The computation of {(2k), 5(2k + 1) and beyond by using
telescoping series”

Oscar Ciaurri!, Luis M. Navas?, Francisco J. Ruiz? and Juan L. Varona*

!Departamento de Mateméticas y Computacién, Universidad de La Rioja,
26006 Logrono, Spain. Email: oscar.ciaurriQunirioja.es

2Departamento de Mateméticas, Universidad de Salamanca,
37008 Salamanca, Spain. Email: navas@usal.es

3Departamento de Mateméticas, Universidad de Zaragoza,
50009 Zaragoza, Spain. Email: fjruizQunizar.es

4Departamento de Matematicas v Computacién, Universidad de La Rioja,
26006 Logromno, Spain. Email: jvarona@unirioja.es

Dedicated to the memory of José Carlos Soares Petronilho

Abstract
We present some simple proofs of the well-known expressions for
<(2k):ZW’ B2k +1) = Z (
m=1

2m + 1)2k+1 ’

m=0

where k = 1,2,3, ..., in terms of the Bernoulli and Euler polynomials. The computation is done
using only the defining properties of these polynomials and employing telescoping series. The

same method also yields integral formulas for {(2k+ 1) and 8(2k). In addition, the method also
applies to series of type

O D Dl v
meZ(Qm_“)s’ mez(2m+1_“)8’
in this case using Apostol-Bernoulli and Apostol-Euler polynomials.
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1 Introduction

Let us recall the definition of the Bernoulli and Euler polynomials, denoted by By(x) and Ej(x)
respectively, in terms of the power series expansion of a generating function (see e.g. [11]). Namely,

> 2k 2e** > z
:ZBk<$)y7 1 :ZE’“(QC)H (1)

k=0 ) k=0

eccz

These series are convergent in a neighborhood of z = 0. It is not hard to show using and some
computation with Taylor series that By (z) and Ej(z) are monic polynomials of degree k.
Consider now Riemann’s zeta function and Dirichlet’s beta function, defined by the series
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for complex s with Re(s) > 1. Both may be analytically continued to the complex plane, although
we are only interested in integer s > 2, so that we do not have to worry about this. The values

> 1 > —1)m
m=1 m=0

may be expressed as follows in terms of the Bernoulli numbers By, := Bay(0) (or Bag(1), which is
the same) and the Euler numbers Ey, := 22¥E5,(1/2) (note that apart from the factor of 2%%, in
the Euler case the evaluation is at 1/2, not at 0). The exact formulas are:

(_1)]6—122/6—17.[.2]@

C(2k) = ol Bor, k=123, (3)
(_1)k7.‘.2k+1

These kinds of expressions have had great historical relevance. Euler was the first to prove ,
in 1740, thus showing that ((2k) is always a rational multiple of 72*. As for evaluation at odd
positive integers, i.e. the values (2k-+1), this is much more mysterious and little is known about its
arithmetical nature. In fact, the only established fact remains that ((3) is irrational, as proved by
Apéry in 1979. In the case of the Dirichlet beta function, the reverse holds: expresses 3(2k+1)
as a rational multiple of 721 but there are no known similar formulas for 3(2k).

Throughout the years, many different proofs for and have been found, varying in com-
plexity and technical background necessary for their understanding. From the purpose of making
them widely accessible, the ideal situation would be to be able to give simple, easy to under-
stand proofs which are self-contained and do not use advanced machinery that one would need
to study previously. A sample of various proofs, some of them only for ((2), may be found
in 11, B [4, [8, 12} 13} 15, 18, 23] and the bibliographies within those sources.

Many proofs of the formulas use the method of residues, or infinite products, or the pointwise
convergence of Fourier series, which place them outside the scope of first year math students. For
example, let us assume that we know how to write Bernoulli and Euler polynomials in terms of



trigonometric series, which were found by Adolf Hurwitz in 1890 (see [II, §24.8(i)]). For even
indices, we have

—1)k-1 > cos(2mmx
Bog () = 2L gﬂ)zé%)! 5 Si% ) sel,1, k>l (5)
m=1

Now is obtained immediately by setting £ = 0. On the other hand, the corresponding Hurwitz
expansion of the Bernoulli polynomials of odd index is
2(—1)F 12k +1)!

2. sin(27rmz)
Bojy1(z) = P Y. €0 k>1 (6)

m=1
(also valid for k = 0 and 0 < = < 1). Now, however, (6 is not useful for evaluating ((2k + 1);

for instance, if we take x = 0 we only get the trivial expansion 0 = 0. In the same way, the Euler
polynomials satisfy

4(=1)F(2k)! X sin((2m + )7z
(=1)%( )Z (( )T)

Eox(z) = S @m + R x € [0,1], k> 1; (7)

Eop_1(x) =

A(~1)k(2k — 1)! i cos((2m + 1)mx) z € 0,1], kE>1. (8)

2k 2k
= (2m+1)

Here arises from with z = 1/2, but with z = 1/2 gives 0 = 0. The Hurwitz expansions
f are Fourier expansions in terms of the usual trigonometric basis, and they can be easily
obtained using standard methods for orthogonal systems, provided we quote the appropriate the-
orems for the pointwise convergence of Fourier series (they can also be obtained using the residue
theorem, although this requires a course in complex analysis). We cannot avoid this background if
we want to prove and as immediate consequences of the Hurwitz expansions.

No such theoretical background is needed for summing a telescoping series, whose convergence
is usually straightforward to check. For example, the series Y oo ; 1/(n? +n) is much easier to sum
than > > | 1/n?, since the partial fraction decomposition 1/(n? +n) = 1/n —1/(n + 1) gives rise
to a telescoping series.

In [7] it is shown how to compute the value ¢(2) = 72/6 by means of a telescoping series, and
in [9] this is done for all the values ((2k). The goal of this note is to give a similar procedure
for computing 5(2k 4+ 1) by means of telescoping series; the idea is similar to the one on [9] but,
perhaps surprisingly, the fine tuning at some points is rather different.

The proof we shall give only requires the use of Taylor series, without needing any additional
knowledge of real or complex analysis. Since the Bernoulli and Euler numbers are frequently
defined by means of generating functions which are Taylor series, it is natural to start from this
basic requirement. Of course, there are other alternative ways to define them (see [10] for example).
Thus, the aim of this paper is not to present new results, but rather to show how to sum certain
series without invoking higher mathematics. As far as we know, the methods we use to achieve this
are in fact new.

™

For completeness, and to be able to easily compare the techniques, we will also include the proof
of (3) that appears in our previous paper [9] (and also in the textbook [24] §6.9]). In addition, we
also study series similar to , namely

1 (—1)m
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where the parameter p is related to the parameter A in the generating functions

)\ez—l i ) D F k'

which are used to define the Apostol-Bernoulli polynomials By(z;A) (they were introduced by
Apostol in 1951 in [5], [6]) and the Apostol-Euler polynomials E(x; \).

