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- are sets S endowed with a given set of
operations p: S" — S, € O, satisfying a given set of
equational axioms

- are set maps preserving all given operations
are called or

2. Semi-abelian categories by definition are pointed,
finitely complete and cocomplete, protomodular and
Barr-exact categories [Janelidze, Marki, Tholen 2002].
In particular, each morphism f: X — Y admits a

X — X/Ker(f)—>Y .
Hence Ker(f) = 0.
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Moreover, a semi-abelian category A has the following
strong properties:

1. All regular epimorphisms are cokernels (of their
kernel).

2. The full subcategory of abelian group objects in A
, called the of A denoted
by Ab(A).
3. For any morphism f: X — Y and subobject S < X
in C,
f1f(S) = SV Ker(f).

In fact, a variety is semi-abelian if and only if it satisfies
this property.

Convention: throughout this presentation, D denotes a
semi-abelian category.
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- the categories of groups, loops, w-groups (or w-one
sided loops) of any type, in particular the category of
algebras over any linear operad

- compact (Hausdorff) topological groups, C*-algebras
- the category of over a
field of characteristic 0 (Gadjo-Gran-Vercruyssen)

- the categories of (pre)sheaves with values in a
semi-abelian category (in particular simplicial or
[-groups)

- the category of internal groupoids (< crossed
modules) in a semi-abelian category

- any localisation of a semi-abelian category

- the category of split extensions of a given object G in a
semi-abelian category .............
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1. A, B of an object X = [A, Bluuq < X,
called the Hug commutator of A and B.

2. R,S on an object X:

dOT
T——
le

X st. djos] =dfes] =1g, for T=R,S

do
= [R, S]s-p ezo—X , called the Smith-Pedicchio

1
commutator of R and S ( the Freese-McKenzie
commutator in semi-abelian varieties).

3 [H, L, VdL]:

Xl, . ,Xn of X = [Xl, c ;Xn]Hig < X, called the
Higgins commutator of Xi,..., X,; in general
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In a category A:
1. [A, B]Huq = Q[A, B]H,'gD

2. Recall that there is a bijective correspondence called

normalization between and
, defined by

do
NOF(R%SO : X> = (dl: Ker(do)HX>

di

while Nor *(N <1 X) is the of G—G/N.

Now let K, L <1 X be the normalisations of two
equivalence relations R and S on X. Then

NOI’([R, 5]5_/3) = [K, L]Hig V [K, L,X]H,'g.
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In the sequel, F: C — D denotes a functor between

categories satisfying
- C is pointed and has finite sums (= coproducts)

- D is semi-abelian.
The n-th cross-effect of F is defined to be the

multifunctor cr,F: C" — D given by
craF( X1, ..., X,) = F(Xe|...|X,) =

ﬂ;leer(F(X1+...+Xn)—>F(X1+...+)/<Z+...Xn)>
QF(X 4.+ X)
In particular, cri F(X) = Ker(F(O): F(X)— F(O)) and

crF(X,Y) = Ker<r12: FIX 4+ Y) — F(X) x F(Y)).
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- A functor F: A — B between abelian categories is
additive iff cr,F = 0.

_For T2: Ab — Ab, T2(A) = A© A, we have
crnT?(A,B)=(A® B)® (B® A),
cr,T?> =0 for n > 2.

- Let Groups denote the category of groups. Then for
groups Xi, ..., X, and elements x, € X, k=1,...,n,
we have

[x1,. .., %] € ldg,(X1| ... |Xp)-
If n = 2 these elements generate Idg, (X1|X2) (freely if
one takes xq, xo # €).

- Let Loops denote the category of loops. Then for
loops Xi, X5, X3 and elements x, € X, the associator

A(x1, X2, x3) = (x1(x2x3))\ ((x1%2)x3) € Idp(X1|X2]X3).
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- Inductive nature: for a multifunctor M: C" — D define
its OM: C"t — D by

aI(I\/,()<17 s >Xn+1)
= crn(M(X1,. .., Xe—1, — Xkg2, - - Xnr1)) (K, Xkg1)
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- the multifunctor cr,F is symmetric and multi-reduced

- Inductive nature: for a multifunctor M: C" — D define
its OM: C™t — D by

M(Xq, ..., Xni1)
=cn(M(X1, ..., X1, — Xiway -+ s Xnw1)) (Xey Xr1)
Then there is a natural isomorphism
oxcrnF = crp 1 F
forall k=1,....n.
- The functor cr,: Func(C,D) — Func(C", D) is exact.

