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ABSTRACT. In the Dunkl context (on the real line) with parameter v > —1, the role of the
ordinary exponential function exp(z) = > oo ;2" /n! is played by the Dunkl exponential function
E,(z) = >0 2" /¥n,v, for certain sequence v, (depending on v), in such a way that v, _1/o =
n! and E_;/3(z) = exp(z). The gamma function is a complex function that interpolates the
factorial, i.e., it satisfies I'(n + 1) = n!. In this paper, we look for a suitable complex function
I',(z) that satisfies I'y(n 4+ 1) = yn,., and study its properties.

Our starting point is the generalization of the exponential function exp(z) =Y ° ;2" /n! and
the factorial sequence n! which appear in the Dunkl context on the real line with parameter
v > —1 (see, for instance, [1-4]). More precisely, the Dunkl exponential function E,(z) (also
known as Dunkl kernel) is defined by

E(2)=Y -—, zeC,
o v
with
) C2"T(1+ [n/2)T(v+ 14 [(n+1)/2]) |22kl (v + 1)y, if n = 2k,
Ty = T(v+1) T 2R (04 D), =2k 1,
where (a),, denotes the Pochhammer symbol: if a is not a negative integer,
r
(a)p=ala+1)(a+2)--(a+n—1)= (lcj(z)n).
In the case v = —1/2 we have E_; /5(2) = exp(z) and 7, _1/2 = n!, 80 vy, is known as the Dunkl

factorial. Moreover, in the same way that n! = n-(n — 1)!, we have now an expression of the type
Y = OnyYn—1,, Where

(2) Opy=n+ 14+ (-1)")(v+1/2), n=123,...
In the Dunkl context, the operator
2v+1f(z) - f(-=)

A (@) = F'(a) + = -

extends the ordinary derivative (in the sense that A_;/, = <) Then, the function E,(z) plays
the role of exp(z) in the sense that E,(\z) is an eigenfunction of the Dunkl operator, namely
AVE,(Ax) = AE,(\x), and E,(0) = 1 (in the same way as % exp(Azr) = Aexp(Az), and exp(0) =
1).

In the mathematical literature, many classical results have been extended to the Dunkl context.
For instance, there is a Dunkl transform that generalizes the Fourier transform using the kernel
E,(—izy) instead of e~¥ [2, 3], Paley-Wiener theorems [5-7], sampling theorems [8], Fourier-
Dunkl series instead of ordinary Fourier series [8,9], Appell-Dunkl sequences of polynomials
instead of Appell sequences [9-12], zeta functions [13], umbral calculus [14], maximal functions [6],
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Riesz transforms [15], as well as some other mathematical concepts that have been studied in the
Dunkl world.
It is well known that

o0
(3) n!—/ t"e tdt, n=0,1,2,...
0
In the recent paper [16], we study the moment problem
oo
(4) 'yn,l,—/ t"dQ(t), n=0,1,2,...,
—00

that consists of finding a (positive) measure df) that satisfies (4).
In that paper we prove that, for v € R \ Z, the measure w, (t) dt, where

(5) wy (t) = 2_V_1|t|y+1(Sg?((tz[ijf)l('t') + K, (|t])

and K, is the so-called modified Bessel function of the second kind and order x (see [17] or [18]),
satisfies

(6) /OO t"w, (t) dt = Ynp

—00

for every n € N with n > —2v — 2. The condition n > —2v — 2 is necessary to make the integral
(6) convergent, and it includes every n = 0,1,2,... when v > —1 (when necessary, and as it is
usual in the Dunkl context, we will assume v > —1).

In [16], we also prove that the moment problem (4) has a solution dQ? which is a positive
measure if and only if —1 < v < —1/2. In that case, the solution is unique and given by the
measure w,. The limit case v = —1/2 is the moment problem for the factorial sequence n!
(see (3)) and then w_y/5(t) = e "x[o,00)(t). If v > —=1/2, w, (t) > 0 for t > 0 and the measure w,
also solves the moment problem (4), although it is no longer a positive measure because w,, (t) < 0
for t < 0. However, the function w, enjoys some positivity conditions:

wy () + wy (—t) = MWHKVW\) >0, t#0,

wy(t) — wy,(—t) = mwﬂmﬂ(\t\) >0, t#0.

