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Abstract

We prove a partial fraction decomposition of a quotient of two functions
E,(itz) and Z,(it) which are defined in terms of the Bessel functions J, and
Ja+1 of the first kind. This expansion leads naturally to the introduction of

an orthonormal system with respect to the measure %ﬁ;fﬁ) in [—1, 1], which
we call the Fourier-Dunkl system of the second kind. FEuler-Dunkl polynomials
En.a(x) of degree n are defined by considering E,, (tx)/Z,(t) as a generating func-
tion. It is shown that the sum ) °_ 1/ jfrf, o Where jp, o are the positive zeros
of Jy, is equal (up to an explicit factor) to Ez2x_1,4(1). For a = 1/2 this leads
to classical results of Euler since the function F /5(x) is the exponential function
and &, 1/2(x) are (essentially) the Euler polynomials. In the second part of the
paper a sampling theorem of Whittaker-Shannon-Kotel'nikov type is established
which is strongly related to the above-mentioned partial decomposition and which
holds for all functions in the Payley-Wiener space defined by the Dunkl transform
in [—1,1].
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1 Introduction and results

For « € C\ {—1,—2,...}, consider the entire functions

1z > z/2)%"
To(z) = 2°T(a + 1)‘](‘;‘2)3 =T(a+1)) — I‘En/—i)oz — (1.1)
n=0

where J, is the Bessel function of order «, and

z

Ea(Z) = Ia(Z) + mza_g_l(Z). (12)
A simple computation gives
zn
Eo(z) =
o [In.c
with
22K (o + 1), if n = 2k,
T = 9K (4 D)ty i m= 2k 41,
where (a),, denotes the Pochhammer symbol
T
(@ =ala+ (a+ D) (atn 1) = 0,

The entire function F, is invariant under the Dunkl operator

20+ 1 <f(fc) - f(:v)>

Aaf(2) = = f(a) +

2 x
(see [, [10]).
For any complex value of o (except for the negative integers), we can order the
Z€10S jma, m € Z \ {0}, of the Bessel function J,(z)/xz® so that jm o = —j-ma

and 0 < Rejma < Rejmita, m > 1 ([11, §15.41, p. 497]). The case o > —1 is
particularly relevant because then jp, o, m > 1, are positive numbers ([11, §15.27,
p. 483]).

It is easy to see that {jm,a+1}m are the zeros of Im E,(ixz). We associate to the
function E, the so-called Fourier-Dunkl system ([5 [4], 2])

a/2 1/2
ea,m(gf) = 2 P(Oé * 1)
|Ia(23m,a+1)’
eao(z) = 200FV/2D (o 4 2)1/2, (1.4)

Eo(ijma+1x), meZ\{0}, zel[-1,1], (1.3)



The sequence of functions {eq, m }mez was introduced in [5]. It was proved there (The-
orem 1) that, for any o > —1, it is a complete orthonormal system in L?([—1, 1], dpq ),

where
|z] 20041

dpa(x) = 20+ (o 4 1)
Note that for a = —1/2, we have E_; j5(z) = €*, A_y )5 = d/dz and

dz.

™

e_1/2,m(T) = (2>1/4 M

Then (Eq, Aa; {€a,m }mez) can be regarded a generalization of (e, d/dz, {emmizl 7).
Now, instead of {jm,a+1}, which are the zeros of Im E, (iz), we can start from
{Jm,a}, which are the zeros of Re E,(iz), and define a different system, namely

292 (o + D) (a + 1)1/2

Jam(x) = T A TRT Eo(ijmar), meZ\{0}, zel[-1,1. (1.5)

The system { fo,m }m Will be called the Fourier-Dunkl system of the second kind. This
can also be regarded as a generalization of the trigonometric system, for in the case
a = —1/2 we obtain

f-172.m(@) = (g) v eimme =iz /2

which, except for the common factor e~*"*/2, is the trigonometric system.

The first result of this paper is the following partial fraction decomposition:

Theorem 1.1. Let « € C\ {—1,-2,-3,...}. Then

E, (itz) _ Z 2(a + 1)Eq(ijm,a)

; ; — - 1.6
I (’Lt) ]m,aIa+1 (Z]m,a) (]m,a - t) ( )

mez\{0}

fort € C\ {jma:meZ\{0}} and x € (—1,1) \ {0}. Moreover, the right-hand side
converges uniformly for t in bounded subsets of C\ {jma : m € Z\ {0}} and z in
compact subsets of (—1,1)\ {0}. If, in addition, Rea < 1/2, then holds also for
x = 0, uniformly for t in compact subsets of C\ {jm,a : m € Z\ {0}}.

