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Elimination Theory

Important for both algorithmic and
complexity aspects of polynomial
system solving




The Example: Determinants

Find “the condition” on
aio, 411, a0, d21 SO that the system

aoxo + aixy = 0
aroXo + arixy = 0

has a solution different from (0, 0)
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Elimination Theory

a10Xp + a11X1, dxXp + ax1Xxi

e Klaio, a11, a2, a1, X0, x1]




Elimination Theory

a10Xp + a11X1, dxXp + ax1Xxi

e Klaio, a11, a2, a1, X0, x1]

!

ajoax — axa1 € Klaio, a11, ax, ai]




More general

Find “the condition” for the system

( apXo + aiiXy + ...+ aipXy =0
aroXp + a1 Xy + ...+ aXp =0
| 3(n+1)0X0 T a(n+11X1 + .-+ 3(n1)nXn = 0
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More general

Find “the condition” for the system

( apXo + aiiXy + ...+ aipXy =0
aroXp + a1 Xy + ...+ aXp =0
| 3(n+1)0X0 T a(n+11X1 + .-+ 3(n1)nXn = 0

to have a solution different from
(0,0,...,0)
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Another more general

Let di, d» € N. Find “the condition”
for the system of polynomials

31()X()d1 + 311X0d1_1X1 +...=0
320X0d2 + 321X0d2_1X1 +...=0

to have a solution different from

0,0)




More more more general...

Let n€ N, and d,...,d,.1 € N, find the condition

for
( [o7s} Qv —
Z(l/o+...+()én:d1 a]-aaOa-“-,OénXO - Xn ! - O
Qp (0% —
Z(y0+...+an:d2 azv(y()v"",anxo ttt Xn ! - 0
Qp « —
\ Z(X0+...+(){n:dn+1 an+1aa07---7anxo ttt Xn To= O

to have a solution different from (0.0, ...,0)
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Elimination: The general problem

For a= (ai,...,an), k, n € N let
fila, x1, ...y Xn), -, f(@,xg, ..., xn) €
K[a, x1, ..., X,]. Find conditions on a such that

( fila,x,...,xp) = 0
hla,x,....,xp) = 0
L fk(a,xl,...,x,,) =0

has a solution
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Solution?

m Depends on the ground field




Solution?

m Depends on the ground field

m [here is not necessarily a “closed”
condition




Solution?

m Depends on the ground field

m [here is not necessarily a “closed”
condition

m [ he computation of the conditions
may be out of control




Easy example

(

ayxy+...+ax, = 0

< 11X+ ...+ aux, = 0

\ anX1+ ...+ akx, = 0
with kK > n
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Easy example

(

ayxy+...+ax, = 0

< anxy+...+amux, = 0

\ aknX1+ ...+ amx, = 0
with kK > n

Conditions: all maximal minors of (a,-j)
equal to zero
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Another “easy’ example

k=n=1,

2 d
a+ aixy+axy +...+agx; =0
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Another “easy’ example

k=n=1,
ao+31X1+32X12+...—|—adX1d:0

Conditions?
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Geometry
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V= {(a,xl,...,xn) : fi(a,Xl,---,Xn) -
0,...fk(a,X1,---;Xn) :O}

Vv c KNxK"

3 m lm

7Tl(\/) C KN




Geometry

lm lm

7Tl(\/) C KN

The set of conditions is 71(V), not necessarily
described by zeroes of polynomials
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Elimination Theorem

V ={(a,x0,x1, ..., %) 1 f(a, X0, X1,..., %) =
0,...fk(a,Xo,X1,...,Xn) :0}
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Elimination Theorem

V ={(a,x0,x1, ..., %) 1 f(a, X0, X1,..., %) =
0,...fk(a,Xo,X1,...,Xn) :0}

vV < KN xPn

L 1

7Tl(\/) C KN
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Elimination Theorem

V ={(a,x0,x1, ..., %) 1 f(a, X0, X1,..., %) =
0,...fk(a,Xo,X1,...,Xn) :0}

v < KNxPr
L 1
7Tl(\/) C KN

m(V) = {pi(a) = 0,.... pi(a) = 0}
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“The” Condition