For the series which involve the Apostol-Bernoulli and Apostol-Euler polynomials, we will use
complex exponentials rather than trigonometric functions, via Euler’s formula e = cos + isin 6,
con f € R. As is well-known, this tends to simplify calculations, as it happens often enough that
the most efficient way of proving trigonometric identities is via conversion to complex exponentials.
As far as Taylor series are concerned, the only difference is that now we use a complex variable and
the domain of convergence is a complex disc rather than a real interval. However, a little care must
be taken in manipulating the series related to Apostol-Bernoulli and Apostol-Euler polynomials,
which may require a little more advanced knowledge, specifically regarding term-by-term limits and
differentiation of infinite series of functions.

The organization of this paper is as follows. In Section [2, we list some properties of Bernoulli
and Euler polynomials that will be useful in Sections [3[ and [4f In Section |3[ we prove by using
a telescoping series. In Section [4| we prove , using a similar method but with enough differences
to warrant attention. In Section [5| we give some properties of Apostol-Bernoulli and Apostol-Euler
polynomials. In fact, these two families are essentially the same except for a change of variable in
the parameter A, so in the last sections we will only use Apostol-Euler polynomials. In Section [6] we
compute the series (9)(RHS) for s = k =1,2,... in terms of Apostol-Euler polynomials evaluated
at x = 1/2. Sectionvve prove the expansion of 1/sin?(z) as an infinite sum of partial fractions, a
result that will be used in Section In Sectionwe compute the series @(LHS) fors=k=2,3,...
in terms of Apostol-Euler polynomials evaluated at = = 1.

Remark 1. Another pair of functions related to the Riemann zeta function and also having a
proper name are the Dirichlet eta and lambda functions, defined respectively by

> (=1)m?t > 1
o) = 32 0 =2 Gy

m=1

It is easily checked that n(s) = (1—2'7%)((s) and A(s) = (1—27%)((s), so that determining formulas
for their values reduces to the case of ((s).

2 Some basic properties of the Bernoulli and Euler polynomials

Starting from the definition via generating functions and keeping in mind the uniqueness of
power series representations, it is easy to prove many properties of the Bernoulli polynomials. We
limit ourselves to those which we will actually need for our purpose. The literature contains a vast
list of identities and properties (see for example [I1]).

To begin with, multiplication of (I))(LHS) by (e — 1)/z leads to

1 <~ (n+1
= —
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This shows that By(z) = 1 and allows us to recursively compute By(z), proving by induction that
By(z) is a polynomial of degree k. The first few Bernoulli polynomials are

1
By(x) =a? —xz + .

By(xz) =1, Bi(x) =x — L G

5’
Differentiating (LHS) with respect to & and comparing z-coefficients, we obtain
Bi(z) = kBr_1(z), k>1. (10)
Another property which can be deduced from is the symmetry relation
Bi(1—x) = (-1 By(z),  k>0. (11)

Once the Bernoulli polynomials have been introduced, the Bernoulli numbers may be defined
by By = Bj(0) (equivalently, by setting = 0 in the generating function (T))). It is easily checked
that x/(e” — 1) +z/2 is an even function, hence only even powers appear in its Taylor series. From
this we see that By = —1/2 and Bagg+1 = 0 for all £ € N. Using we conclude that

Boky1(1) = Bog+1(0) =0, k>1. (12)
It is also true by that Bog(1) = Bk (0), but these are nonzero. In any case, by we have

1
Alﬂ@ﬂx:kiﬁBHﬂU—Bmﬂm%:Q k> 1. (13)

The Euler polynomials have quite similar properties, which one may arrive at in essentially the
same way as we have described for Bernoulli polynomials, in this case starting from . The first
few Euler polynomials are

They satisfy
Ej(x) = kBya(z),  h>1, (14)

and
Egk(O) = Egk(l) =0, k>1.

3 The value of ((2k) using B (z)

Let us start with some auxiliary integrals:

Lemma 2. For k>0 and m > 1, let

1
Ik,m—/ Boy(x) cos(mmzx) dz.
0

Then
0, m=1,3,5,...,

Team = 4 (=1)*1(2k)! S oad (15)
o m=2,46,.



Proof. Begin by noting that
1
Iom = / cos(mmx)dx =0, m=1,2,3,....
0

For k > 1, integrate by parts twice, applying both times. Since sin(mmx) vanishes at ¢ = 0
and t = 1, we obtain

1
Ikym:/ Bsy(z) cos(mmx) dx
0

1 1

= — (ng(a:) sin(mwx))

mm

—2’“/13 () sin(mnz) d
N ok—1(x) sin(mmzx) dx

r=

—0—%/13 (z) sin( )d

= mr ) ok_1(z) sin(mmzx) dx
2k

= 7<ng_1(x) cos(mmz:))

m2m2

L 2k(2k—1)

=0 m2m2

1
/ By _o(x) cos(mmzx) dz.
0

For k = 1, the two polynomials on the last line are Bi(z) = x — 1/2 and By(xz) = 1, which yields
the special case

1
Il’m:/ Bs(x) cos(mmz) dx
0

2 1 2 [
== ((x—1/2 ) = d
- <(x /2) cos(mmx) - m27r2/0 cos(mmx) dx
0, m=1,3,5,...,
= 2
m, m:2,4,6,....

For k > 2, on the other hand, Byy_1(z) vanishes at ¢t = 0 and t = 1 (by (12))), from which we obtain
the recurrence relation

2k(2k — 1)
m2m2

and an easy induction in k yields . O

Ik:,m = - Ik:—l,ma k > 27

n2k

On our way to summing » 7, 1/n**, we shall also need the following trigonometric identity

sin(27t4) — sin(22-1¢)

2sin(%) ’

cos(mt) =

(16)

which can be proved by elementary trigonometry. It will be used to obtain a telescoping series.
We also note the following lemma which will be used several times.

Lemma 3. Let f be a continuously differentiable function on [0,1]. Then

1
lim /0 f(z)sin(Rx) dz = 0.

R—o0



Proof. Integrating by parts,

! , cos(R) 1 b, cos(Rx)
/0 f(z)sin(Rz) dz = — B f(1)+ Rf(()) —i—/o f (a:)T dx

Since f’(x) is bounded, as is the cosine of course, each term tends to 0 when R — oo, hence so
does their sum. O

Keeping the previous facts in mind, we turn to the main result of this section.

Theorem 4 (Euler, 1740). For every positive integer k we have

oo _1)k-1(97)2k
G(2k) = Y- g = e B (17)
n=1 ’

where Boy, are the Bernoulli numbers of even index.

