
s$5+1=0s3#00=0 == L =142Zs
ss+1=0s37#00#0 == L=141Zs;

F () (540

+ 7352 5253( +s%os§0)
sS+s27#0s3=0 ESN L=1—|—Zsl—|—Z2552
so+so#Z0s37#0s1 =0 = L=1—|—22$2 s3 + Z3s5
sS+so#0s37#0 p= = L = 14 Zs1 + Z?s3s3
sS+so#0s37#0s1p7%E0 = L:1—|—Z51

+ Z2 (s 5253 —I—s3s§s§) p 1
+ 72 (s 525 —I—s%3s:23) -1
+ Z3s% 5253

+ Z3s3s3 + s1s, los + s;”

where

2 2.2 —1
s1 + 515253 + s,
s1 + 5253

S
|

9
|
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e E. Orsini, M. Sala, Correcting errors and era-
sures via the syndrome variety, J. Pure Appl.
Algebra, 200 (2005), 191-226,

e Remove the spurious solutions

— (07517'“76,&)
_ (C)C?fl)"')gtaO"' 7O>

e Introduce and compute the general error loca-
tor polynomial

Let
q=2
C an [n, k,d] binary cyclic code, n odd;
Q . =F[Xq,...,X,,_¢]
P:=F[X1,.... %X, 1, Zt,...,21]
fi = .ilzj.i—xiep,l <i<n-—k;

j=

hj=2Z"t -z, eP,1<5<t

o =X —X;eP,1<i<n—k;

P = ZZZ]Z(iszJ)»l SI<jg<t

| :=1(f;, hj, 04, p1) CP;

(G the reduced Grobner basis of | w.r.t. the lex
ordering < induced by X1 < --- < X, < 4 <
AR

foreach 1 <n G, =GnNQO[Z,---, 7]

foreach/ e NG,y :={gc G \G 41 : degXL(g)28: ¢}




C an [n, k,d] binary cyclic code, n odd

Q = F[Xl, ce 7Xn—k]

P = F[Xl, ce 7Xn—k7 Ly, Zl]

G the reduced Grobner basis of | w.r.t. the lex
ordering < induced by X1 < --- < X, < 4t <
“‘Zl <Y1 <...<Y’t;

for each « <n G, =GNP[Z, - ,74,];

foreach/ e NG,y :={g € G,\G 41 : degx,(g9) = ¢}

Then

o Gy ={9ii1};

o Lp(gii1) = 1,

® gii1 =24+,

e denoting gy1 = Zf —+ Zle at_lZf_l c Q[Z;] the
following properties are equivalent;
— there are exactly u errors;
— a;_i(s) =0 for I > p and a;—,(s) # O, l
— gi1(s, Zt) = ZVH (Zf + Yy a () 2y );
and imply that Le(Z) = ZHgu1(s, Z71).

9111 (Z) € Q[Z] is the unique monic polynomial in
Q[Z] which satisfies the following property;

given a syndrome vector s = (s1,...,S,_%) €
F—k corresponding to an error with weight u <
t, then its t roots are the u error locations plus
zero counted with multiplicity ¢t — u

and is called the general error locator polyno-
mial of C
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g331

In

the

_I_
_|_
_I_
_|_
_I_
_I_

the present example

S=1{1,3,5}, K =7, K =15,F = GF(16)
result is already smallish

zg -+ z%:cl

z3(w373 + 237523 + 2375 + T37277)

Z3($%5ZIJ% + a:%“xfls + $%3CIZ? + :1:%233%1 + 513%1:13%4)

23(:135033% + xém%l + xgx%ﬂ' -+ acga:% + wgwi’ + a:%a:}l -+ a:%)
563338561 -+ 333:(3%:13?{ —+ x3ng1 —+ :c3a:2x%o -+ x%%:? —+ x%“x?
33%356% -+ :U%QQ:%Q + a:%lajﬁ -+ x%ox‘z’ + azgw%z -+ 56816%5 + :ch‘;’
x%x? + x%az%Q + x5

but clever guessing inspired by eye-inspection gives
even a more compact presentation

g331 = A+ AE+ B

where

x1 + 23
o —I-ZIZZ]%_
x3 —I-:c?
az*g + xga::{’ + :Ug’ + .:Ugl)
ac%(B15 —1) —CzoD

= O QW
Tt
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e E. Orsini, M. Sala, Correcting errors and era-
sures via the syndrome variety, J. Pure Appl.
Algebra, 200 (2005), 191226,

Let C be a binary [n,k, d]-code with n < 61 and
d=3,4 [t =1].
Denote S a defining set of C' and
Lo € Flz, .- zn_illZ]

its general error locator polynomial.

Then there are only four cases

1) C has a defining set of type S = {m}, with
(n,m) =1 and £C=Z—|—x’{.

2) C has a defining set of type S = {m,h}, with
(m,h) =1 and

/ /
Lo=2+ a8

where m/, b/ € Z denote the value satisfying the
Bezot's identity mm’ 4+ hh/ =1

3) C is a sub-code of a code C’ of type 1) or 2)
and £C — ‘C’C/

4) C is equivalent to a code C' of type 1), 2) or
3) and L can be trivially obtained from L.
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Let C be a binary [n,k,d]-code with 7 < n < 63
(n odd). and d = 5,6, [t =2].

Then Lo =22+ 21Z +b(zq,...,2,_ 1) and there
are seven Ccases.

1.

either n is such that the code with defining set
{0, 1} has distance at least 5,

. or C'is a BCH code, i.e. S =1{1,3} and

b= XoXV" '+ X2 yeN

. or C' admits a defining set of type So ={1,n—

1,1}, with { = 0,n/3, and

:131:1:51(1 +x3) [ =0
b= x%—l—l
[=n/3
x?f/3a:g/3nx3—|—1 /

. or C'admits a defining set of type S = {1,n/l},

for some [ > 3,

. or C'is one of the following

e n=231, So={1,15},
n=31 So=1{1,5},
n =45 So=11,21},
n=51 So=1{1,0},
n =51, So ={0,1,5}.

. or C is a sub-code of one of the codes of the

above cases,

. or C' is equivalent to one of the codes of the

above cases.

In all cases b is listed, it is always very short and
in Most cases a formula can be given.
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