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DEFINITIONS AND NOTATIONS

Let my < ... < mp be a sequence of positive integers. Consider
the projective monomial curve associatedto my < ... < mjp
C C Pk parametrically defined by

Mp—1 $Mn—

my $4Mp—m mp_ m, m,
X1:S1tn 1,...,Xn_1:S N1,Xn:Sn,Xn+1:tn.



Consider the k-algebra homomorphism

v:R — KJs,{
Xi —  sMitmn=mi forjec{1,...,n—1},
Xp +— 8™,

Xpp1 =ty

where R := K[xi, ..., Xs11] with K an infinite field. Since K is
infinite, ker (¢) C R is the vanishing ideal I(C) of C, which is
binomial, prime and homogeneous. Denote by K[C] the
homogeneous coordinate ring R/I(C) of C.



Consider a minimal graded free resolution of K|[C]
B
0—>€BF{( €pj) — b, = P R(—ej) = 2y R~ K[C] — O,
j=1

then,
@ the Castelnuovo-Mumford regularity of K[C] is
reg(K[C]) := max{ej —i; 1 <i<p, 1 <j< B},
@ K|C] is Cohen-Macaulay if p=n—1
Whenever K|C]| is Cohen-Macaulay,
@ its Cohen-Macaulay type is j3p,
@ it is Gorenstein if its Cohen-Macaulay type is one, and
@ /(C) is a complete intersection if 5 = n— 1.



Moreover

@ K|C] is a Koszul algebra if the resolution of the residue
class field K over K|C] is linear.

@ Hiie)(t) == > sendimk(Rs/I(C) N Rs) t° € Z[[t]] is the
Hilbert series of K[C], where where Rs is the K-vector
space generated by all homogeneous polynomials of
degree s, s € N.



IN THIS WORK

we consider C the projective monomial curve associated to

my < ... < mp a generalized arithmetic sequence, i.e., there
exist my, h,d € Z* such that m; = hmy + (i — 1)d for all
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IN THIS WORK

we consider C the projective monomial curve associated to

my < ... < mp a generalized arithmetic sequence, i.e., there
exist my, h,d € Z* such that m; = hmy + (i — 1)d for all
ie{2,...,n}.

In this setting, we characterize both the Cohen-Macaulay and
Koszul properties of K[C]. Moreover, we obtain formulas for
reg(K[C]) and also for #H () in terms of the sequence.
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MAIN TOOL

@ a,bec N™ x3> . xP if and only if deg(x?) > deg(x?) or
deg(x?) = deg(x?) and the last non-zero entry of
a— b e 7™ is negative.

@ f € R apolynomial, in(f) is the greatest monomial of f
w.rt. >qex. Moreover in(/) := ({in(f) | f € I}) forany I C R
ideal.

@ G=1{g1,...,9s} C lis a Grébner basis of | C R if
in(/) = ({in(g1), .. -,in(gs)})-



Is K[C]
Koszul ?

irreducible
decom-
position

of in(/(C))

reg(K([C])

STRATEGY

Grébner basis
of I(C) w.r.t. rlex

Hee) (1)

C-M type
of K[C]

Is K[C]
C-M?

Is K[C)
Gorens-
tein ?

Is K[C]
cl?



reg(K[C])

Is K[C]
Koszul ?

irreducible
decom-
position

of in(/(C))

STRATEGY

Hrpe) (1)
Is K[C]
Gorens-
tein ?
Grobner basis
of I(C) w.r.t. rlex
C-M type
of K[C]
Is K[C]
C-M ?

Hiiey () = Hryingiey)(f)

Is K[C]
Cl?




STRATEGY

Is K[C]
Koszul ? Huiel()
Is K[C]
Gorens-
tein ?
Grébner basis
of I(C) w.r.t. rlex
C-M type Is K[C]
of K[C] ClL?
irreducible
decom- Is K[C]
reg(KIcl) position C-M ?
of in(/(C))

KIC] is C-M <= none of the minimal generators of in(/(C)) is
divisible by xp, Xp1.




STRATEGY
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I(C) possesses a quadratic Grébner basis = K|[C] is Koszul = /(C)
is generated by quadrics.




STRATEGY
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tein ?
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C-M type Is K[C]
of K[C] ClL?
irreducible
decom- Is K[C]
reg(KIc]) position C-M[ ’7]
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reg(K[C]) = reg(R/in(/(C)))
= max{reg(R/q:) [ in(/(C)) = Niai}
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ARITHMETIC SEQUENCES

Letmi < ... < mp be an arithmetic sequence of relatively
prime positive integers, i.e., there exist d, my € Z* such that
mi=my + (i —1)dforallie{1,...,n}, where ged{my,d} = 1.

g = {XiXi—X,',1Xj+1 |2§I§j§n—1}U
{X2X; — Xpp1-ixaxd |1 < i<k}

where
q:= |25,
a:=qg+dy

k:=n—m+ ™= |(n-1),
is a minimal Grébner basis of I(C) w.r.t. rlex.
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@ in(/(C)) = ({xixj; 2<i<j<n—1})+({x{x;; 1 <i<k}).

e K|C] is C-M.