Proof. To have polynomials that vanish at x = 0 (the reason is made clear below), let by () =
Boy(x) — Bar(0) and take

1 1
I,’am = / bor(x) cos(mmz) dor = / (Bak(x) — Bay) cos(mmz) dx, k>0, m>1.
0 0

Since fol cos(mmz) dx = 0 for every positive integer m, it is clear that I} = I} ,,, so again

0, m=1,3,5,...,
!
Tim = (=1)F1(2k)!

TRk m=2,4,6,....

Using that I} ,, . 41 = 0 for every m, applying the trigonometric identity and canceling
terms in the resulting telescoping series, we have

( k 1 2k‘ 0 00 00 00
!/ ! !
Z (2m)? - Z Teom = Z Ty o + Z Ly omi1
m:l m=1 m=1 m=0
o0 o0 1
= Z I = Z / bok(x) cos(mmz) dx
m=1

— i bop () S (5 b L
_Ngnoo / 2( 251n / 2( 2sm( L) v

sin( 2N+17T$‘) sin(%F)
= i b —2 7 b 2
NS 0 2%(2) 2sin( %) v /0 2 ( )2sm(%)
Let us look closely at the last line. We begin by checking that
I / b () S C5m) (18)
NS 22 2sm( L) T



Indeed, the function
o bgk(x)
@) = Sy
extends by continuity to x = 0 (note that by (0) = 0 so that byg(z) is divisible by x) and is
continuously differentiable on [0, 1]. Setting R = (2N + 1)7/2, Lemma [3| implies (18).
Using and recalling that Byg(0) = By, the value of the last integral is

1 sin(%F 1 [t 1 [t By,
b — 20y == B — Bop)dr = —— Bopdr = ——=.
/0 2k($)2sin(%) x 2/0( 2k () ok) d 2/0 ok dx )

z € (0,1],

Thus, finally

—DF RN SN 1 B
(~1)"1(2k) oy B
22k 2k ~ m2k 2
and we have proved Euler’s formula for ((2k). O

Readers familiar with Fourier series will have recognized that the integrals I}, ., evaluated in
Lemma are the Fourier coefficients of the even index Bernoulli polynomials Boy(z), whose Fourier
series is . As we have mentioned in the introduction, the Fourier series yields a quick proof of
, the drawback being that one would need to introduce Fourier series and in particular their
pointwise convergence. The proof presented in Theorem [4 only uses a telescoping series which is
easy to sum and avoids all but the basic theory of the convergence of infinite series.

It is also worth noting that Lemmal[3]is the special case for continuously differentiable functions
of the Riemann-Lebesgue lemma, whose proof only requires one-variable calculus.

Remark 5. It is tempting to ask ourselves if the above method, or a similar one, can be used to
gain some insight into the values ((2k + 1). The answer is a (very) qualified “yes”. If we take

1
Jkym = / Boyy1(x) sin(mnzx) dz
0
and proceed as in Lemma [2], we obtain
0, m=1,3,5,...,

Jem = (1) 12k +1)!
m2ktI2k+1

m=2,4,6,....

Using the corresponding trigonometric identity

cos(21EL 1) — cos(275-1t)

2sin(%) 7

sin(mt) =

and continuing as in the proof of Theorem [4 does indeed yield a telescoping series. The limit in
N is still null by Lemma [3] but the final integral is not elementary. The final result is

(_1)k7122k7r2k+1 /1 COS(%)
2 1) = B =1,2 R
2k +1) 2k + 1)! 0 2%41(7) sin(Z2) dz, k=123

Thus the series > o ;1 /n?**1 is transformed into an integral, the nature of its value remaining
elusive.



4 The sum of the alternating series 3(2k + 1) using FEo(7)

Once again, we begin with some auxiliary integrals.

Lemma 6. For k>0 and m > 1, let

1
Ik,m:/ Esp(x) sin(mmz) dz.
0

Then ( )k( |
2(—1)"(2k)!
Iy = m2k+1 5 2k+17 m=1,3,5,..., 19)
07 m:2’4,6,.__.

Remark 7. It is easy to verify that the integrals Iy o, = fol Es(x) sin(2mmzx) dx are all zero for
m > 1; however, as opposed to what happens in the proof of Theorem [4]in the case of the Riemann
zeta function, these integrals do not appear in the present proof.

Proof. For k =0 we can immediately compute
1
-1H)m -1 2/(mm), m=1,3,5,...,
Iom = / sin(mnzx) de = _Enm-t = /(m)
0 mm 0, m=2,4,6,....
For k > 1, we integrate by parts twice, applying at each step. Since Foi(x) vanishes at ¢ = 0
and t = 1, as does sin(mmz), we obtain
1
I = / Esi(x) sin(mmz) dx
0

1

= _—1<E (x) cos(m x)) —i-%/lE (x) cos(mmx) dx
T omm m 0o mm Jy 2kt "

r=

2k (!
=04+ — [ Es_1(x)cos(mrzx)dz
mm Jo

2k , 1 2k(2k — 1) [* ,
= iz (B (@) sinmma) )| - EnQTrQ)/o Bai—a(w) sin(mmz) dr
2k(2k — 1) [1 , 2k(2k — 1)
=0 ?71271_2/0 EQk,Q(l’) Sln(m’ﬂ'.f) d.’I} = _W k—1m-
This proves by induction in k. O

Our technique for summing >°°°_(—1)™/(2m + 1)?**1 uses the Euler polynomials, as well as
the trigonometric identity
sin((2m + 2)t) + sin(2mt)
2 cos(t) ’

sin((2m + 1)t) = (20)

which is again easy to prove by basic trigonometry, and will allow us to transform » > (—1)"/(2m+
1)2*+1 into a telescoping series.



We also need the Taylor series of the arctangent,

o (_1)m m
arctan(t) mEZO Sy t", 1<t<1 (21)
In particular, Y~ (—1)"/(2m + 1) = arctan(1) = m/4. Since 5(1) =Y > _,(=1)"/(2m + 1) and

Ey =1, this proves the case k = 0 of . Thus from now on we may assume that k¥ > 1. Note that
in the proof of Theorem [4| we did not need to use or any similar expression.
With the setup complete, we turn to the main result of this section.

Theorem 8. For each positive integer k, we have

e —1)ym -1 kﬂ_2k+1
BRE+1) = Z—:o (2m(—i— 1))2k+1 = (22k-)i-2(2k)! Lk, (22)

where Eop = 228 Ey;,(1/2) denotes the Euler numbers of even index.