V =A{(a,xg, x1,---,%,) : f(a,xo,x1,...,%,) =
0,...,fn+1(a,x0,x1,...,x,,) = 0}

Carlos D'Andrea

Elimination Theory in Positive Characteristic



“The” Condition

V =A{(a,xg, x1,---,%,) : f(a,xo,x1,...,%,) =
0,...,f,,+1(a,x0,x1,...,x,,) = 0}

vV < KN xPn
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“The” Condition

V =A{(a,xg, x1,---,%,) : f(a,xo,x1,...,%,) =
0,...,f,,+1(a,x0,x1,...,x,,) = 0}

v < KNVNxPr
L L
7T1(V) C KN

(V) = {m(a) = 0}]




)
agoXo + aoixy + ...+ agnx, = 0
apxo+ ayxy+...+ax, =0

anXo+ amx1+ ... +ammx, = 0




)
agoXo + aoixy + ...+ agnx, = 0
apxo+ ayxy+...+ax, =0

anXo+ amx1+ ... +ammx, = 0

pi(a) = det(ay)




Example 2

d d—1 d
fi = a1oxo™ + a11xe™ xy + ...+ arg, X1t
d do—1 d
fo = axX0® + anXo® X1+ ...+ 2, X1
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Example 2

d d—1 d
fi = a1oxo™ + a11xe™ xy + ...+ g, X1
d do—1
fo = acoXo™ + a1 X0 X1+ ...+ X

Res(f1, f,) = det

a10

0

0

a0

0

a1

aio
0

ani

ano

0

d>

aid, 0 c. 0

aid,—1 aid; - - - 0
aio s e a1y

a2d, 0 c. 0

Ad,—1 d2dy - - - 0
dano T - o7
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Example 3

r - o
f = Zao+...+an:d1 Alag,....anX0 -+ - Xn

_ a0
f2 o Z(y0+...+(yn:d2 a2 .ag,...,a,X0 - - - Xn

— o
fn+1 o Z()&o+...+&n:dn+1 an+17()‘0=~-'7anx0 -+ Xn
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Example 3

( a

o n
ﬁ‘ Za0++an:d1 a]_,(){o,,,.j(/\/,nxo 0- .. Xn
— (0% Qp
f> Z(yo+,,,+(yn:d2 a2, ag....,, X0 0 . Xy

— o
fn+1 o Z()&o+...+&n:dn+1 an+17()‘0=~-'7anx0 -+ Xn

Res(fla f27 R ﬁH—l)
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The “elimination” dictionary

Linear Polynomial
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The “elimination” dictionary

Linear Polynomial
Gauss elimination Grobner Bases
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The “elimination” dictionary

Linear Polynomial
Gauss elimination Grobner Bases
Triangulation Triangular systems
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The “elimination” dictionary

Linear Polynomial
Gauss elimination Grobner Bases
Triangulation Triangular systems

Determinants Resultants
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The “elimination” dictionary

Linear Polynomial
Gauss elimination Grobner Bases
Triangulation Triangular systems
Determinants Resultants

Cramer's rule u-resultants
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Positive characteristic

m [ he elimination theorems work

independently of the characteristic
of K
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Positive characteristic

m [ he elimination theorems work

independently of the characteristic
of K

m WWe want to consider this scenario:
2. — IF, for different primes p € Z




Warming-up example

f =15x3 + x?> — 5x + 1 € Z[x] has
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Warming-up example

f =15x3 + x?> — 5x + 1 € Z[x] has
m 1 triple root if p =2

m 1 double root if p =3

m 2 different roots if p =5

m 3 different roots if p ¢ {2,3,5}




Warming-up example

f =15x3 + x?> — 5x + 1 € Z[x] has
m 1 triple root if p =2
m 1 double root if p =3

m 2 different roots if p =5
m 3 different roots if p ¢ {2,3,5}
m 3 different roots over Q




Why do we care?

m Local-Global principles
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m Chinese Remainder like methods
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m Local-Global principles
m Chinese Remainder like methods
m Newton-like methods

m Dynamical systems modulo p




Why do we care?