- Preservation of “pseudo-right-exactness” [Van der
Linden]: If F preserves coequalizers of reflexive parallel
pairs of morphisms (reflexive meaning that these
morphisms admit a common section) then so does cr,F
in all variables, for any n.
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A functor F: C — D as before preserves coequalizers of
reflexive parallel pairs iff for any right-exact sequence

A—=2sB-tsC 0
in C the sequence

(&) Fo)

F(A) + F(A|B) F(B)

in D is exact, where

a 2
5. F(AIB)Y ¥ F(B1B) > F(B+ B) YL F(B).
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- Operadic structure: Let C —F.D-_C.¢ be reduced
functors where the category £ is semi-abelian, too.

Denote “multi-objects”, i.e. sequences of objects in C,
by X; = Xj1,..., Xjx and concatination of such by

Xy U UX, =Xt Xk s Xty Xk

Then there is a natural transformation

CrnG<Crk1F(K1)7 R CrknF(Kn)>

l

ka1+...+k,,(G°F)(K1 Uu...uU Kn)

rendering a certain canonical diagram commutative.
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Let F: C — D be a functor as before.

For subobjects xx: Xy>——=> X, k=1,...,n, of an
object X of C define the commutator of Xi,..., X,
relatively to F, denoted by [Xi, ..., X,]F to be the
image of the morphism

F
F(Xi|.. .| Xp)——F(Xi+...+ X,) —>

Note that [X17 R ;Xn]F < F(X)



Functor calculus as
a new tool in
algebra

Manfred Hartl

Let F: C — D be a functor as before.

For subobjects xx: Xy>——=> X, k=1,...,n, of an
object X of C define the commutator of Xi,..., X,
relatively to F, denoted by [Xi, ..., X,]F to be the
image of the morphism

F(Xl-,--~7Xn)

FOXG . X)) s FOX0 4+ X)) 22 P X))

Note that [Xi,..., X,]r < F(X). We call
[X17 s 7Xn]Hig - [X17' e 7Xn]/d/p S X
the of Xi, ..., X,. Note that

[Xi]r = Im (crlF(Xl) s F(X) T F(X)).
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1. If D is the category of groups Gr then
- = [X1,X2];

- is the normal subgroup of
(X1 U X5 U X3) generated by the three subgroups

(X1, [Xo, 5], [Xo, [Xs, Xall,  [Xs, [ X, X

In particular, if X1, X5, X5 are subgroups of X
then

- is generated as a subgroup by all nested
commutators (with arbitrary bracketting) of elements

X1 € Xkl, ooy Xm € ka such that

{ki,.. ., km}=A{1,...,n}. [B. Loiseau]
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2. If D is the category of loops then

- is the normal subloop of (X; U X3)
generated by the elements [xx, x1], A(x, y1, y2),
A(X17X21y1)v A(X17X27y2) A(X27X17)/2)1 and
As(x1, X2, X1, y») where x;, y; € X; and

[a, b] = ba\ab
A(a, b, c) = a(bc)\(ab)c
As(a, b,c,d) = (A(a, b, c)A(a, b, d))\A(a, b, cd) .
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3. If D is a category of w-loops then is the
normal subobject of X; V X, generated by the elements

(X1, Xn)s (V1 - -5 Yn)lo =

Q(Xl}/l-/ cee 7Xnyn)/(9(xl7 cee an)H(.yla cee :)/n))

where xq,...,x, € X1, y1,...,¥n € X5 and 6 runs
through a family of strongly generating operations of D.
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3. If D is a category of w-loops then is the
normal subobject of X; V X, generated by the elements

[(x1, - xn), (V1,5 Yn)]o =

Q(Xl}/l-/ cee 7Xnyn)/(0(xl7 cee aXn)H(.yla cee :)/n))

where xq,...,x, € X1, y1,...,¥n € X5 and 6 runs
through a family of strongly generating operations of D.

