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What is the goal of this talk (roughly speaking)?

» Input: A polynomial f with coefficients on Z/pZ, where p is
prime.

» Output: produce a differential equation of the form
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Preliminaries

» K any field.
> S:K[Xl,...,xd], fes.

Fact
Sr is not finitely generated as S-module.



Preliminaries

> SZ(C[Xl,...,Xd], fes.
» Ds: ring of C-linear differential operators.
> Dsly] := Cly] @c Ds.

Theorem (Bernstein (1972))
There are b(y) € Cly] and A(y) € Dsly] such that

b(n)f" = A(n) e F™H1,

for any n € Z.



Preliminaries

Definition
br(y) : monic polynomial of smallest degree of the ideal made up
by the b’s.



Why we introduce bs?

» m: greatest integer root in absolute value of by.
> (Bernstein, 1972) S¢ is generated by 1/f™ as left Ds-module.
» (Walther, 2005) Sr is not generated by 1/f' for i < m.



End of preliminaries

In general, m can be strictly greater than 1.

Example
If £ =x7 + x5 +x3 + X, then be(y) = (v + 1)(y + 2).
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New setup

From now on:
» p prime number.
» S=7Z/pZlx1,...,xd4], f €S.
» Ds: ring of Z/pZ-linear differential operators.



A surprising fact

Theorem (Alvarez Montaner, Blickle, Lyubeznik (2005))
St is generated by 1/f as Ds-module.
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What is the level?

We have

Ds = DY,

e>0
where
D =5l 1<i<d 1<t<pe-1)
and L ot
[t]y._ + 9
= thOxt

The exponent e is called the level.



Why the surprising fact is true?

Theorem (Alvarez Montaner, Blickle, Lyubeznik (2005))
There exists § € D(Se) such that §(1/f) =1/fP.

Goal

Provide an effective procedure to calculate the level e and §.
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The ideal of pth roots

» g€S=72/pZlxi,...,Xd4]
> If v =(c1,...,cq) € N9, then [|7]| := max{c;}.

If
g= >  &x"

0<laf|<pe—1

then /. (gS) is the ideal of S generated by the g,’s.



Calculation of the level

We have
— (fP ) O h(FFY) Dk (fp2—1> >

Set

e :=inf {s >1| lsq (fps_lfl) Is (fps 1)}



Calculation of the level

Theorem (Alvarez Montaner, Blickle, Lyubeznik (2005))
With the previous choice of e, for any s > 0

et (F7771) = e (7771,

Moreover,
e =min {s >1| fPPecl (fpsfl)[ps]}

and e < deg(f).



THE ALGORITHM



Input

» p prime number.
» S=7Z/pZlx,...,xd4], f €S.



The body of the algorithm

Algorithm (B., De Stefani, Vanzo)
Carry out the following steps:

» Compute (e, le (fP"71)), where e is the level of 4.

> Write
e__ e
= > P
0</ali<pe-1

» For each 0 < ||af| < p® — 1, there is §, € D(Se) such that
1, if g =
504 (Xﬁ) = ! IB .Oé7
0, otherwise.

Here, 5 € N9 with 0 < ||8]] < p® — 1



The body of the algorithm

Algorithm (B., De Stefani, Vanzo)
> We have
el ()T (27 o< lall <6 - 1),
hence

PP = Y s ff

0<|lal[<pe—1

5= Z Su0a-

0<|le||<pe—1

> Set
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An example

» f=x2y32° € Z/27Z[x,y, 2].
> f15 — X30y45275 — (Xy2z4)16 . (x14y13211), so level 4.

Now, needed 41 such that
51(X14y13211) —1

and
S1(x"y/z¥) =0 for any 0 < i,j, k <15 =2* — 1.



An example (continued)

> o = (Al - (xy224).

Moreover,
22 (x12y1026) ) (X16y32z64) c 14(1:15)[16]'
Therefore,

§ = (x12y1025). (6{15]8?5]6?5]) (xy22h).
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Ordinary and supersingular elliptic curves

v

EC P%/pz elliptic curve defined by f.

fFPl=h.(xyz)P~1 4 ...

E is ordinary if h # 0, otherwise supersingular.

(Takagi, Takahashi 2008) E is ordinary iff E has level one.

v

v

v



Ordinary and supersingular elliptic curves

Theorem (B., De Stefani, Vanzo)

E is supersingular if and only if f has level two.



The case of elliptic curves: characteristic 2 and 3

> Set D = ol gl ~Upl* 11

p | Elliptic curve Differential operator

2 | x3+y2z+yz? yv2Dx3z 4+ z2Dx3y + x?Dxyz?

(X6Z3 _ X3y6)DX4Z5—|—

3.2 .2
3| X mxt—ytz +(x° + x32% + y923) Dxy® + y32% Dx*y®




The case of elliptic curves: sketch of proof

> p>5.

After linear change of coordinates,

v

f=y%z—x3+axz® + bz®,

where a, b € Z/pZ.
If a=b =0, then h(FP~1) = b (prl) = (x,).

v

v

Otherwise, h(fP~1) = h (fpz_l) = (x,y,2).
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