The content of the paper is as follows. Theorem and some other extensions
will be proved in Section [2] using residues as the main tool.

In Section we prove that the Fourier-Dunkl system of the second kind { fo m }m is
a complete orthonormal system in L?([—1, 1], duia) for a > —1. In this notation,
reads as

Bolite) _ g LU sgnlm)fom(a) (17)

La(it) | Sy 27T+ V(= jma)’



where t € C\ {jm,o : m € Z\{0}}. Thus, besides the convergence of this expansion in
L?([-1,1],dpe), Theorem provides the uniform convergence on compact subsets
of (—1,1) \ {0} (and in x =0 for Rea < 1/2).

We introduce in Section (3| the Euler-Dunkl polynomials {&,,}22,, o € C\
{=1,-2,...}, by considering the generating function

Zé‘m

For the special case a« = 1/2 we obtain the classical results of Euler, namely

— (1.8)

gn,—1/2(2x - 1)
2n

= E,(x),

where {E,(x)}, are the Euler polynomials defined by the generating function

2€xt & m
b E h
et +1 n;() n(@) n!

(for the properties of the Euler polynomials, see [6], for instance). We prove for the
Euler-Dunkl polynomials the following Dunkl counterpart of the Fourier expansion
for the Euler polynomials: for o > —1,

—(=9)"m 3 (=1)™ sgn(m)
gn<x) = 5a/2 1/2 1 fa,m(x)
2o/ Ma+1) / meZN {0} Jm,o

in L2([~1,1],dus). We actually prove that the convergence is uniform on compact
subsets of (—1,1) \ {0} for n = 0 or [—1,1] \ {0} for n > 1 (the convergence can be
extended to x = 0 assuming that a < n + 1/2).

In Section We show that the expansion ((1.7) provides a nice Whittaker-Shannon-
Kotel’'nikov sampling theorem related to the Dunkl transform. In a similar way as
the Fourier transform (which is the particular case & = —1/2), the Dunkl transform
of order > —1/2 is given by

/f o(—iyt) dpa(t), y € R, (1.9)

for f € LY(R, duq).

The Dunkl transform can be extended to L?(R,du,), a > —1, although the inte-
gral expression is no longer valid in general (see [9] and [10] for details); however,
and as usual, we will use it in a informal way. Moreover, F, is an isometric isomor-
phism on L?(R, du,) and

F fy) = Faf(-y). (1.10)



Associated to the Dunkl transform, the Paley-Wiener type space PW, is formed by
all functions f € L?(R, du,) such that

1
ft) = /_1 w(z) By (itx) due(z), u € L*([—1,1], dus), (1.11)

endowed with the norm of L?(R, dp).
The sampling theorem is the following:

Theorem 1.2. If f € PW,, a > —1, then

oy i)
EATT IR P DI Wy Tcr N 0] (112

which converges uniformly on compact subsets of C\ {jm,o : m € Z\ {0}}.

The case o = 1/2 is usually known as the Whittaker-Shannon-Kotel'nikov Theo-

=Y fanT

k=—00
where f(t) = [1, u(x)e dz, u € L*([~1,1],dx).
According to Theorem 12 of [I], for & > —1/2, a function f € PW, if and only if
it is an entire function satisfying

1f(2)| < cel™?l 2 e, (1.13)

and f(z) € L?(R,dus). We prove that if a € C\ {~1,-2,...} with Rea < —1/2,
sampling Theorem holds for any entire function f satisfying (1.13)) (see Theo-

rem .

In [5] we have established a sampling theorem for the system {eqm }mez using
different methods. We shall show here that this result is now a simple consequence
of Theorem 1.2 (see Theorem [4.3]).

From now on, unless necessary, we omit « and write simply j,, instead of jy,; q-

2 Proof of Theorem [1.1] and consequences

Proof of Theorem[I.1] Take a large circle D = {z € C: |z| = A} of radius A > [¢|
with the only condition, at the moment, that none of the points j,,, m € Z\ {0},
must lie on D, and consider

1 E,(iwz)

2 Jp G = ) Za(iw) T

5



£ E.(twz)

The poles o ) inside D, all of them simple, are t and those j,, with |j,| < A.