Proof. Let egr(z) = Eox(x) — Eox(1/2). Since

1
: 2E9;,(1/2)
Eor(1/2 2 1 dpr = =251 77
/0 26(1/2)sin((2m + Dre) do = o= 2
we have ) |
. 2Fo(1/2
I, = 2 1 der =1 - == 7
k2m-+1 /0 egr(x) sin((2m + 1)7x) dx k2m-+1 @m + Dn
Now, by ,
2(—1)*(2k)! & (-1)™ i
T2kt 1 Z 2m 1 2+ Z(—l)mfkamﬂ
m:O m=0
(o] o
2E2k (1/2) )m
m:O m=0
We already know that >~ 2mil 7r/4 so let us take a look at >~ (—1)"1; il

Applying the trigonometric identity (20)) and canceling terms in the resultmg telescoplng series,
we obtain the following (note that the denomlnator cos(mz) only vanishes at x = 1/2, where egi(z)
does so as well):

mféo D™} o1 = mféo(—l)m /01 e () sin((2m + 1)mz) da
- ;@mné(—nm( [ eantay LRI, gy [ (o) s dm)
- ngnoonéj <(—1)m /01 62’“(96)8111(%2;;2”) dz — (=1)™! /01 ezk(x)sm da;)
= lim (-1)¥ /O le%(x)sm(éijci (J;j;m) da + /0 1 e%(x)m da.

10



The last term is obviously null.

Let us check that
1 sin((2N + 2)7z) i

lim ek ()

=0.
N—oo J 2 cos(mx) v

The function

Fay= =200 172),

2 cos(mx)

extends by continuity to x = 1/2 (recall that eg;(0) = 0) and is continuously differentiable on [0, 1].
Setting R = (2N + 2)m and applying Lemma |3| we conclude that the limit as N — oo is also 0.
Thus we have proved that

o0 m
B 2Fo,(1/2)
hence k. 2k+1 k_2k+1
B(2k+1) = (—=1)Fm+L Bor(1/2) _ (—=1)Fm2rtl Eop
2(2k)! 2 22k+2(2k)1 7
which concludes the proof. O

As in the proof of the formula for {(2k), this method contains thinly disguised Fourier analysis.
The integrals Ij 2p,+1 evaluated in Lemma |§| are the Fourier coefficients of the even index Euler
polynomials Foj(z), whose Fourier series is (7). Evaluating this series at & = 1/2 yields
immediately, but our proof does not require any knowledge of this, as again a convenient telescoping
series may be found that achieves what we want.

Remark 9. What happens if we use this method to try to evaluate 5(2k)? The situation is
analogous to what happened with ((2k 4 1). Taking

1
Jem = / Esi11(z) cos(mmx) dx
0
and proceeding as in Lemma [6] we obtain
0, m=20,2,4,6...,

Jem = 2(=1)F1(2k + 1)!
m2k+27r2k+2 ’

m=1,3,5,....

Using the analogous trigonometric identity

cos((2m + 2)t) + cos(2mt)

cos((2m + 1)t) = 2 cos(?) )

and continuing as in the proof of Theorem [§], also yields a telescoping series, with null limit in N,
but the remaining integral is not elementary. The analogous formula is

(_1)k—1ﬂ.2k+2 1 E2k;+1($)

BEE+2) = i1 ), “cos(ra)

de, k=0,1,2,...,

but again, this does not provide immediate information about these values.

11



5 Apostol-Bernoulli and Apostol-Euler polynomials

Our aim now is to study series of a more general form than . We add a real parameter y € R
and consider the series @ A few remarks are in order. First, we can avoid values of u that
lead to the vanishing of a denominator in the general term of the series, or we can suppress the
unique summand where that happens. Note also that the index of summation in @ runs over the
complete set of integers Z, not just over N, as was the case with . Straightforward manipulation
transforms a series of type @ into one where the index of summation runs over N, especially in
easy cases such as u = 0 or in general y € Z, removing the summand where a denominator vanishes.
In particular this shows that the series in are special cases of those in @D We will not go into
more detail on these points at the moment.

Just as we used Bernoulli and Euler polynomials to some the series , we shall now use
Apostol-Bernoulli and Apostol-Euler polynomials to sum @ We recall that these polynomials are
defined respectively by

2 eT? e Zk
SV ZBk(a:,)\)ﬁ, A€C,
k=0
and .
2e** > z
SvER kz_ogk(x’A)’W AeC\{-1}. (23)

The case A = 0 is trivial and will not be considered, while for A = 1 the Apostol-Bernoulli polyno-
mials By (z;1) coincide with the Bernoulli polynomials By(z), and the Apostol-Euler polynomials
Ek(x; 1) are the Euler polynomials Ej(z).

In addition, it follows easily from the definition that

. 2 . .
gk(.%', )\) = —mBkJrl((I}, —)\>7 (24)
so that it can be said that these are basically the same polynomial family except for a sign change
in the parameter, a shift in the index, and a scaling factor. Apparently, even though is not
hard to discover, no one seems to have done so before [19]; more details are given in [22].

In any case, it suffices to consider either only By(x;A) or only E(z;A) . Now, excepting the
case A = 1, By(x; \) has degree k — 1, so it is more convenient to use & (z; A) which has degree k.

It is important to note that is not well-defined for A = —1, since 2¢**/(—e* + 1) has a
pole at z = 0 and hence does not have a Taylor expansion (one would need to talk about Laurent
expansions). Thus we can’t simply study the case By(x;1) using & (z; —1). This is not a problem
since Bi(z;1) = By(z) has already been dealt with in Section [3]

Although our goal now is to evaluate series of the type @ using only the definitions of the
corresponding polynomials via generating functions and coming up with a suitable telescoping
series, we may point out that the Apostol-Bernoulli and Apostol-Euler polynomials have Fourier
series expansions similar to those of the Bernoulli and Euler polynomials. Indeed (see [19]), the
Fourier series of the Apostol-Bernoulli polynomials is

627rzmac

(2mim — log A\)F’

k!
Bi(w; A) = —0k(w;A) — 1o >
meZ\{0}

O<ax<l,

12



where dr(z;\) = 0 or %):,f; according as A = 1 or A # 1. The case A = 1 corresponds to the

Bernoulli polynomials. Since we will only consider the case A # 1, we can rewrite it as

e(271'im—log Az

By(z;A) = —k! ) i Tog F 0<z<l. (25)
meZ

The corresponding Fourier series of the Apostol-Euler polynomials is

2. ! el
gk(x, )\) DY 7% ((Qm + 1)7Ti — log )‘>k+1

2m+1)miz

(2m+1)mi—log N)x (26)

(

e

=2kl

T;Z ((2m + 1)mi — log A)k+1’

O<z<l,

with A = 1 corresponding to the Euler polynomials.