- 3a) If D = Groups then [x, y]in, = y *xlyx and
[(x1, %2), (Y1, Y2)lprod = "4 [y1, X2]-
- 3b) If D = Loops then

[(X1,X2)> (ylayZ)]prod = ((X1Y1)(X2Y2))/((X1X2)()/1)/2))-
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3. If D is a category of w-loops then is the
normal subobject of X; V X, generated by the elements

[(x1, - xn), (V1,5 Yn)]o =
O(xy1, - - xa¥n)/ (00x1, -, %a)0(y1, - .- ¥n))

where xq,...,x, € X1, y1,...,¥n € X5 and 6 runs
through a family of strongly generating operations of D.
- 3a) If D = Groups then [x, y]in, = y *xlyx and
[(x1, x2), (1, ¥2)]proad = *[y1, X2].
- 3b) If D = Loops then

[(X1,X2)> (ylayZ)]prod = ((X1Y1)(X2Y2))/((X1X2)()/1)/2))-
In particular,
[(e:x2), (y1: €)lprod = (y1X2)/ (x21) =
[(x1, €), (v, ¥2)loroa = ((x131)y2)/ (x2(y1y2))
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4. If D is the category of P-algebras P-Alg, then

=) (X @ @ X @ P(p)).

prk=>1

where p =p; + ...+ p,.
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[T. Defourneau]

Let C—F>D —5>& be reduced functors where the
category & is semi-abelian, too. Suppose that G
preserves coequalizers of reflexive parallel pairs. Let Z
be an object of C and X, Y < Z. Then

[Xa Y]GOF =
X Y1e] o Vv [IXIE [YIF] ¢
V [[X,Y]F,[X]F}G V [[X,Y]F,[Y]F}G

v [[X’Y]B[X?Y]F}G Vv “Xv Y]r, [X]Fv[Y]F}G
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- Reducedness: if one of the X; = 0 then
[X1,...,X,]r =0.

- Distributivity law:
[A,BV Clr =[AB]e VIA Cle VI[A B, Clr

where AV B denotes the smallest subobject containing
both A and B.

The relations below indicated in red color are valid only if
C is semi-abelian and F preserves regular epimorphisms:
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- Reducedness: if one of the X; = 0 then
[X1,...,X,]r =0.

- Distributivity law:

[A,BV Clr =[AB]e VIA Cle VI[A B, Clr
where AV B denotes the smallest subobject containing
both A and B.

The relations below indicated in red color are valid only if
C is semi-abelian and F preserves regular epimorphisms:

- Removing internal brackets or repetitions of subobjects
enlarges the commutator:

[[A7 B]/dcvc]F - [AvB7 C]F ) [[A7 B]Fv[C]F]/dD
[A,A Blr C [A BlF.
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- Reducedness: if one of the X; = 0 then
[X1,...,X,]r =0.

- Distributivity law:

[A,BV Clr =[AB]e VIA Cle VI[A B, Clr
where AV B denotes the smallest subobject containing
both A and B.

The relations below indicated in red color are valid only if
C is semi-abelian and F preserves regular epimorphisms:

- Removing internal brackets or repetitions of subobjects
enlarges the commutator:

[[A7 B]/dc7 C]F - [A7 B? C]F 2 [[A7 B]F7 [C]F]IdD
[A,A Blr C [A B]r.
- Preservation by morphisms: For f: X — Y in C,

[Xla e 7Xn]F :[f(X1)7 cedy f(Xn)]F
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Suppose that C is semi-abelian and that F preserves
coequalizers of reflexive graphs, that is, of parallel
morphisms admitting a commun section. Then for any
subobject u: U>—= X in C, there is a natural short
exact sequence in D

0 — [U]g Vv [U, X]g — F(X) — F(Coker(u)) — 0
Taking F = ld: we obtain the following description of
the normal closure <Ur> of U in X [H & Loiseaul]:

<]U> = U\/ [U-/X]ldc

Consequently,
[cf. also Mantovani & Metere].