(7)

The gamma function is defined for Re(s) > 0 by changing in (3) the function ¢" to ¢57!:

F(s):/ t5tet dt.
0

Apart from interpolating the factorial (I'(n 4+ 1) = n!), the gamma function has a huge amount
of properties (see, for instance, [19]), and also some alternative definitions (using, for instance,
an infinite product). There are also ways to define a kind of gamma function I'; associated to a
function f satisfying a functional equation of the type ¢(s+ 1) = f(s)d(s), [20], and other kinds
of generalizations of the gamma function have been proposed in the mathematical literature, with
different purposes and using different ideas; see, for instance, [21-24].

In this paper, we extend the gamma function to the Dunkl context by changing in (6) the
function " to t571:

oo
(8) Ty (s) = / Eluy (1) dt, Re(s) > 0.
—oQ
From the definition, we have that I'y(n 4+ 1) = 75, (recall (6)), so that I', interpolates the
Dunkl factorial. One of the more apparent differences between I'(s) and I',(s) with v # —1/2
is the following. The integral in (8) includes the negative real axes, and then #*~! is not a
real number when s > 0 is not an integer, but a complex number. As a consequence, we have
I':(0,00) = (0,00), but T',, : (0,00) — C for any v # —1/2.
The content of this paper is as follows. In Section 2, we extend the function I', to the whole
complex plane (except for some isolated poles) using analytic continuation. By doing that, we
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FIGURE 1. Graphic representation of |I'y/5_;(x + iy)| for (z,y) € (=5.5,4.5) x (=5,5).
get the following explicit expression valid for s € C (except for some isolated poles)

(9) Tu(s) = r<2:—_+21>(<1 - e ( ) +<1+€”S>F(§)F(#)>

or the equivalent expression

_ ' st2v+1 ‘ st2v42
W) ) = g T <(1 ) )W i )Fé(—i))>

This allows to consider the function I', also for v € C\ {—-1,—-2,-3,...}.

In Section 3, we study the poles of the function 'y, showing that they form a double sequence
—n, —n—1—-2v,n=0,1,..., located in the negative real axis when v is a real number, or in
the half-lines Im(s) = 0 and Re(s) < 0, Im(s) = —2Im(v) and Re(s) < 2Re(v), when v is not
real. They are simple, except for some exceptions when v € N. We also prove that the function
I', has infinitely many zeros except for v = —1/2 (that is, the gamma function). Figure 1, for
the function |I',(s)| with v = 2/5 — i, shows some poles located in the half-lines Im(s) = 0 and
Re(s) <0, Im(s) = 2 and Re(s) < 4/5, and a zero at s ~ 3.14616 — 0.5553274.

In Section 4, we study the functions I' ,(,1) and F,(,2) defined by

_ 921 I(s)I'(s+v+1) Mis+I(s+v+1)
N Fv+1) 7 I'(v+1) ’

respectively. They can be defined from the measure w, (5) as follows (Re(s) > 0):

i) (s) L (s) = 2%

1 +oo
)= —n—— Ky (Ot dt
14 (8) 2VF(I/+ 1) O +1( ) Y
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F(Q) 1 +o00

— Kz/ v+2s+1
P =g ), Kora

(the connection with w, is even clearer in view of (7)). Let us note that (9) can be rewritten as

(11) Du(s) = 5 (1= ™I ((s — 1)/2) + (14 )T (5/2).

In Section 4 we prove that the function Fl(,l) interpolates the odd terms of the Dunkl factorial

Fz(/l)(n) = Vn—-1pv, N = 1,2,...,

it satisfies the functional equation
TV (s +1) =4s(s + 14 )TN (s),

and it can be characterized by a Bohr-Mollerup type theorem. We also prove similar results for
the F,(,Q) function.