(w—t)Za (1w
The residue at t is, obviously,
E,(itx)
To(it) ’
and the residue at each j,, is
(W = Jm)Eo(iwz) Ey(ijmz)

W (0 — OTa(iw) G — OiZb(iGm)

From the identity
z

T =—17 2.1
which follows immediately from (1.1]), we get
Eq(ijmx) B 2(a+ 1) Eq(ijmz) (2.2)

(]m - t)lI&(Um) a _ija+1(ijm)(jm - t)‘
Thus, the calculus of residues gives

1 [ Eu(iwe) - Ealite) 2 + 1) Eo (ijm)
2mi Jp (w — t)Zq (iw) T (it) jmzéA Lot (ijr) G — 1) (2.3)

Using arguments similar to those of [I1, §15.41, p. 498], let us see that the value
of A can be chosen arbitrarily large and such that there exists some constant ¢ > 0
independent of A (but depending on «) satisfying

e|Imw|

CW < [Ja(w)] (2.4)

for w € D. This follows from the equality

2Ja(w) = H{D (w) + HP (w), (2.5)
where the Bessel functions of the third kind satisfy the estimates
2\'? . 1 1
HOw) = (2] b (), (2:6)
W
2\ et
AP = () e (), (2.7
W

1 2 1/2 Imw wlma 2 1/2 mIma
i — Imw+ H(l) ’ 9 = — Im w+
s (711) M D=2 (5 o
1/2 1/2
} 2 / Im’w*ﬂ-lma ‘H(Q)(w)’ < 2 / Im’wfﬂ-lma
2 \ m|w| @ -\ mw] ’



for |w| large enough. This, together with (2.5, gives

1/2 12
a2 L (2) et (27 e

7|wl 7|wl
1/2
_ 1/ 2 6|Imw—”h2n°‘|<1 B 46—2|Imw—7"h2na|>
2 \ 7|wl

for |w| large enough, which proves (2.4) if, say, |Imw — “I%] > 1. On the two arcs
of D with |Imw — ﬂ%| < 1, according to (2.5)), (2.6) and (2.7)), the problem reduces
essentially to get a lower bound for | cos(w — $ar — £7)|, which can be done by simply
choosing A so that to avoid the zeros of the cosine function. This proves (2.4)).

Furthermore, (2.5)), (2.6) and (2.7]) give also

e|Imz\

[Ja(2) <C

for |z| large enough, with a constant C' > 0 depending only on «. Therefore, for
any compact set K C (—1,1) \ {0} the radius A can be chosen with the additional
property that there exists C' > 0 such that, for any w € D and any = € K,

| Im(wz)|
e
| Tm(wa)
| Jas1(wz)] < C < (2.10)

lwaz[1/2

Using (2.4), (2.9) and (2.10]), we get, for z € K and w € D,
E, (iwx)
o (iw)

| Za(iwz) | iwaZ g (iwz) ‘

Zo(iw)  2(a+ 1)Zy(iw)

Ja(wz) +idoy1(wz)  w®
Jo(w) (wz)e

el ~1) | Im w|

|$’Rea+1/2 )

<é

for some constant ¢ depending only on « and K.

To finish the proof of , it is enough to prove that the left-hand side of
goes to 0 as A goes to infinity, uniformly on x € K and t in a bounded subset of
C\ {j+1,7+2,743,... . The obvious parametrization of the circle D and the above

bound give
) m (Jz|—=1)A| sin s|
L[ B ) LA .
211 Jp (w — ) Lo (iw) 2 A —|t| ‘$|Rea+1/2

—T

which is easy to see that goes to 0 uniformly on x and ¢, as A goes to infinity (it is at
this point where the values x = £1 must be excluded).



Only the final statement about x = 0 remains to be proved. We can follow a
similar procedure for z = 0, using (2.4) and the bound sins > Zs on [0, 3], to get

)
; ~ ARea+3/2 s
1/ Ea(zwx). dwl = 1/ dw | & ARee / / —Alsins] g
271 Jp (w — t)Zy(iw) 211 Jp (w —t) L (iw) 2r A—|t| J_,
& ARea+3/2 T2, ARea+1/2
< ——d “Fids=———(1—eA
= o A |1 /0 ¢ s=C T e
which goes to 0 uniformly on ¢ when A goes to infinity, if Rear < 1/2. O

The previous result can be extended to the t-derivatives of E, (itx)/Z,(it):

Corollary 2.1. Let a € C\ {—1,—-2,-3,...} and let n be a positive integer. Then,

dr <Ea(2tx)> _ 2(a + D)n!Ey(ijma)
den I ('Lt> ija—&—l(ijm)(jm - t)m_l

meZ\{0}

fort € C\{ji1,jro,jrs,...} andx € [—1,1]\{0}, where the right-hand side converges
uniformly for t in bounded subsets of C\ {j+1,j+2,743,...} and for x in compact
subsets of [—1,1] \ {0}.