Application: since
(U, X], X] C [U, X, X] C [U, X].
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For an object X of D let

7 (X) =X

PRI
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For an object X of D let
T (X) =X, ..., X]r < F(X)

Suppose that F is reduced, i.e. that F(0) = 0. We then
obtain a

F(X) =~ (X)>~+5(X) > ...

of F(X) which is an N-series, that is,

for Ny = ~£(X). In particular, taking F = Idp we obtain
the Higgins lower central series (H.l.c.s.) of X,

X = vidD(X) > 7£dD(X) > L.
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1. If D is the category of groups, then the Higgins lower
central series coincides with the classical |.c.s.

2. If D is the category of loops, then the categorically
defined lower central series coincides with the
commutator-associator filtration introduced by
Mostovoy.

3. If D is the category of P-algebras P-Alg, then

X = 3 (X @ P(K)),

k>n
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Manfred Hart Theorem. Let X(X): X = X; > X, > ... be a natural
filtration of all objects X in D by normal subobjects X,
of X. Then X (X)

for all X if and only if there exist

- M,: D" — D

- my: M,(X, ..., X) = X,

such that the following two conditions are satisfied:

1. Factorisations m, exist and are cokernels rendering

the following diagrams commutative:

May(X, ..., X) —22 = X,

\Ltl \an
\4 \4

(Tan)(Xa s 7X) m7n>> Xn/Xn+1
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2. The images of the maps
my . Mk(X,,X) — X — Xn,

, jointly generate X, as a normal subobject of X.
Application:

Proof of the identity +/??(X) = ~,(X) in D = Groups:
take
- M,(Xi,...,X,) to be the free group generated by the

set X1 X ... x X, the normal subgroup generated
by the tuples (x1,. .., x,) where one of the x,'s is trivial
- m, to send a basis element (x,...,x,) € X" to

[x1,. .., Xa]-
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Let F: Groups — be the functor sending a group G
to its group ring Z[G] (
)- Then
‘/nF(G) = 1"(G)
where [”(G) is the n-th power of the augmentation ideal
of Z[G].
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1. Lie groups: Classical equivalence of simply connected
Lie groups and Lie algebras (G — (T.(G),[—,—])).

2. The associated graded of arbitrary groups: For any
group G and elements x,y € G let [x,y] = (xy)(yx)~".
An N-series of G is a filtration

NZG:NlDNQD...

of G by subgroups N, such that [N;, N;] C N;.
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1. Lie groups: Classical equivalence of simply connected
Lie groups and Lie algebras (G — (T.(G),[—,—])).

2. The associated graded of arbitrary groups: For any
group G and elements x,y € G let [x,y] = (xy)(yx)~".
An N-series of G is a filtration

NZG:NlDNQD...

of G by subgroups N, such that [N;, N;] C N;.
Then is an abelian group, and

V(G) =) _Gr'(G
k>1

is a graded Lie ring whose bracket is induced by the
commutator of G.
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1. The lower central series

v G:’)/]_(G)D’YQ(G)D
where 7,(G) = ([x1, ..., xa] | x1, ..., X, € G) with

[x1, ..y Xxa] = [x1, [x2y - -« [Xn—1, Xa] - - ]
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1. The lower central series
v: G =m(G) D7(G)D...
where 7,(G) = ([x1, ..., xa] | x1, ..., X, € G) with
[x1, ..y Xxa] = [x1, [x2y - -« [Xn—1, Xa] - - ]

2. The dimension series: let K be a commutative ring.
Then the subgroups

D,x(G) =GN (1+ (G))

form an N-series where [7(G) denotes the n-th power of
the augmentation ideal of the group algebra K(G).
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3. Mal'cev/Lazard equivalence: There is a canonical
equivalence between the categories of radicable n-step
nilpotent groups and n-step nilpotent Lie algebras over
Q, based on the

4. Primitive operations on group algebras: Primitive
elements of Hopf algebras (the bialgebra type of group
algebras) form a Lie algebra under the usual ring
commutator.
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1. Lie groups
2. The associated graded of arbitrary groups
3. Mal'cev/Lazard equivalence

4. Primitive operations on group algebras

‘ GOAL: develop semi-abelian Lie theory!