In order to link the polynomials with parameter A\ to the series with parameter p we need to
let A = e, so that log A = iy, with € R.

As was the case before, determining the values of the series @D reduces to substituting a specific
value of x in the above Fourier series. To reiterate, although we mention this as motivation, our
procedure is to avoid this by finding elementary methods based on telescoping series.

The Apostol-Bernoulli and Apostol-Euler polynomials satisfy a number of properties similar
to those of the Bernoulli and Euler polynomials, some of which were used in Section Indeed,
these are all examples of Appell sequences, which satisfy a number of universal relations (see
[19, 20} 21), 22]). For example,

d
%& (:L'; )\) = k‘gk,1 (3?; )\)

Instead of making a list of properties here to be used later on, we will introduce them as needed.

6 Apostol-Euler polynomials to sum an “alternating series”

Setting A = e#, i € R, we want to find a closed formula for the sum

—1)™
Z(k; ) = ZZ @ +( 1)73 — e (27)

in terms of the Apostol-Euler polynomials & (x; \). We have to avoid A = —1, where they are not

defined, so that we cannot take p = 7 nor in general u = (20 4+ 1)7 with | € Z; this also avoids

vanishing denominators in the series. Without loss of generality, we can assume that u € (—m, 7).
The aim of this section is to prove the following result:

Theorem 10. For p € (—m,7) and k =0,1,2,..., we have

o v
Z(k,ﬂ) = mZG:Z ((2m+ 1)7.[. _ Iu)k+1 - 2. k!

Fe28,(1/2; €M), (28)
where E(x; \) are the Apostol-Euler polynomials.

13



For Apostol-Bernoulli polynomials, [I9, Proposition 1] shows that for any A € C\ {0,1}, m € Z
and k € N, we have
k!
(2mim — log \)F”

1
/ N By (@3 ) e M g = —
0

Of course, behind the scenes, we are really calculating the Fourier coefficients in , but we do
not need to know this since we are purposefully avoiding Fourier analysis.

Similarly, for the Apostol-Euler polynomials (we are now computing the Fourier coefficients
in , but we do not need to know it), we have the following.

Proposition 11. For any A € C\ {0,—1}, m € Z and k € NU {0}, we have

2- k!
((2m + 1)mi — log A)k+1°

1
Thon = / N (a3 N)e~ CmAUmiz gy — (29)
0

Proof. Fixing m, we use induction on k. One easily checks the case k = 0, noting that E(z;\) =
2/(1+ A). Let £ > 1. Assuming is true for k — 1, integrate it by parts, using the derivative
formula & (x; \) = kE,_1(x; \) to obtain

AEk(L; A) 4+ EL(0; M) n 2 k!
(2m + Dmi —logA  ((2m + 1)wi — log A\)F+1°

1
/ )\xgk(l,’ )\)67(2m+1)ﬂ'iz dr —
0

The proof is concluded by checking that A& (1; \) + E(0; A) = 0 for k£ > 1. This follows from

noting that Ag(1, A, z) + g(0, A, z) = 2. O

Now, let us prove Theorem proceeding as in the proof of Theorem |8 (we will not repeat all
the details). Using the notation in (29), we have

2 k! m
Wz(k;u) = ()" Tim.
meZ
Define e (z;A) = E(x; N) — Ex(1/2; N), so that ex(1/2; \) = 0. Note that

! 1
/ N°EL(1/2; )\)e—(2m+1)7m; do = E,(1/2; )\)/ o(~@mAD)mtp)iz g
0 0

g (12 0 EEITE ey e

= &0/ 2N) T e+ i v=0 (172 )(—(2m+1)7r+u)i
B . - (T NE(1L/2;N)

=GN o e i (@t D )i

hence
L+ N)E(1/2:) .

2m+ )T —pu

1
Lim = / Noep(z; \)e™ GmADTie go — 7, 4 (
0

14



Thus we have

2. k! N
Wz(k;ﬂ) =Y ()" Tk m

mEZ
_ m-/ . . (71)m
= m%(—l) Thom — (14 X)E(1/2; A)zngz S —

—1)ym

)
meZ (2m~+1)r—pu

Z ( (_1)m x(2m+1)7rf,u7

L= (2m o+ m—p

We need to evaluate ) . To do so, consider instead

which plays a role analogous to . Separating the sum into positive (m > 0) and negative (m <
—1) powers, we obtain two series which when differentiated term-by-term yield geometric series
which are easily summed. Now, integrating term-by-term (adequately choosing the integration
constants) and letting x = 1, we arrive at

S e (o () o ()
i (5 st =y () = by

Now, we need to find a telescoping series that allows us to sum

1
S )T = 31" [ Nen(a e BT da,
0

meZ meZ
To do this, it suffices to observe that

e—(2m+2)7ria7 + e—(2m)7ri:n _ e—(2m+1)7ri:n(e—7rz'z + em’w) _ 6—(2m+1)m’z . 2COS(7[‘:L‘),

hence (2m42)mi (2m)mi
—(2m+2)mix —(2m)mx
ef(2m+1)7ri:v — € €

2 cos(mx) ty cos(mx)’ (30)

This achieves exactly what we need thanks to the alternating sign (—1)™. Furthermore, the de-

nominator cos(mx) vanishes at = 1/2 which is also where ex(x; \) vanishes, just as we want.

Moreover, the sum of the series Zmez(—l)ml,’gvm is 0, as can be seen by again applying the “weak”

version of the Riemann-Lebesgue lemma (Lemma [3)) that we also used in Theorems 4] and
Putting everything together, we obtain

2 k! L Y (=)™ (I N)E(L/2; N)i
WZU%M) = —(1+N)&(1/2; )\)Zmze:z Cm+Lr—p 2 cos(11/2) ’
and so
Z(k, 'u) _ (1 + A)516(1/27 )‘) -k )\_1/2 + >\1/2 ZkA1/2gk(1/2, )\)

4 - k! cos(p/2) YT LR cos(/2)
Moreover, A\~1/2 4 \1/2 = ¢=#/2  ¢li/2 — 9 cos(11/2), so we have proved Theorem
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6.1 Another expression for the sum

As desired, Theorem [10| gives the value of Z(k, m) in terms of the Apostol-Euler polynomials. But
w is assumed real while the sum in Theorem [10] has complex coefficients. It is interesting to try to
find an alternative formula avoiding complex numbers. With this in mind, we have the following:

Lemma 12. Let E;(x; \) denote the Apostol-Euler polynomials as defined in , with A = e,
€ (—m,m). Then ‘ ‘
Eir(p) = ife™26,(1/2;¢™),  k=0,1,2,...,

is always a real number. In fact, the values Ex(u) may be computed via the generating function