If, in addition, Rea < n +1/2, then the equality holds also for x = 0, uniformly
for t in bounded subsets of C\ {ji1,j+2, 743, }-

Proof. The proof of Theorem is still valid, with only the following changes: the
starting point is now the integral

1 E,(iwz)

i w = )L (i) O

The calculus of residues gives

1 E,(iwx) w — 1 d" (Eu(itr)\ 2(a + 1)Eqy(ijmx)
omi Jp (w — )" 1T, (iw) nldin \ Z,(it) JmZos1(8m) (G — )7L

lim|<A

Now,

1 Ea(zwx) 1 0 A ~ e(|:/U|71)A|Sins|
21 D (w — t)n—i-lIa(Z’l,U) 2 (A _ ’t’)n—‘rl |x’Rea+1/2

<C A
- (A_ ’t|)n+1’x‘Rea+1/2’

for some C independent of ¢ and = € [—1,1]. Now there is no need to exclude the
values x = %1, so we can allow the compact K to be contained in [—1,1]\ {0}, and



still conclude that the integral goes to 0 as A goes to infinity, uniformly on x € K
and ¢ in a bounded subset of C\ {ji1,j+2,J+3,--- }-
For x = 0, we get

1 E. (i ARea+1/2
/ a(iwz) —dw| <é——F——(1— e_A)
2 Jp (w — )", (iw) (A —|t|)nt+L

I

which goes to 0 uniformly on ¢ when A goes to infinity, if Rea < n + 1/2. O

The pointwise expansion (1.6 fails at = +1: the series on the right-hand side
of (1.6)) converges for x = 41, but its sum is not equal to the left-hand side. Indeed,
for x = £1, it becomes clear from (1.2)), (2.1]), and (2.2)) that the right-hand side

of (1.6)) reduces to
> =
B IR ty

meZ\{0} Jm

which, by the partial fraction decomposition of Juy1(t)/Jo(t) [I1, §15.41, p. 498],
equals

w Ja+1(t) _ 4 itLo41 (i) _ 4 (Eqo(it) — Eo(—it))/2
Ja(t) 2(a + 1)Z, (i) T, (it) ’
showing that the convergence in x = %1 is to a combination of the side limits E, (it)
and E,(—it) of E,(ixt).
Let us mention that for Rea > % the expansion does not converge at = = 0.
Indeed, for x = 0, we get

2(a+1)Ey(0) 2(a+1)
JmZa+1(ijm) (Jm — 1) B JmZo+1(igm)(Jm — 1)

mez\{0}

Then, (2.8) gives

meZ\{0}

1
: _ : > C j Roa—1/2’
‘]ml—oﬂrl (Z]m)(]m - t) ‘ a| m’
which does not go to 0 if Rea > %
Using the previous approach and the definitions (|1.3)) and ({1.4)), one can prove the
Fourier expansion in Theorem 5.5 of [2] also for any complex number « (except for the
negative integers) with pointwise convergence. The proof is similar to Theorem

and Corollary so we omit it.

Theorem 2.2. Let a € C\ {—1,-2,-3,...}. Then,

E,(itx) o(Ujm,a+1)
a4 : 2.11
T~ HarD, 2 Tlim por e S



if t € C\ {J+1,041,J+2,a041,---} and x € (—1,1) \ {0}, where the right-hand side
converges uniformly for t in bounded subsets of C\ {j+1,a41,J+2,a41,---} and x in
compact subsets of (—1,1) \ {0}.

Moreover, for each positive integer n,

dr ( E,(itz) ) (—1)"n! Im,a+1Ea(im,a+17)

s = 2.12
dtn IOH'l(it) 2(a + 1) Ioe (Mm,oc-‘rl)(t - jm,a+1)n+1 ’ ( )

meZ\{0}

if t € C\ {J+1,a41,742.a41,---} and x € [—1,1] \ {0}, where the right-hand side
converges uniformly for t in bounded subsets of C\ {j+1,a41,J+2,a41,---} and x in
compact subsets of [—1,1] \ {0}.

If, in addition, Rea < 1/2 or Rea < n+1/2, n > 1, then the expansions
or , respectively, also hold for x = 0, uniformly for t in bounded subsets of
C\ {jt1,a41,J+2,a415--- }-

3 The Fourier-Dunkl system of the second kind and Euler-
Dunkl polynomials

The orthogonality and completeness of the Fourier-Dunkl system of the second kind
can be proved as that of its relative Fourier-Dunkl system (see Theorem 1 in [5]),
just by using the completeness of the corresponding Bessel and Dini systems (see [11]
Chapter XVIII]).