That is, given a semi-abelian variety (generalizing
groups),

- exhibit a related linear structure = type of algebras ~
linear operad (generalizing Lie algebras)

- generalize the relations 1. to 4. above to this situation.
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bracket [—, —] satisfying
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Bruck loops:
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automorphic inverse: (ab)™! = a~1h7!
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Moufang loops

(a(bc))a = (ab)(ca)
Mal'cev algebras: antisymmetric binary
bracket [—, —] satisfying

[, v], [ 2]l =[x, ] 2] x] =+ [l 2 6] 6] + [z, %], X1, ]

Bruck loops:
Bol: a(b(ac)) = (a(ba))c and ((ab)c)a = a((bc)a)
automorphic inverse: (ab)™! = a~1h7!

Lie triple systems: left antisymmetric
triple bracket [—, —, —] satisfying the Jacobi identity and

[U,V,[X7y,Z]] = [[U, V’X]v)/>z] + [Xv [u> Va)’]>Z] + [Xv)/v[ua sz]]
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Bol loops (contain Moufang and
Bruck loops)

a(b(ac)) = (a(ba))c and ((ab)c)a = a((bc)a)
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Bol loops (contain Moufang and
Bruck loops)

a(b(ac)) = (a(ba))c and ((ab)c)a = a((bc)a)
Bol algebras:
» antisymmetric binary bracket [—, —]
» Lie triple system [—, —, —]

satisfying

oy lu vl = iy, ulvl+ [u, [x, y, V]
+[u, v, [yl + xy] [u, v
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> D(X1, X0, ey X Y1, Y2y oy V), M>1,n > 2
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> (X1, X0, ey X ¥, Z), m >0
> D(X1, X0, ey X Y1, Y2y oy V), M>1,n > 2
such that
> (X1,X2, .., Xm; ¥, Z) IS antisymmetric in y, z

> O(X1, X2, ooy X V1, Y2, -+, Yn) IS Symmetric
in the x;'s and the y;'s

> (X1, Xy UV X1y e X Y Z) —
(X1, ooy Xy Vo Uy X1y e s Xl VS Z) = e
>

Due to Miheev and Sabinin; Shestakov and Umirbaev;
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Sabinin algebras: multilinear operations
> (X1, X0, ey X ¥, Z), m >0
> D(X1, X0, ey Xs Y1, Y2y oy V), Mm>1,n > 2
such that
> (X1,X2, ..y Xm: ¥, Z) IS antisymmetric in y, z
> D(X1, X2, ooy X Y1, Y2, -+, Yn) IS Symmetric
in the x;'s and the y;’s
> (X1, Xy UV X1y e X Y Z) —
(Xty ooy Xy VU Xyt 1y oo X Y Z) =
> ...
Due to Miheev and Sabinin; Shestakov and Umirbaev;
Mostovoy, Pérez-lzquierdo and Shestakov, who also
developed a general theory treating arbitrary varieties of
loops, and explicitly treated many more examples of
those.




Functor calculus as
a new tool in
algebra

Manfred Hartl

- use algebraic functor calculus to construct a suitable
notion of commutators and a suitable operad in abelian
groups, satisfying relation 2. (basically done, see below)
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- use algebraic functor calculus to construct a suitable
notion of commutators and a suitable operad in abelian
groups, satisfying relation 2. (basically done, see below)

- use polynomial functor theory to generalize relation 3.
(the Lazard correspondence, in particular the

(work in progress -
done for n =2 (T. Defourneau))

- combine this with (a suitable generalization of)
Loday's theory of generalized bialgebras in order to
generalize relation 4. ( )

- try to generalize relation 1. (



Functor calculus as
a new tool in
algebra

Manfred Hartl

Construction of an operad in abelian groups
associated with a semi-abelian variety A:
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which is an abelian object in A.
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a new tool in

algebra Let F, = MultiLin(cr,/ds): A" — A be the
Manfred Hartl of the n-th cross-effect of Idy, i.e.