[eS) w— k
ooy = LB ol <minf (31)
k=0

and hence .
d 1
En(p) = — ([ ——— ).
K1) = g (cosw/z))

Proof. Multiply both sides of (with X =€) by e/2, set © = 1/2 and z = is. Then we have
9e(s+n)i/2 © s
e(stu)i +1 - ZEk(’u)H

Substituting w = s + p, this becomes

26wi/2
ewt +1 =

k=

=]

and the result follows if we show that 2¢®%/2/(e®* + 1) is real when w is. This is easy:

2ewi/2 2 2 1

ewi 4+ 1 e wil2(ewi 4 1) ewi/2 4 e~wi/2  cos(w/2)’

using Euler’s formula cos§ = (% + ¢79) /2. O
Then, as a consequence of Theorem [10] and Lemma we have the following:

Corollary 13. For p € (—m,m) and k =0,1,2,..., we have

oy (=)™ _ Ey(w)
Z(k’u)_ngz((Qm—kl)ﬂ—u)k“ T2k

where the values E(u) are the coefficients of the generating function .

Remark 14. Requiring p € (—7, ) is not essential, we could just as well assume p € R\{(2m+1) :
m € Z} and the formula Z(k;pu) = Eg(p)/(2 - k!) will still be valid. In particular, observe that
Z(k;p+27) = —Z(k; p) (in the series this corresponds to m +— m — 1) and Ex(u + 27) = —Eg(p)
(in the generating function, cos((u + 2m)/2) = —cos(p/2)).

16



Remark 15. Once we have proved that

o (-)™  Eo(p) 1
3(07“)_,;;2(2m+1)7r—u_ 02  2cos(w/2)’

the general formula

o (—=1)m™ ~ Ei(p)
Z(k;p) = mze:z ((2m+ D) — )1~ 2.kl

follows by induction in k via termwise differentiation with respect to u, since E(n) = g2 g1 ().

The first values of Z(k; ) are as follows:

1 sin() 3 — cos(p)
Z(0;p) = Tcos(Z)’ Z(Lp) = WQQ(%)’ Z(2p) = 32053 (L)’
23 sin(4) — sin(2 115 — 76 cos(j) + cos(2

Z(3p) = 38(42<30s4(“)( : ), Z(4p) = 6144(3(35(5) ),
2(5: ) = 1682sin(4) — 237sin(2) + sin(2)

’ 122880 cosb(4) ’
2(6: ) = 11774 — 10543 cos(p) + 722 cos(2u) — cos(3u)‘

’ 2949120 cos” (%)

Except for k = 0, the constant in the denominator is 22*k!.

7 A partial fraction expansion

In 1748, in § 178 of his Introductio in Analysin Infinitorum (see [14]), Euler proved that

N

1 1 s
%n—i—ﬁ Nl_rgon;]vn+9 tan(md)’ bR (32)

This is the partial fraction expansion of the cotangent function, and it is a remarkable result that
requires defining the convergence of the series as the symmetric limit limy o0 Y . (equiva-
lently, grouping pairs of summands corresponding to opposite indices +n) because the series is
not absolutely convergent. A detailed “traditional” proof can be seen, for instance, in [17, §24,
equation 117]; and, for a nice self-contained proof with detailed explanations, see [I6]. Another
kind of elementary proofs use the so-called Herglotz trick; this can be seen, for instance, in [2].

It is clear that, with small adjustments, this series becomes

M

1 1 -1
> ——— = lim = : (33)
= 2mm — . Moo £~ 2mm — p 2tan(pu/2)

Our goal here is to give the value of the expansions @ for integer s = k > 2 in terms of the
Apostol-Euler polynomials. For this purpose, we will see in the next section that it is enough to

start with 1
Yo o
22 G0

whose value can be obtained from the following result:
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Proposition 16. For 6 € R\ Z, we have

1 2

7% (n+6)?  sin?(nf)’ (34)

Actually, can be obtained form by differentiating term by term. However, instead of
proving first and then doing that, here we directly prove by adapting the proof of
in [2], also using the Herglotz trick. By using the previously determined value Y °°  1/n? = 72/6
in our proof, in Lemma the treatment of is simpler than that required for , in part
because the series converges absolutely. Thus, let us now give a proof of Proposition using
elementary methods.

Define the functions

7.‘.2

0= o YO=X e (ER\E (3)
nez

We want to prove that f = g. It is clear that f and g are even, and both are periodic of period 1.
Let us see that they share some other properties.

Lemma 17. The functions f and g defined in satisfy

Qa5 a0 o) o5 w0 0
and
iy (10 32) = iy (000~ ) = F- &

Proof. Using the identity

1 1 o 1
Sn2(70/2) | sm(m(0+ 1)/2)  sim(x0/2) | cos?(n62)
_ cos?(m0/2) +sin*(n0/2) 4

sin?(0/2) cos?(w0/2)  sin?(m6)

proves that f satisfies . We check that g satisfies the same functional equation. We have
g(0) = limy_,o0 gn(6), where

N
3312+Z(9—|—n (9—1n)2)

n=1

Since
1 1 4 4

@202  ((0+1)/2=n)? (Gx2n)?  @x2n+1)2

it is clear that A

gN(%) +9N(0+71) = 4gon(0) + AN

2
and letting N — oo we obtain for g.
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We now turn to (37). For f, using the Taylor expansion sin(x) = z — 23/3! + 2°/5! — - .- we
have

. 1 . 2 1 o ome? — (7r9 — (779)3/3! R )2 2
gl_% (f(e) B §> N ;’E}% <51112(7r9) - ﬁ> B él—% 62 sin? (7)) 3
For g, 2
: 1 . 1 =1
i (90 -72) = 2 Ime—gm =23 m =g
neZ\{0} n=1

and the proof is concluded (it is easy to justify that we can introduce the limit inside the summation
using, for example, uniform convergence on the interval [—1/2,1/2], but we are not going to worry
about the details). O

Now, consider the difference

h(0) = f(8) — 9(0) = (f(0) —1/6%) — (9(0) — 1/6?).
The corresponding properties of f and g imply that A is periodic of period 1 and satisfies

h(g) + h(%) — 4n(0). (38)

Moreover, limg_,o h(f) = 0, thus h becomes continuous at § = 0 by defining h(0) = 0. In fact, by
1-periodicity, h extends to a continuous function on R by defining h(k) = 0 for k € Z.
Since h is a continuous periodic function, it has a maximum m € R; let 6y € [0, 1] such that

h(6p) = m. Because h(0) = 0, we have m > 0. Using (38),

h(%) + h(%; 1) — 4h(6y) = 4m,

but then either h(6y/2) > 2m or h((6p + 1)/2) > 2m. Because m is the maximum, this can
only happen if m = 0. Consequently, m = 0 and h = f — g = 0, which concludes the proof of
Proposition [16]

8 Apostol-Euler polynomials to sum a “positive series”

For A\ = e#, ;i € R, we wish to find the value of the sum

g(k;,u) = Z W (39)

mEZ
The case k = 1 follows from Proposition

~ 1 1
2(5p) = mze:z (2mm — p)? - 4sin?(p/2) (40)

We are calling the series Z (k; p) in a “positive series” only as a means of contrasting it with
the terminology of “alternating series” as refers to the series Z(k;u) defined in . Clearly the
summands in are not always positive.