Since for a@ > —1 the zeros j,, of the Bessel function J, are real and simple and
separate the zeros of J,41, we have

imZat1(ijm)] = (—1)™ " sgn(m) jmZat1(ijm)- (3.1)

This and give the expansion as an easy consequence of Theorem [1.1

For a complex number « (except for the negative integers), we define the Euler-
Dunkl polynomials {&, o }>2, by means of the generating function . As a con-
sequence, each &, , is a polynomial of degree n. As usual, unless necessary we will
denote them simply by &,. From the definition , it follows easily that the poly-
nomials {&,}22, are an Appell-Dunkl sequence, so they satisfy

Aa (gn) - Gn,agn— 1
with

O = J& —n+ (a+1/2)(1 - (1))
n—1,a

Moreover,

10



1. &9y, is an even polynomial, n > 0, which vanishes at 1 (and hence at —1) for
n>1;

2. &op+1 is an odd polynomial, n > 0.

The first Euler-Dunkl polynomials are

Eo(x) =1, &i(x) =,
a+2
x
a+1
+3 a+3
& — 02 34— g
(@) =2 =2 T e ®

Eo(x) = 2® — 1, E3(x) = 23 —

a+2x2 a+3
a+1 a+1’

)

By comparing the Euler-Dunkl polynomials with the Apostol-Euler-Dunkl poly-
nomials {&, o u}n, € C\{jm,a+1 : m € Z}, introduced in [2], one can check that the
sequence {&y o }n differs from {&, o} for all values of u. On the other hand, more
properties of both the Bernoulli-Dunkl polynomials and the Euler-Dunkl polynomials
(and some of their generalizations) can be found in [3].

For the Euler-Dunkl polynomials we have this expansion:

Theorem 3.1. Fora e C\ {-1,-2,...}

Ea(ijmx)

T S (3.2)
]m+2Ia+1(Z]m)

Enle) = 2a+ 1)(=)"m 3

meZ\{0}

with uniform convergence on compact subsets of (—1,1)\{0} forn =0, and [—1,1]\{0}
form > 1. The convergence can be extended to x = 0 assuming that Rea < mn + 1/2.

Proof. From the definition (|1.8]), we get that

Yo d" [ Ey(itx)
& = —_— =0,1,2,....
Tl(x) Z”n' dtn < Ia(’l/t) t:07 n b R
The theorem is then a consequence of Theorem and Corollary O

The Fourier-Dunkl expansion for the Euler-Dunkl polynomials is then an
easy consequence of the previous theorem, , and .

The Euler-Dunkl polynomials can be used to sum the reciprocal of the zeros of
the Bessel functions. Indeed, by setting n = 2k — 1 and inserting x = 1 in , and
using , we get for any « € C\ {—1,-2,...} and k > 1,

<1 (—1)k+1
2 I T (kD) (ot 1y ) (3.3)

11



Identities of this type are well known in the literature and we refer to a discussion and
further references in [2]. By inserting x = 0 and assuming in addition Re o < 2k — %
we get
(_1)k+1
Z Tos1(ijm)i2F — 22F(k = Dl (o + 1) (o + )y

Ear—2(0). (3.4)

With the notation of [2, Sect. 4], we have

-3

m=1 Jm ;o1
o
1
k() = — : : (3.5)
mz_l Lo (Um,a+1)]72nk,a+1

Hence, the identity provides an explicit expression for o (a — 1) in terms of the
Euler-Dunk! polynomials (compare with [2, formula (4.7)]).

Although the series in and seem to be different kinds of “alternate”
series, we show next that they are actually the same. Indeed, since z(J,—1(2) +
Jat1(2)) = 2o (2), we have

x21a+1(i$) = 40&(06 + 1)(Ia(ix) - Iﬂt—1<ix)>7

and then
JmaZa+1(ijma) = —4a(a + 1) Ia—1(ijma)- (3.6)
Consequently,
i 1 -1 > 1  —op1(a—1)
me1 Ia+1(ijm7a)jr2r{€,a dov (a + 1) Ia 1(Z]m oa)]?%fozz 4a(a + 1) .