m Local-Global principles
m Chinese Remainder like methods
m Newton-like methods

m Dynamical systems modulo p




Local-Global Elimination Challenge

Given fi, ... . fx € Zlx1, ..., x|




Local-Global Elimination Challenge

Given f1,.... fx € Z[xl,...,_x,,]
describe V,(f,....f) CF,




Local-Global Elimination Challenge

Given fi, ... . fx € Zlx1, ..., x|
describe V,(f,... ) C IﬁTpn
(dimension, degree, height,
irreducible components...)
m for a given prime p € Z

heory in Positive Characteristic



Local-Global Elimination Challenge

Given fi, ... . fx € Zlx1, ..., x|
describe V,(f,... ) C IﬁTpn
(dimension, degree, height,
irreducible components...)
m for a given prime p € Z
m for all prime p € Z

—n

m Compare with V(fi,..., f) C Q




Interesting Analogy

Polynomial world
Systems over Z
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Interesting Analogy

Polynomial world
Systems over Z

Linear world

Systems with parameters




Interesting-Nice fact

m [here is a “generic’ case
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Interesting-Nice fact

m [here is a “generic’ case

m [he generic case “is’ the case
over Q




Interesting-Nice fact

m [here is a “generic’ case

m [he generic case “is’ the case
over Q

m We have size bounds for p to be
generic




Example 1: Arithmetic Nullstellensatz

Volhs . f) = 0
—
].E<f1,...,fk>@
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Example 1: Arithmetic Nullstellensatz

Volhs ... fi) = D
<

].E<f1,...,fk>@
< dac€Z:acf,....fkz
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Example 1: Arithmetic Nullstellensatz

Volhs ... fi) = D
<

].E<f1,...,fk>@
< dac€Z:acf,....fkz

and we have bounds for a
(D-Krick-Sombra 2013)




Corollary

If ptathen V,(f,....f) =10




Corollary

If ptathen V,(f,....f) =10

Nullstellensatz <+ “empty”
triangulation

apX, +apX, +a%, +..+apx, =b (D)
Xy +anXy +.tar, X, =by . (2
dpx; +...+ayx,=b ... ()

(1) _ g (n-1)
g X g=h s )




Example 2: zero dimensional systems

If Vig(fi, ..., fx) is a set of T points,
then




Example 2: zero dimensional systems

If Vig(fi, ..., fx) is a set of T points,
then
Vo(fi, ..., f) is also a set of T

points




Example 2: zero dimensional systems

If Vig(fi, ..., fx) is a set of T points,
then
Vo(fi, ..., f) is also a set of T

points for p { a bounded
(D-Ostafe-Shparlinski-Sombra 2015)




What about the bad 's?

O =
_ O
v O W




What about the bad 's?

—d

_ O =
L O L

1
b O -
Anything can happen:
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What about the bad 's?

—d

_ O =
L O L

1
L O -
Anything can happen:
m Dimension change
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What about the bad 's?

—d

_ O =
L O L

1
L O -
Anything can happen:
m Dimension change
m Degree change

Carlos D'Andrea

Elimination Theory in Positive Characteristic



What about the bad 's?

—d

_ O =
L O L

1

0
Anything can happen:

m Dimension change

m Degree change

m Ramifications
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What about the bad 's?

—d

_ O =
L O L

1

0
Anything can happen:

m Dimension change

m Degree change

m Ramifications

m Embedded multiplicities . ..
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One interesting result
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One interesting result

Resultants modulo p




One interesting result

Resultants modulo p

dip di1 - -- did, 0 c 0
0 ai --- di4-1 9did; - -- 0
0 0 . aio o ... did
Res(f1, f,) = det !
dyp d21 ... a2d, 0 c 0
0 apy ... dxdh-1 d2dy --- 0
0 0 dano ... dog,
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Resultants modulo

Res(f,) =0modp <=
deg(gcd(f mod p, L, mod p)) > 0




Resultants modulo

Res(f,) =0modp <=
deg(gcd(f mod p, L, mod p)) > 0

pdeg(gcd(f1 mod p,hH mod p)) | Res(ﬂ, f'2)