The goal of this section is to prove the following:
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Theorem 18. For u € R\ 27Z and k =1,2,..., we have

Z(k;p) = T FHleing (1; —et). (41)
Remark 19. Before we turn to the proof, note that if 4 € 27Z, not only does one of the de-
nominators in the series Z(k; i) vanish, but also, since —e#* = —1, the Apostol-Euler polynomials
Er(x; —e~™) are not even defined. Thus both sides of are meaningless. _
Observe also that is not valid for £ = 0. Indeed, we have seen in that Z(0;p) =

m. However, &(1;—\) =2/(1 — /\),~hence the right hand side of is —2iet /(1 — eit) =
i+ m Since our goal is to express Z(k;p) in terms of the Apostol-Euler polynomials, this

exception is the reason why, in Section |7, we proved instead of .

To prove Theorem one could give a complete proof using Apostol-Bernoulli polynomials,
but since they are essentially the same as the Apostol-Euler polynomials (recall ), it is not
really worth the trouble. Instead, we adapt the proof of Theorem changing A to —\ and seeing
where this leads.

Keeping in mind that A = e, we have —\ = e/“*™) hence log(—\) = mi + log A, and so by
Proposition [T1, we have

2- k!
((2m + 1)mi — log(—\))k+1

T = / (=N Exla; —A)e BT g =
0

2-k!
(2mmi — log A\)k+1°

(42)

Since log A = iu, we have
2.k ~ ~
Wz(kﬂi) = Z Lk,m-
meZ
Now, we want to find a function €j(z; —\) straightforwardly related to E(x; —A) but vanishing
at 0 and 1. The reason for this lies with the telescoping series used below, which is analogous
to but instead of cos(wz), introduces a factor of sin(7x) in the denominator, which vanishes
at © = 0, 1. Since we need ex(z; —\)/sin(nz) to be continuously differentiable in order to apply
Lemma |3 the numerator € (z; —\) must also vanish at these points.
The following expression related to & (x; —\) satisfies our requirements:

er(z; =A) = Eplz; —A) — Ek(0; =) — (1 = N)z&k(1; —A)
= Epls —A) — (Ek(0:=X) + (1 = N)ay(1 1))
(from the proof of Proposition [11| we have that (=\)E(1; —\) + EL(0; —A) =0 for k£ > 1).
Since &(0;—A) = A& (1;—N), we may rewrite Ex(0;—A) + (1 — N)z&k(1; =) = (A + (1 —

N)z)EL(1; —N). Furthermore, & (z;—A\) = 2A/(1 — \)? + 22/(1 — \), therefore (1_2’\)251(x; —A) =
A+ (1 =Nz, and thus

i) = £l =) — L2 g (108 ) (43)
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If welet k=1 1in , we obtain

21! -2
(2mmi — log \)2 (2m7r — )2

1
/ (_)\)xgl (.T; _)\)67(2m+1)7rix dr —
0

Hence by , we have

! 2
7! = )27 . —(2m+1)mwiz _ T (1 - )\) 5k(1, —)\)
Liem /0 (=) er(z; —A)e dz =T + G —
Thus 5 1
vz = T 2
2k = Thm = D Ty — (1= X)%&(1; fA)Zm_
meZ meZ mezZ

The series on the right has already been computed in . All we need to do now is to express
Y omez Zk m 852 telescoping series and verify that it sums to 0.
Assumlng this has been done, we obtain, for k > 1,

- jk+1 5 1
Z(k;p) = ~3. k'(l = A)7E(1; =) Z @mr—p?
) meZ K
jk+1 gk(l; _)\) - (e—ip,/Q _ eiu/Q)Q

— _7()\71/2 o )\1/2)2)\

k41 ip .
5T " e EL(1; =)

4sin®(p/2) 8- k!sin®(u/2)

(—2isin(p/2))? 1 i L oy j
— ! ;=)= — HEL(1; —e™
8- k!sin?(p/2) P Ta (L =) 2.k Er(1; =€),

which completes the proof of Theorem [I8 It is worth mentioning that the previous argument is
not valid for & = 0, because the relation (—\)E(1; —\) + £ (0; —A\) = 0 does not hold in that case.

As for expressing the . i,’cm as a telescoping series, noting that we lack the sign (—1)™
which was present in , we instead consider

6—(2m+2)7rix - e—(2m)7riw _ e—(2m+1)7riw(e—7rim o eﬁim) _ 6—(2m+1)7rim . (722) Sin(?T.’E)

which gives, in analogy with ,

_(2mi1)miz je—(2m+2)mix je—2mmiz
[ =

2sin(rz)  2sin(mz)

(44)

This now allows the telescoping argument to work. As we mentioned above, the denominator

sin(rmz) vanishes at z = 0 and « = 1, as does e (z; —\), which implies that the sum of the series

Y omez Z’Cm is 0, using Lemma |3 as we did previously in the proofs of Theorems and
With all this said, the proof of Theorem [18]is concluded.

8.1 Another expression for the sum

As was the case with in Theorem looking at the expression , it is not immediately
obvious that the values Z(k; u) are real, as must be the case when p is real. However, we can find

an alternative formula for Z(k; 1) which solves this problem. Let us begin with a result analogous
to Lemma
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Lemma 20. Let E;(x; —\) be the Apostol-Euler polynomials, defined by , with parameter —\ =
W™ e R\ 277 (recall that —\ = —1 is not allowed since E(x; —1) is undefined). Then

Ek(u) = ikJrlei“Ek(l;—ei”), k=1,2,3,...,

is a real number (this is false for k = 0, since in that case the expression on the right is 2i\/(1—\) =
—1/tan(p/2) — i, which is not real). In fact, the values Ei(u) may be computed via the generating
function

1 1 o (w—p)t
- == Ep(pu)——7"— — d(p, 277 4
tan(w/2)  tan(u/2) *; W) lw—pl <du,2nZ), (45)
and hence, if for k =0 we define EO(M) = _m) then
= d 1
E =%\ tar o) k=0,1,2,3,....

