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Lie algebras

Definition

Let K be a field. A K-Lie algebra is a K-vector space L with a bilinear operation
[—,—]: L x L — L satisfying
[x,x] =0,

[Iy1, y2l, x| = [Iye, x], 2] + [y, [y, ¥]]-
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Lie algebras

Definition

Let K be a field. A K-Lie algebra is a K-vector space L with a bilinear operation
[—,—]: L x L — L satisfying
[x,x] =0,

[Iy1, y2l, x| = [Iye, x], 2] + [y, [y, ¥]]-

Associative algebras.
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Representations

Definition

A Lie algebra representation over L is a K-vector space M with a bilinear map
Lx M — M, (x, m) — xm such that

[x, y]m = x(ym) — y(xm)
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Representations

A Lie algebra representation over L is a K-vector space M with a bilinear map
Lx M — M, (x, m) — xm such that

[x, y]m = x(ym) — y(xm)

Definition

| A

A Lie algebra representation over L is a K-vector space M with a Lie algebra
homomorphism
L — Derg(M)
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Representations

A Lie algebra representation over L is a K-vector space M with a bilinear map
Lx M — M, (x, m) — xm such that

[x, y]m = x(ym) — y(xm)

Definition
A Lie algebra representation over L is a K-vector space M with a Lie algebra
homomorphism

| A

L — Derg (M)

Definition

A Lie algebra representation is a K-vector space M with a Lie algebra structure on
L & M such that

@ M is an ideal,

o M is abelian,

@ L is a subalgebra.
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Lie algebras case

Definition

Let L be a K-Lie algebra. The universal enveloping algebra U(L) is the tensor
algebra T(L) quotient by the ideal generated by the elements

xXQy—y®x—|[xy]
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Lie algebras case

Let L be a K-Lie algebra. The universal enveloping algebra U(L) is the tensor
algebra T(L) quotient by the ideal generated by the elements

xXQy—y®x—|[xy]

(U1l) The category of representations over L is isomorphic to the category of
modules over U(L).

(U2) The universal enveloping functor U: Liex — Algy is left adjoint of the
liezation functor (—)ije: Algg — Liexk.

(U3) The inclusion i: L — U(L) is injective.
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n-Lie algebras

Definition

An n-Lie algebra or Filippov algebra L is a K-vector space with a multilinear map
[—,...,—]: L*" — L satisfying
(i) [xts-esXiye ooy Xy .oy xn) = 0 if X; = x; for some i, j,

n
(”) [[Xl)"'aXn]?.yla"'vyn—l] = Z I:Xl)""Xi—la[Xiayla"‘7yn]7Xi+17"'7Xn]-

i=1
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An n-Lie algebra or Filippov algebra L is a K-vector space with a multilinear map
[—,...,—]: L*" — L satisfying
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n
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Definition
An n-Lie algebra representation is a K-vector space M with an n-Lie algebra
structure on L & M such that

@ M is an ideal,

@ M is abelian,

@ L is a subalgebra.

X. Garcia (USC) Universal enveloping algebras Logrofio; June 22-24, 2016 5/9



Attempts

First attempt

Let be the functor F: n-Liex — Lieg, L — A"1L, with bracket
n—1

XaA- - Axn—1, 1A+ AYn_1] = Z(—l)prl [le-

.. 7)?1'7" <y Xn—1, [Xiuylv‘ .. vynfl]:l‘
i=1

Consider the universal enveloping algebra of F(L) in the Lie algebras sense.
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Attempts

First attempt

Let be the functor F: n-Liex — Lieg, L — A"1L, with bracket

n—1

[Xl/\' : '/\anluyl/\' : '/\}/nfl] - Z(_l)i+l [X17 e 7)?1'7 cooy Xp—1, [Xia.ylv oo 7yn71:” .
i=1

Consider the universal enveloping algebra of F(L) in the Lie algebras sense.

| \

Second attempt
Let be the functor G: n-Liex — Lieg, L — A""1L, with bracket

1 n—1 R
Pan - Axa—1, Y1 A+ Ayn-1] = > Z 1):+1 [X15 - Ky oo Xnm1s [Xiy Y10 -5 Vo]
i=1
n—1
_Z(_]‘)H—l[.yl?"'?y\f?"'7yn—17[yf7X17"')Xn—1]])-
i=1

o
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Necessary and sufficient conditions

Let L be an n-Lie algebra with abelian InnDer(L). Then G(L) is a Lie algebra. In
particular, if L is simple, G(L) is a Lie algebra.

| \

Proposition

Let K be a field and let L be a 3-Lie algebra over K such that InnDer(L) is not
abelian. If dim Z(L) > 2 then G(L) is not a Lie algebra.
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Definition
Let L an n-Lie algebra, the universal enveloping algebra U(L) is the tensor algebra
T(A"1L) quotient by

Can-Axa)ya A Aynm1) = A Aya1)a A A xao)

n—1
:Z}/l/\"'/\[Xl,u-,Xn—h}/i]/\"‘/\}/n—h
i=1

and

[xl,...,x,,]/\yg/\-~~/\y,,_1

n
= Z(—l)”_’(xl Ao AN Ax)(Xi Aya A A Y1)
i=1
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Definition

Let L an n-Lie algebra, the universal enveloping algebra U(L) is the tensor algebra
T(A"1L) quotient by

Can- - Axa—1)yr Ao Aync1) = (i A Ayn1)(a A A Xpo1)
:Z}/l/\"'/\[Xl,u-,Xn—h}/i]/\"‘/\}/n—l,
and

[xl,...,x,,]/\yg/\-~~/\y,,_1

—Z CARIA - AX) (XA Y2 A A Y1)

Justification

[-Modx = Modgnq(z,), Where L; is the free object on one generator in the
category of n-Lie representations.
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Non-existence of adjoint

The functor U: n-Liex — Algy has a right adjoint if and only if n = 2.
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Non-existence of adjoint

The functor U: n-Liex — Algy has a right adjoint if and only if n = 2.

For n > 2 there is no functor F: n-Liex — Algg with a right adjoint
G: Algg — n-Lieg such that there is an equivalence of categories between
L-Modx and Modg(,y for all L.
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Non-existence of adjoint

The functor U: n-Liex — Algy has a right adjoint if and only if n = 2.

For n > 2 there is no functor F: n-Liex — Algg with a right adjoint
G: Algg — n-Lieg such that there is an equivalence of categories between
L-Modx and Modg(,y for all L.

Proposition

If L is a simple n-Lie algebra, then U(L) coincides with the algebras generated in
the first and second attempts.

X. Garcia (USC) Universal enveloping algebras Logrofio; June 22-24, 2016 9/9