Fo(Xis.. o X,) =
Coker ([T0_y [d(X1, ..., Xi, Xes -, Xa) = 1d(Xa, ..., X,))

which is an abelian object in A. Then a (right)
P = AbOp(A) in Ab is defined by

P(n) = A(E,F,(E,... E))
and
Viyooshin: P(k1) @ ... @ P(kn) @ P(n) = P(ky + ...+ kn),
h®... QfLQg ik, koFalf, ... f)og

where
fi,oder Fo(Fio(E), - -, Fi,(E)) = Figs.. ik, (E)
is induced by the for the

cross-effects of the composable functors Ids, Idy.
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1. If A is the category of groups, then AbOp(A) ® Q is
the Lie operad.

2. If A is the category of loops/Moufang loops/Bruck
loops/Bol loops, then AbOp(A) ® Q is the
Sabinin/Mal’cev/Lie triple/Bol operad.

3. If Qis an operad in k-modules and A is the category
of Q-algebras then AbOp(A) = Q.
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Let D be a 2-step nilpotent semi-abelian variety. Then
there exists a (non unique) 2-step nilpotent group
structure among the operations in D, denoted by + .

Let E be a distinguished free object of rank 1 in D and
let e denote its basis element.

Suppose that 1. + 12 is invertible in the ring

D(E, E?b). Then the 2-step nilpotent (right) operad
AbOp(D) actually is an operad in the monoidal category
of Z[%]-modules as

AbOp(D)(1) = |E*®|
AbOp(D)(2) = |Idp(E?|Eb)]
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L*: Alg-AbOp(D) — D
given by |L*(A)| = |A| and the following
Baker-Campbell-Hausdorff formula: an n-ary operation 6
of the variety D acts on |L*(A)| by

O(x1,. .. %) =

n

5 (Ml © (&) + ol @ x5  H(B,))

p=1

> AQ(xp®xq®vl,1;z(0( ) ® (e )®[el>ez])>

1<p<q<n

+ Z A2 (Xp @ Xqg @ A(Opq))

1<p<q<n

with A(0,,) = Op4(e1, €2) — (0,(e1) +m04(e2)).
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Here

e 0, is the unary operation of D given by

0,(a) =06(0,...,0,a,0,...,0) where a is placed in the
p-th variable. Similarly, 0,4 is the binary operation of D
given by 0,.,(a,b) = 6(0,...,0,2,0,...,0,b,0,...,0)
where a, b are placed in the p-th and g-th variable,
respectively;

e for any unary operation ¢ of D,

H(W) = Yeye(ie +u ize) —m (WVe(e) +m nve(e))
where i,: E — E + E is the injection of the p-th
summand;

o for k=1,2, e = ixe € E+ E. Furthermore,
[a, b][\/] = (a +wm b) —M (b +m a).
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and kernels. An internal action of G on some object A of
C should be some additional data linking G and
A which is equivalent with a split extension in C

O%AﬁX%)G%O

THEOREM [Bourn-Janelidze]: If C = A is semi-abelian
then there exists a monad T¢ on A whose algebras A
are equivalent with split extensions as above. The
underlying functor T¢ of T is given by

Tc(A) =Ker(rg: A+ G — G).
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Functor calculus as
a new tool in
algebra

Manfred Hartl

Let which has a 0-object
and kernels. An internal action of G on some object A of
C should be some additional data linking G and
A which is equivalent with a split extension in C

O%AﬁX%)G%O

THEOREM [Bourn-Janelidze]: If C = A is semi-abelian
then there exists a monad T¢ on A whose algebras A
are equivalent with split extensions as above. The
underlying functor T¢ of T is given by

Tc(A) =Ker(rg: A+ G — G).

Thus an (internal) is an arrow

&: T¢(A) — A satisfying the usual unit and associativity
axioms.