The identity provides then an explicit expression for grp_1(a — 1) in terms of
the Euler-Dunkl polynomials (compare with [2] formula (4.8)]). Using the pointwise
convergence at * = 0 of the expansion , we can improve our results in [2]: the
convergence of was proved in [2] for Rea < 2k —3/2, while in the present paper
we have proved it for Rea < 2k + 1/2.
The Bernoulli-Dunkl polynomials {8, o(x)}.>, are defined by the generating

function

Eq(xt) i B alT) m

Ia+l(t) n—0 fYn,a

(see equation (2.6) of [2]). Hence, using Theorem [2.2| and proceeding as in the proof
of Theorem [3.1], we can prove the expansion

'7na Z]m a—l—lx)
B alr) =
( ) a + GZE\:{O} I ( Jm a—l—l)]m a+1

12



for « € C\ {—1,-2,...}, where the convergence is uniform on compact subsets of
(—1,1)\ {0} for n =1, or [—1,1] \ {0} for n > 2. The convergence can be extended
to x = 0 assuming that Rea < n + 1/2. Notice that for a > —1, and using (1.3)), we
recover the expansion (5.8) of [2] but now with pointwise convergence.

4 A Whittaker-Shannon-Kotel’nikov sampling theorem

The expansion ([1.7]) provides a very simple proof of Whittaker-Shannon-Kotel’nikov
sampling Theorem

Proof of Theorem[1.3. For f € PW,, let us consider the corresponding function u €
L?([~1,1],due) such that

1
£(t) = / u() Eaite) dpa(z). (4.1)

1

We associate to the function u the continuous operator T, on L?([—1, 1], du,) defined
by

T.(g) = / u(@)g () djia(2).

1
For each t € C\ {j,, : m € Z\ {0}}, consider the function

E,(itx)

.00 e L3([-1,1],dpa).

or(x) =

The identity (4.1), the fact that the Fourier-Dunkl expansion (1.7)) converges in
L?([-1,1],dps), and formulas (1.5) and (3.1)), show that

f(t) B . (—1)™sgn(m)
T, (it) = Tu(i(2)) = meZZ\{O} ZO‘/QI‘(Oz + 1)1/2(t — jm)Tu(fa,m(ﬂC))

(—l)m sgn(m)Q(a+ 1) 1 -
mezz\:{O} limZot1 (3m) | (E = jm) /_lu(x)Ea(Um!E) dpe ()

f(m)
ijaJrl(ijm)(t - ]m) ’

=2(a+1)
mEZN{0}

which proves the pointwise convergence of (1.12]) for t € C\ {jm, : m € Z\ {0}}.
The uniform convergence on compact sets can be proved as follows. Using ([1.5))

and the fact that
1 1/2
([ Mam@Paa) =1
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we get

1
)| = ' [ ) Baiin) o)
1

1/2
<lull [ VBuliin) P o) = clinTasa i)
-1
for certain positive constant ¢ which does not depend on m. This shows that the

series )
f(m)
ija+1 (Z]m) (t - ]m)2

mez\{0}

converges uniformly on compact subsets of t € C\ {j,, : m € Z\ {0}}. Since the terms
in this series are the derivatives of the terms in the series (1.12)), we can deduce that
the series (1.12]) also converges uniformly on compact subsets of t € C\ {j,, : m €

Z\ {0}}. O

According to Theorem 12 of [I], for « > —1/2, a function f € PW, has a double
feature: on the one hand f is an entire function satisfying

f(z)] < cel™, zec, (4.2)

for certain constant ¢ > 0 (the complex feature); on the other hand for x € R,
f(z) € L3(R, dia) (the harmonic feature). For a > —1/2, both complex and harmonic
features seem to be necessary for f to satisfy sampling Theorem Indeed, the
function f(t) = Eq(it) (which satisfies (1.2])) shows that the complex feature is not
enough to guarantee the sampling theorem: for f(t) = E,/(it), the partial fraction

decomposition of ZeL) (see [11, §15.41, (1), p. 498]) gives, for the right-hand side

Jall)
of (L2,

(i »
“2(a+1) Y o {ijm) =y -

mez\ {0} JmZas1(0m)(t — Jm) meZ\ {0} t—Im
_ Ja+1(t) _; tZo41(it) y E,(it)
Ja(t) 2(a+ 1)Z,(it) © Z,(it) "

Conversely, the following result shows (taking N = 0) that for « < —1/2, the complex
feature of a function f alone implies the sampling theorem (and hence, for a < —1/2
the harmonic feature does not seem to play any role there).