@ The C-Mtype of K[C]is m; — 1 — [ T=2|(n - 1).

@ K]|C] is Gorenstein <= my =2 (mod n— 1)

@ /(C)isaC.l. < n=3and my is even.




n—1

o reg(K[C]) = [25t] + d.
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o reg(K[C]) = [25t] + d.

n—1

@ reg(K]|C]) is attained at the last step of the resolution of
KIC].
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o reg(K[C]) = [25t] + d.

@ reg(K]|C]) is attained at the last step of the resolution of
KIC].

o Hye(t) = 1+(n—1)(t+- (that))+(n 1—k)ttt
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Example
We consider my < --- < ms with my =10, m, = 13, mz = 16,
my = 19 and ms = 22. Then:

o the C-Mtype K[C]is 10 — 1 — | 1024 =1,
@ K]|C] is Gorenstein, and
@ /(C) is not a complete intersection.

Moreover, since o = [1%-1| +3 = 5,

o reg(K[C]) = {10 1] +3=6,and

1 414
° Hypq(t) = %
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GENERALIZED ARITHMETIC SEQUENCES

Let my < --- < mp be a sequence of positive integers
containing a generalized arithmetic sequence
< --- < mj =mpwith | > 3, i.e., there exist m;, hand d
such that m; = hm;, + (j —1)dforallje {2,...,/}

I’TI,‘1



GENERALIZED ARITHMETIC SEQUENCES

Let my < --- < mp be a sequence of positive integers
containing a generalized arithmetic sequence
< --- < mj =mpwith | > 3, i.e., there exist m;, hand d
such that m; = hm;, + (j —1)dforallje {2,...,/}

I’TI,‘1

Theorem

Ifh>1 and hm; & {my,..., my}, then K[C] is non Cohen
Macaulay.




Let my < --- < mj a generalized arithmetic sequence.

Corollary J

KIC] is Cohen-Macaulay <= h = 1 (arithmetic sequence)

KIC] is a Koszul algebra <= h=1,d =1 and n > my.




GENERALIZED ARITHMETIC SEQUENCES such that h
divides d

Consider C’ the projective monomial curve associated to
My < --- < Mp.

Why do we consider that h divides d?
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GENERALIZED ARITHMETIC SEQUENCES such that h
divides d

Consider C’ the projective monomial curve associated to
My < --- < Mp.

Why do we consider that h divides d?

Proposition

in(/(C")) = in(/(C)) N K[Xe, - .., Xns1]-

EACA 2016 Alg. inv. of proj. monomial curves gener. arithmetic sequences



Theorem (h > 1)

G = G U {xIx—xx_1x7 ] |3<i<n}
h_B; N _j(h—1)+(d/h ,
U X', —xc,].x,,’x{,(Jr1 WA |1 <j<s/m},
where

G1 C K[x2, ..., Xn, Xns1] IS @ minimal Grébner basis of I(C"),
&= (V"HJ n 1) h+d,

n—1

/Bé/h—j ::j+L(j+r_2)/(n_2)J> Vj€{1a75/h_1}7
conr=my — |T=t(n—1),

O5/h—j € {3,...,n}| O'(;/h_jEr—}—j—‘I(mOdn—Z), y

As/h—j =P+ (+r—2)/(n=2)], vje{1,...,6/h -1},

is a Grébner basis of I(C) w.r.t rlex.
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Corollary

in(I(€)) = ({in(g) | g€ Gi})
+ ({xfx; 3<i<n})
+ ({1 < j<s/my)
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| +1
| +1

|

h+d-1, ifn—1 fmy,
h+d, ifn—1|my. '




™=t 1) h+d, it n—1|my.

@ reg(K|C]) is attained at the last step of the resolution of
KIC].

m—1 — ifn—
Oreg(K[C]){ éLn1J+1§h+d it =1 fm,




m1—1 )
° reg(K[C]) - |‘I':771__11J . /{/ 1 .
[F= 1) h+d, if n—1|m;.

@ reg(K]|C]) is attained at the last step of the resolution of
KIC].

©® Hipe)(t) =
= SO i (S ) (ST gines;
(1++th 1)HK[C’](t)+ j=h ( I()(1_>t)(2 4 )




Consider the sequence 7 < 30 < 39 < 48 < 57 < 66. Notice
that the sequence 30 < 39 < 48 < 57 < 66 defines the same
projective monomial curve that the sequence

10 < 13 < 16 < 19 < 22. We observe that h = 3 divides d = 9.
Then

o reg(K[C]) = (U%%}J + 1)3+9—1 — 14, since 5 /7.

@ We compute r =7 — [g%” 5=2,

B1=4+(4+2-2)/4] =5,3=3,33=2y 4 =1, and
in the previous example we computed H k¢ (f), so that

14522 4t
Hi(t) = (1+t+82) (BRas=l) o
o4 I—(1+t+2) (B +0+111+117)
(1-1)? ’