Example: In .
Tc(A)=((ac A+ Glac A g e G)and g« a= E(8a).
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0—— Id(A|G) 2= Tg(A) === A——>0
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we may restrict an action £: Tg(A) — A to a map
e = o ja: Id(A|G) — A which is the
; we call it the [H-Loiseau].
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Observing that there is a split short exact sequence
0—— Id(A|G) 2= Tg(A) === A——>0
ra

we may restrict an action £: Tg(A) — A to a map
e = o ja: Id(A|G) — A which is the
; we call it the [H-Loiseau].

It sends a generator [g, a] of Id(A|G) < A+ G to
(g-ca)atinA
Definition: An (abstract, or strict)

is @ morphism ¢ : Id(A|G) — A rendering the following
three diagrams commutative.
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Che
Id(Id(A|G)|A) ’ Id(A|G)
/d(wllA)l lw
Id(A|A) - A
Cfe
Id(ld(A|G)|G) : Id(A|G)
/d(wllc)l lw
Id(A|G) " A
s
Id(Id(A|G)|A|G) " 1d(A|G)
’d(lﬁllAlc)l/ \Ld)
GAG

Id(A|A|G) —22— Id(A|G) — 22— A
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THEOREM [H-Loiseau]: Assigning the action core ¢
with an action £ establishes an
, and thus of
in C

O%AﬁX%)G%O

Example: The conjugation action core

1. of G is given by
< I1d(G|G)—= G+ G——G.
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Manfred Hart THEOREM [H-Loiseau]: Assigning the action core ¢
with an action £ establishes an
, and thus of
in C

O%AﬁX%)G%O

Example: The conjugation action core

1. of G is given by
< I1d(G|G)—= G+ G——G.
2. of G Ni>—"= G is given by

the unique map cy ¢: Id(N|G) — N rendering the

following square commutative.
N, G

1d(N|G) ™5

N
ld(n|lg l
G

Id(GIG\—>
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There is a natural construction of a semidirect product
v ld(A|G) — A,
which is a

0—>A—" A, 6= G —>0

in C such that

* —
Sy CAxyG A = Y.
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Recall that a representation of a

> Gisa G — Aut(A) for
some abelian group A

> Ais an

g — End(V') for some vector space

%

> gisa
g — End(V) for some vector space V

> Q is
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Recall that a representation of a

> Gisa G — Aut(A) for
some abelian group A

> Ais an
g — End(V') for some vector space
vV
> gisa
g — End(V) for some vector space V

> Q is

Definition [Beck]: Let C be a category with pullbacks.
Then a of an object G of C (or

) is an abelian group object in the
category C/G.




Functor calculus as Reca“ that

a new tool in

algebra - objects in C/G are arrows p: X — G in C

Manfred Hartl




Functor calculus as Reca“ that
a new tool in . . .
- objects in C/G are arrows p: X — G inC

algebra

anred Hard - morphisms in C/G from p: X — G to p': X' — G are
arrows f: X — X' inCsuchthat p’of =p




Functor calculus as Reca“ that
a new tool in

algebra - objects in C/G are arrows p: X — G inC
anred Hard - morphisms in C/G from p: X — G to p': X' — G are
arrows f: X — X' inCsuchthat p’of =p
- products in C/G are given by
pxp =poprn=poprn: XxcX — G




Functor calculus as Reca“ that
a new tool in

algebra - objects in C/G are arrows p: X — G in C

- morphisms in C/G from p: X — G to p': X' — G are
arrows f: X — X' inCsuchthat p’of =p

Manfred Hartl

- products in C/G are given by
pxp =poprn=poprn: XxcX — G
Hence an abelian group object in C/G is a triple
(p: X =G, n:lg—=p, p:pxp—p)

satisfying the usual axioms. In particular, n: G — X is a
, so that the extension

O%A%X$G%O with A = Ker(p)

Y Id(A|G) — Aof G on
A if C = A is semi-abelian.