Proof. In , first change X\ to —\; next, multiply by i\ and then substitute A = e*, 2 = 1 and
z = 1s. This yields

2iet(Hts) > i (i8)F AN
k=0 ’ k=1 :

where, either setting s = 0 or recalling that & (z; \) = 1%\, we have

4 » it
C’O(M) = Z€ZM50(17 _em) = 1 — ek’

Substituting w = s + u, we can rewrite as a Taylor series for Cy:

(W)t
Co(w) = Co(p) + Z Ek(N)T‘ (47)
k=1
Finally, we compute
Co(w) = 2ie? _ 'Ziei“’/? _ _cos(w/?) + isin(w/2) 1 .
1—ewi  emiw/2 _ giw/2 sin(w/2) tan(w/2)
Substituting in and canceling the —i from both sides of the equality, we obtain (45)). O
Corollary 21. For p € R\ 27Z and k = 1,2,..., we have
~ 1 Ey (1)
Z(k;p) = =
(ks 1) Z (2mm — )kt 2. k!
meZ
where the Ek(u) are the coefficients of the generating function
1 o~z (w—p)F
- = E — — d(p, 277

and hence "
~ d 1
E = — ).
)=~ (anrm))
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The first Z(k; ) are as follows:

z 1 > —cos(§) 5 2 + cos(p)
Z(Lip) = ——-, Z(2; :727 Z(3;p) = 22
0= rhey TP T sasey PO )

3
B = —11 cos(%.) 5_208(7“)7 205 p) = 33426 COS(H)G—:COS(QN)v
384 sin” () 3840 sin%(4)
~ - By _ 3py 5p
2(6: ) = 302cos(5) — 57 cos(4*) — cos( )7
46080 sin” ()
Z(7:p) = 1208 + 1191 cos(p) + 120 cos(2p) + cos(3p)
i 645120 sin°(%)

(except for k = 1, the constant in the denominator is 2¥k!).

Acknowledgement. The research of the authors is supported by grant PID2021-124332NB-C22
(Ministerio de Ciencia e Innovacién-Agencia Estatal de Investigacion).

References

[1] M. Aigner and G. M. Ziegler, Four times 72/6, Chapter 9 in Proofs from THE BOOK, 6th
ed., 55—64, Springer-Verlag, 2018.

[2] M. Aigner and G. M. Ziegler, Cotangent and the Herglotz trick, Chapter 26 in Proofs from
THE BOOK, 6th ed., 183-188, Springer-Verlag, 2018.

[3] K. Alladi and C. Defant, Revisiting the Riemann zeta function at positive even integers. Int.
J. Number Theory 14 (2018), 1849-1856.

[4] E. de Amo, M. Diaz Carrillo and J. Ferndndez-Sanchez, Another proof of Euler’s formula for
C(2k), Proc. Amer. Math. Soc. 139 (2011), 1441-1444.

[5] T. M. Apostol, On the Lerch zeta function, Pacific J. Math. 1 (1951), 161-167.
[6] T. M. Apostol, Addendum to ‘On the Lerch zeta function’, Pacific J. Math. 2 (1952), 10.
[7] D. Benko, The Basel problem as a telescoping series, College Math. J. 43 (2012), 244-250.
[8] B. C. Berndt, Elementary evaluation of ((2n), Math. Mag. 48 (1975), 148-154.

[9] 0. Ciaurri, L. M. Navas, F. J. Ruiz and J. L. Varona, A simple computation of {(2k), Amer.
Math. Monthly 122 (2015), 444-451.

[10] F. Costabile, F. Dell’Accio and M. I. Gualtieri, A new approach to Bernoulli polynomials,
Rend. Mat. Appl. (7) 26 (2006), 1-12.

[11] K. Dilcher, Bernoulli and Euler polynomials, NIST handbook of mathematical functions, 587—
599, U.S. Dept. Commerce, Washington, DC, 2010. Available online in http://dlmf.nist.
gov/24

23


http://dlmf.nist.gov/24
http://dlmf.nist.gov/24

[12]

[13]

[14]

[19]

[20]

[21]

[22]

[23]

[24]

J. Duoandikoetxea, A sequence of polynomials related to the evaluation of the Riemann zeta
function, Math. Mag. 80 (2007), 38-45.

R. J. Dwilewicz and J. Min&4¢, Values of the Riemann zeta function at integers, MATerials
MATematics 2009 (2009), article no. 6, 26 pp.

L. Euler, Introductio in Analysin Infinitorum, facsimile, critical and Spanish translated edi-
tion, in two volumes, by J. Pérez and A. J. Duran, Real Sociedad Matemaética Espafiola and
S.A.E.M. “Thales”, Utrera (Sevilla), 2000.

R. Granero Belinchén, El Problema de Basilea: historia y algunas demostraciones, Gac. R.
Soc. Mat. Esp. 12 (2009), 721-737.

J. Hofbauer, A simple proof of 1 + 2% + 3% + .= %2’ Amer. Math. Monthly 109 (2002),
196—-200.

K. Knopp, Theory and Application of Infinite Series, 2nd ed., Blackie, London, 1951.
Reprinted: Dover, New York, 1990.

S. G. Moreno, A short and elementary proof of the Basel problem, College Math. J. 47 (2016),
134-135.

L. M. Navas, F. J. Ruiz and J. L. Varona, Asymptotic estimates for Apostol-Bernoulli and
Apostol-Euler polynomials, Math. Comp. 81 (2012), 1707-1722.

L. M. Navas, F. J. Ruiz and J. L. Varona, Appell polynomials as values of special functions,
J. Math. Anal. Appl. 459 (2018), 419-436.

L. M. Navas, F. J. Ruiz and J. L. Varona, A note on Appell sequences, Mellin transforms and
Fourier series, J. Math. Anal. Appl. 476 (2019), 836-850.

L. M. Navas, F. J. Ruiz and J. L. Varona, Existence and reduction of generalized Apostol-
Bernoulli, Apostol-Euler and Apostol-Genocchi polynomials, Arch. Math. (Brno) 52 (2019),
157-165.

P. Ribeiro, Another proof of the famous formula for the zeta function at positive even integers,
Amer. Math. Monthly 125 (2018), 839-841.

J. L. Varona, Recorridos por la Teoria de Numeros, 2nd ed., Electolibris and Real Sociedad
Matematica Espanola, Murcia, 2019.

24



	Introduction
	Some basic properties of the Bernoulli and Euler polynomials
	The value of (2k) using B2k(x)
	The sum of the alternating series (2k+1) using E2k(x)
	Apostol-Bernoulli and Apostol-Euler polynomials
	Apostol-Euler polynomials to sum an ``alternating series''
	Another expression for the sum

	A partial fraction expansion
	Apostol-Euler polynomials to sum a ``positive series''
	Another expression for the sum