(Gomez-Gutierrez-Ibeas-Sevilla 2009)




m What does this say about
Vp(ﬁa f2)?




m What does this say about
Vp(ﬁa f2)?

m Can you do it with more
generality?
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Vanishing of Resultantes modulo

(D-Sombra 2016)

s B N .
fl - ZaoJr...Jr()zn:dl d1,a9,...,0,X0 O L Xy
— Q Q
< f2 - Zao—i-...—‘,-an:d2 a2,ao,....,o¢,,X0 o .. Xp "
_ o o
\ frr1 = z&oﬁ—...—kan:dnﬂ Ant+1,a0,..,0,X0 - - Xn "
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Vanishing of Resultantes modulo

(D-Sombra 2016)

— o7 ap
h = Zao+...+an:d1 d1.00,....,a,X0 - -+ Xn
< f2 - Zao—l-...—i-an:d2 a2.aq,....a, X0
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Known case

fdi=dbo=... = n+1:1,then

Res(fi, ..., for1) = det (aij)1§i,j§n+1




A non trivial example

fo = aooxo + ao1x1 + ap2Xe
fi = a10X0 + a11x1 + anXxe

2 2 2
fr = axXo” + ax1XoX1 + axnXoXe + ax3X1° + axuXxiXe + axsXo
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A non trivial example

= dooXo 1 do1X1 + dgaXo
= a10Xp + a11X1 + a2Xo
_ 2 2 2
= axXp” + @x1XgX1 1 @0XoXo 1+ ax3X1” + axX1 X2 + axXo

Res(fy, fi, f2) = a3ya3;ax — a3ya11312a24 + Aagdsndn3
—2a0pa01a10811825 + A00d01310312324 + d00301311312322
—3003013%2321 + 800302310311 824 — 23800302310312323

— 300302331322 + 0002311312321 + 331 33325
—351310312322 + 3313%2320 - 301302850324
+a01302310811822 + A01802810312321 — 2301802311 312320
+a(2)23§0323 - 3(2)2310311321 + 332251320
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m It is irreducible




m It is irreducible

m It is homogeneous in each group of
: dy-do-...d
variables, of degree -+ -1+1

d;




m It is irreducible

m It is homogeneous in each group of
: dy-do-...d
variables, of degree -+ -1+1

dj
m It is “weighted” homogeneous with
Weight di-dy- ... dn+1




Geometric Properties
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Geometric Properties

mRes(f,...,f11) =0 <—
3¢ € P such that

fl(g) — e n+1(€) =0




Geometric Properties

mRes(f,...,f11) =0 <—
3¢ € P such that
fl(g) — e n+1(€) =0

m Poisson Formula:




Resolution of systems of polynomials

P(uo7 u/') — Res(UiXO— toX;, f1, . . ., fn)




Resolution of systems of polynomials

P(uo7 u/') — Res(UiXO— toX;, f1, . . ., fn)

can be used to compute the
coordinates of the (finite) roots of
the system
f=0,....f{,=0
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Computation

r 0 a ag 0 0 0 0 0
ap ap 0 0 0 0 0
0 a as o 0 0 o0
0 ag a 0 0 0 0
R(fo , ﬂ ’ f2 ) _ det —c4  —Cs —Cg 0 0 0 aq 0 as 0
—cy —C3 —c7 0 0 0 ay & a ag
—Cc —C —Cs 0 0 0 0 ES 0 a
0 0 0 —C4 —C5 —Cg
0 0 0 —¢; - —o
) 0 0 —q -6 —c ]
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Resultants modulo

(D-Sombra 2016)
If dim (V,(f, ..., for1)) <O




Resultants modulo

(D-Sombra 2016)

If dim (V,,(f1, ..., fay1)) <O
N _deg(v(ﬁa --:fn+1))




Resultants modulo

(D-Sombra 2016)

If dim (V,,(f1, ..., fay1)) <O
N _deg(v(ﬁa --:fn+1))

PNP‘ReS(ﬂ, I fn—i—l)




Corollary

The factorization of the resultant
actually bounds the (finite) zeroes
modulo p !

p"r|Res(f, ..., fri1)