Theorem 4.1. Let N be an integer and let f be an entire function satisfying

1F(2)] <O+ |z)Nel™2l 2 e, (4.3)

14



for certain positive constant C > 0. If « € C\{—1,—-2,...} satisfies Rea+N < —1/2
then

& _ o £ (Gm)
A +Dmezz\:{o}jmzaﬂ(ijm)(t—jm)’ “

which converges uniformly on bounded subsets of C\ {jnm, : m € Z\ {0}}.

Proof. Take a large circle D = {z € C : |z| = A} of radius A > [t| with the only
condition, at the moment, that none of the points j,,, m € Z \ {0}, must lie in D.
The calculus of residues gives

1 flw o fO) 2+ 1) (im)
2mi /D (w —1)Zo(iw) a Za(it) JmZo+1(igm)(t — Jm) (4.5)

lim[<A

The estimate
el Imw|

| Ja(w)] >

for w € D and certain constant ¢ > 0 independent of A (but depending on «) was

proved in Theorem (see (2.4)). Using (4.6) and (4.3]), we get, for w € D,

f(w) ‘ < 5|w|Reoc+N+1/2‘ (47)

For Rea+ N +1/2 < 0, it is then easy to prove that the left-hand side of (4.5)) goes
uniformly to 0 as A goes to infinity. O

We illustrate Theorems [[.2] and [4.1] with some examples. In what follows, when
we use f(x,t) € PWy or Foi(f(x,t))(y), we are indicating that = plays the role of
a parameter and t is the variable in the integrals which define PW,, or F,.

Proposition 4.2. For real numbers «, 5, x and a nonnegative integer n with o > —1,
B> a+2n and 0 < |z| < 1, we have t*"Eg(ixt) € PWay. For a > —1 and
0 < |z| <1, we also have (Eq(ixt) — Iy (it))/t € PWqy.

Proof. Using ((1.10]), the first part of the proposition will follow if we prove that
Fait(t*Eg(ixt))(y) = 0 for |y| > 1, that is

/R 2 By (it) B (iyt) d(£) = 0.

But, due to

2V ZV+1

E,(iz) = 2T(v + 1) (‘]”(Z) s 1) zz)
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and using the parity of the functions involved in the integrals, this follows easily from
the fact that

/ £~ (B=am1=20) o () Jo (yt) dt = / t=(Bmam1=2n) o (t) Jas (yt) dt = 0
0 0

fora > —-1—n, 8> a+2n,and 0 < x < y, which are particular cases of the identity
[8, Ch. 8.11, (9), p. 48].
For the second part of the proposition, take into account that
E,(ixt) — Ty (it)  Zy(ixt) — Ly (it) i

_ Tos1(it).
t t * 51y Zorilint)

As in the first part, for n = 0 and § = o + 1, we have Z,4(ixt) € PWy,, so it is
enough to prove that
Lo (ixt) — L, (it)
t
Proceeding as before this will follow if we prove that

Fot((Taliwt) = Talit)) /1) (y) = 0

€ PW,,.

for |y| > 1, that is

/ Zaliat) = Za(#) Eqo(iyt) dua(t) = 0.
R

t

But this is an easy consequence of

© Ja(xt) 1
——Ja t)dt = ——
A ey J +1(y ) ya+1

for « > —1 and 0 < x < y, which is the identity [8, Ch. 8.11, (3), p. 47]. O

In Figure [T} we illustrate sampling Theorem with the particular example of
the function f(t) = t*"Ez(it) € PW, for 8 ="7.1, n =1 and a = 2.7. More precisely,
the left and right pictures correspond to the real and imaginary parts of that func-
tion (solid lines) and their approximations (dotted lines) according to Theorem 1.2
respectively. We have used m up to 6 in and to simplify the picture, we have
multiplied the identity by the function Z, (it). The red points are the real and
imaginary parts of the evaluation of f(t) at the roots +j; 0, m =1,...,6.

In Figure [2| we illustrate sampling Theorem with the particular example of
the function f(t) = te't/2 and o = —9/4. More precisely, the left and right pictures
correspond to the real and imaginary parts of that function (solid lines) and their
approximations (dotted lines) according to Theorem respectively. We have used
m up to 6 in and to simplify the picture, we have multiplied the identity

16



Figure 1: Real and imaginary parts (left and right, respectively) of f(t) = t*"Eg(it)
(solid line) with 8 = 7.1 and n = 1, and its approximation (dotted line) according to
Theorem [1.2] with a = 2.7 (using m up to 6).