Functor calculus as Reca“ that

a new tool in

algebra - objects in C/G are arrows p: X — G in C

Manfred Hartl

- morphisms in C/G from p: X — G to p': X' — G are
arrows f: X — X' inCsuchthat p’of =p

- products in C/G are given by
pxp =poprn=poprn: XxcX — G
Hence an abelian group object in C/G is a triple
(p: X =G, n:lg—=p, p:pxp—p)

satisfying the usual axioms. In particular, n: G — X is a
, so that the extension

O%A%X$G%O with A = Ker(p)

Y Id(A|G) — Aof G on
A if C = A is semi-abelian.
Note that




Functor calculus as
a new tool in
algebra

Manfred Hartl

Recall that
- objects in C/G are arrows p: X — G inC

- morphisms in C/G from p: X — G to p': X' — G are
arrows f: X — X' inCsuchthat p’of =p
- products in C/G are given by
pxp =popn=poprn: XxcX =G
Hence an abelian group object in C/G is a triple
(p: X =G, n:lg—=p, p:pxp—p)
satisfying the usual axioms. In particular, n: G — X is a
, so that the extension

O%A%X$G%O with A = Ker(p)

Y Id(A|G) — Aof G on
A if C = A is semi-abelian.
Note that :
Moreover, in A the multiplication if it exists,
in which case 1 is said to be a G-module structure on A.
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Examples:

1. Any action of a group G on an abelian group A is a
G-module structure.

2. NOT EVERY action of a loop @ on an abelian loop
(= abelian group) A is a @-module structure [H-VdL]!

What is the general obstruction of an action on an
abelian object to be a module?

THEOREM [H-VdL]: An Y Id(A|G) — A of
an object G of A on an abelian object A of A
iff

Id(A|A|G) 2 1d(A|G) > A
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a new tool in In A = Groups, Id(A|A|G) is the normal subgroup of

algebra

Manfred Hortl A+ A+ G generated by the three subgroups
[1A, [RA, 5G]], [RA[3G,1A]], [iG,[1A, LA]]
which ,

hence to the trivial element, under the map ) 0 5,
followed by the injection iy: A>—— A x, G .

In A = Loops, Id(A|A|G) contains the associators
A(ia, hd, izg), which
in A <y, G under the map ) o 5,1 followed by the
injection iy A>——=>A X, G .
For example this happens when A x,, G is the

H = {+1,+i,+j,+k} [H-VdL]: Here
A = {41, £/} is the Klein 4-group and G = {1, i} is the
cyclic group of order 2, while the associator
A(,j, i) =—-1#1.
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Examples:

In A = Groups, G-modules are equivalent with modules
over the ring Z[G].

In A = Liex, g-modules are equivalent with modules
over the enveloping algebra U(g).

In A = Loops, Q-modules are equivalent with modules
over the group ring of a certain group U(Q, Loops)..

And for an arbitrary semi-abelian category (variety) A?

Note that modules over a ring R are algebras over the
linear monad Tk on the abelian category Ab with
underlying functor Tp = R ® —.
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THEOREM [H]: of a
semi-abelian category A are equivalent with

Lin(Ts) on Ab(A) which is the
linearization of the monad T on A (whose algebras are
G-actions).

In particular, the is given
by restricting to Ab(A) the
Te.
Moreover, Lin(Tg) is , and even
if A is a variety.
Here the Lin(F): C — A of a functor

F:C — A is given by
Lin(F)(X) = Coker(F(X|X)— F(X + X) 2% F(X)) .




Functor calculus as
a new tool in
algebra

Manfred Hartl

Now suppose that A is a , and let
in A. Then

In(G) = A(E*, Lin(lds (—|G)(E**))




Functor calculus as
a new tool in
algebra

Manfred Hartl

Now suppose that A is a , and let
in A. Then

In(G) = A(E*, Lin(lds (—|G)(E**))

is a bimodule over the ring R = Endy (E2") equipped
with a non-unital,
Is(G) ®@g Ia(G) — 15(G). Thus we have a

U(G) = I4(G) x R.



Functor calculus as
a new tool in
algebra

Manfred Hartl

Now suppose that A is a , and let
in A. Then

In(G) = A(E*, Lin(lds (—|G)(E**))

is a bimodule over the ring R = Endy (E2") equipped
with a non-unital,
Is(G) ®@g Ia(G) — 15(G). Thus we have a

U(G) = I4(G) x R.
THEOREM [Gray,H|: of

a semi-abelian variety are with
[Gray]. This ring can be chosen to be U(G) [H].