The CantabrianTheorem revisited

deg(gcd(f; mod p, f, mod p))

Np

deg(Vp(h, )
(Gomez-Gutierrez-Ibeas-Sevilla 2009)




m Still the result works under the
(generic) hypothesis of finiteness
modulo p




m Still the result works under the
(generic) hypothesis of finiteness
modulo p

m the “gap” in the bound can be
large
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m Still the result works under the
(generic) hypothesis of finiteness
modulo p

m the “gap” in the bound can be
large

m Not a clear “algorithm” for
deciding when dim (V,(f, ..., f1)) >0
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|dea of our proof

m “‘Remove” all the zeroes from the infinite
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|dea of our proof

m “Remove” all the zeroes from the infinite(linear
change of coordinates)
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|dea of our proof

m “Remove” all the zeroes from the infinite(linear
change of coordinates)

m Apply Poisson formula
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|dea of our proof

m “Remove” all the zeroes from the infinite(linear
change of coordinates)

m Apply Poisson formula

m Get a “determinantal” version of Poisson
modulo p
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|dea of our proof

m “Remove” all the zeroes from the infinite(linear
change of coordinates)

m Apply Poisson formula

m Get a “determinantal” version of Poisson
modulo p

m Compute the dimension of the Nullspace of the
determinantal matrix

Carlos D'Andrea
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Generalizations and Extensions

m One could get a refinement of the exponent by
taking into account the valuation modulo p of
the roots (Smirnov’s Theorem)
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Generalizations and Extensions

m One could get a refinement of the exponent by
taking into account the valuation modulo p of
the roots (Smirnov’s Theorem)

m Slight generalization to sparse resultants under
stronger hypothesis
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Generalizations and Extensions

m One could get a refinement of the exponent by
taking into account the valuation modulo p of
the roots (Smirnov’s Theorem)

m Slight generalization to sparse resultants under
stronger hypothesis

m The result holds for any domain, for instance
polynomials with coefficients in R[y, ..., y]
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Applications

m Finding points in varieties modulo
p (Shparlinski)




Applications

m Finding points in varieties modulo
p (Shparlinski)

m Removing some “extraneous
factors” in the Computation of the
“Salmon Polynomial” (Busé-

Chardin-D-Sombra-Weimann)

Carlos D'Andrea

Elimination Theory in Positive Characteristic



Computation of the Salmon Polynomial

(Busé-Chardin-D-Sombra-Weimann)
Z <> Clx,y,Z]

p < f(x,y,2)
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A point b in a surface S C C? is

called flex (or inflection
contact order at least 3 with S

exists a line passing through b having




If S = V(f(x,y,z)) C C? of degree
d, and not ruled, there is
Fe(x,y,z) € Clx, y, z| of degree
< 11d — 24 such that
Flex(S) = V(f(x,y, z), Ff(x,y, z))




F((x,y,2) + t(u, v, w)) =




f((x,y,z)+ t(u,v,w)) =
f(x,y,z)+ th(x,y,z;u, v,w) +
t2h(x,y,z;u, v, w) +
Bh(x,y,z;u, v, w) + Ot




The “candidate” for F¢(x, y, z)
should be the resultant in (v, v, w) of

mfi(x,y,z;u v, w)
mhH(x,y,z,u v,w)

mf3(x,y,z;u, v, w)
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“l get a polynomial of degree
11d — 18. Salmon claims that in fact

the degree should be 11d — 24. |
have not checked this”
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“The original proof of the
Cayley-Salmon theorem, dating back
to at least 1915, is not easily
accessible and not written in modern
language”




Our Result

(Busé-Chardin-D-Sombra-Weimann)

Working modulo f(x, y, z), the
resultant has a spurious factor of
degree 6




Our Result

(Busé-Chardin-D-Sombra-Weimann)

Working modulo f(x, y, z), the
resultant has a spurious factor of
degree 6
11d —18 — 6 =11d — 24




Thanks!

EACA 2016
XV Encuentro de Algelfa Computacional y Aplicaciones

Esm=d  unvERsITAT DE BARC mo‘

Carlos D'Andrea

Elimination Theory in Positive Characteristic