~20

Figure 2: Real and imaginary parts (left and right, respectively) of f(t) = te*/? (solid
line) and its approximation (dotted line) according to Theorem with @ = —=9/4
(using, in (4.4), six pairs of the real roots of J_g/4(t) and its four complex roots).

by the function Z,(it). We have used in six pairs of the real roots of J_g /(%)
and its four complex roots. The red points are the real and imaginary parts of
the evaluation of f(¢) at the real roots; the complex roots +0.906543 + 1.415913
and £0.906543 — 1.415917 and its images by f (that is, £0.0960465 + 0.822684: and
+2.9129 — 1.778044, respectively) cannot be represented in this way.

In Figure[3] we illustrate sampling Theorem [4.1] with the function f(t) = sin(¢/2)/t
and « = 1/4. For a > —1/2, it is easy to see that f € PW, if and only if o < 0
(see ), so the function f does not satisfy the hypothesis of sampling Theorem
for « = 1/4. However, according to Theorem (with N = —1), the sampling can
actually be applied to f under the assumption that o < 1—1/2 = 1/2 which includes
the case a = 1/4. We have used m up to 10 in and to simplify the picture,
we have multiplied the identity by the function Z,(it). The imaginary parts
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Figure 3: The function f(¢) = sin(¢/2)/t (solid line) and its approximation (dotted
line) according to Theorem with @ = 1/4 (using, in (4.4)), ten pairs of the real
roots of Jy 4(t)).

of both the function and its approximation are null, so the picture represents the
function (solid lines) and its approximation (dotted lines), and the red points are the
evaluation of f(t) at the roots.

Remark. Notice that sampling Theorem can also be applied to the function g(t) =
sin(t)/t and a = 1/4. However, the convergence for this example is extremely slow
(using ten thousand zeros we still get an approximation for g poorer than that of
Figure [3| for the function f(¢) = sin(¢/2)/t using ten zeros). The reason can be found
in the proof of the Theorem Indeed, on the one hand, since

el Im(z)|
lg(2)] < C my
the proof of the Theorem says that the error between the function g and its
approximants is of the order m® 1+1/2 = pp=1/4 (see ) On the other hand since
el Im(2)]/2
lf(z) <C T]Z\’

the error between the function f and its approximants is now of the order of m®=3/2 =
m=5/4,

The following sampling theorem for the Paley-Wiener space PW,, a > —1, can
be found in [5].

Theorem 4.3 ([5, Theorem 2]). If « > —1 and f € PW,, then

f(t)
Lot (Zt)

t

(@ + D Za(ijmat1)(E — jmatt)’ (4.8)

= f(O) + Z f(jm,a+1)2

meZ\{0}

which converges uniformly on compact subsets of R\ {jma+1: m € Z\ {0}}.
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This result is proved in [5] using standard techniques of Hilbert spaces with re-
producing kernel. We show now that Theorem can also be derived from our
Theorem We need the following lemma, before.

Lemma 4.4. Let a > —1 and f € PW,, with f(0) =0. Then f(t)/t € PWyy1.

Proof. Using (2.8), we deduce that, for certain constant ¢ > 0,

To(i2)| < c(1+4 [z))e™@ 2 eC, for -1 < a,
“ = el 2 e, for —1/2 < a.
And then we also have
|Eq(izw)| < c(1 + |zw|)el™CE 2w e C. (4.9)

Using (4.9) it is straightforward to prove that if f € PW, (i.e., (1.11))), « > —1, then
1) < e+ e ™, zec.

Since f(0) = 0, we also have

‘f(zz)‘ < Efe|1m2|, z e C.

On the other hand, since f € L?(R, duy), it follows that f(t)/t € L2(R, dpar1). It is
now enough to use Theorem 12 of [I] (for k = a +3/2 > 1/2). O

Proof of Theorem[{.3 Let a > —1, f € PW,, and assume that f(0) = 0. It follows
from the previous lemma that f(t)/t € PW,41. Then, Theorem [1.2| with a 4 1 gives

Q) —2a+2) ¥ f(m,a+1)

tZo41(it) meZ\ {0} Jrnai1Za+2(igmar1)(t = jmat1)
Using (3.6)), we get

& = f(jm,aJrl)
tTo11(it) N mEZz\:{O} 2(a+ 1)Zo(ijm.at1)(t — jm,a+1)’ (4.10)

that is, the series (4.8)).
Consider finally the case f(0) # 0. Then Z,41(it) = Re(Eqy41(it)) € PW, (be-

cause of Proposition . Theorem follows now by applying (4.10) to the function
g(t) = f(t) = f(0) a1 (it). =
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