The gamma function is the only function defined in (0, +00) interpolating the factorial sequence
n!, satisfying the functional equation f(s+ 1) = sf(s), f(0) =1 and being log-convex (there are
several more characterizations for the gamma function, see [23,25-27]). Taking all this into
account, the identity (11), the properties of the functions Fl(,l) and I‘,(,Q) and the key role of the
measure w, (5) allow us to consider the function I', (8) a quite suitable extension of the gamma
function to the Dunkl context.

1. PRELIMINARIES: THE FUNCTION K, (t)

We include here some results on the function K, that we will need in the next sections.
By definition (see [18, §3.70, (6), p. 78]) the modified Bessel function of the second kind is

(12) Kuft) = 5020 eryz

(this can be extended to p € Z by taking limits in a standard way), where I,,(t) are the so-called
modified Bessel function (of the first kind), namely,

1 L(t) = i, (it) = :
(13) u(t) = i7", (it) kz_o 22k T(p + k + 1)

In particular, this implies that K_,(t) = K,(t).
From (12) and (13) we have, for p € R\ Z,

K, (t) T A t— 0"
. 2sin(p) \27+0(1 —p)  2¢T(1+p) )’

(the significant term is the first if 4 > 0 and the second if © < 0; in both cases, the other term is
negligible). Then, except by a multiplicative constant,

(14) K,(t)~tH ot
We also have (see [18, §7.23, (1), p. 202])

2\ /2
(15) K, (t) ~ () e !, t — oo.
2t
Moreover, by using [28, §2.16.2, (2), p. 343] we have
> r—1 __ or—2 rt+p r—p
(16) /O R de =2 (P (TTE) Re(r) > | Re()
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2. THE FUNCTION T',(s)

As we wrote in the introduction, we define the function I',(s), for v > —1 and Re(s) > 0, using
the integral representation (8).

We next find a more convenient expression of the function I', (s) which will allow us to extend
it to the whole complex plane (with isolated poles), and also when v is a complex number.

In order to do that, we introduce the functions Yeven, (s) and vodd,.(s) defined by

r s+2v42
(17) '}/even’y(s) = 281—‘(% + 1) 1_‘((1/_'_21))
and
. +1 T s+2v+3
(18) Yoaa(s) = 2T (*5=) r(@ jl)).

We have the following:

Lemma 1. Assume that the complex number s satisfies

Re(s) > {—21/— 1, if ~l<v<-—1/2,

0, if v>-1/2.
Then the function I',(s) (defined in (8) for v > —1) can be written as
1
(19) Pu(s) = 5 (1= (=) Pevens (s = 1)+ (1+ (=1 r0aauls = 1)),

where we are setting (—1)% = '™,

Proof. We decompose I',,(s) in the following way:

o0 a1 tu—l—l
Ty(s) = /0 ¢ oy g () + Ko (1)

0 _ 4\v+1
N /OO tslM(Ky(—t) — K1 (—t) dt =: L1(s) + Io(s).

Moreover, with the change t — —t, we can write

B = [0 0 - Ko (0) a
0 WHL(w4+1)" 7 v '

By using (16), we have

0 1 2 1
| e R de = 2 (R (R = 2T+ (s~ )
0

when Re(s) +v+1 > |v|, and
s+ 2v 42

o S
/ BVE, 1 (1) dE = 25+”_1F(7)F<
) 2 2

when Re(s) + v+ 1 > |v 4 1| = v + 1. This inequality is equivalent to Re(s) > 0. In turn, the
inequality Re(s) + v + 1 > |v| above adds the request Re(s) > —2v — 1. Then,

1 1
Ii(s) = §’Yeven,v(5 -1+ 5 Yodd,v(s — 1),

(5) = (-1 (3 mmels = 1) = 3 ensls = 1)

and so we have (19). O

) =2"T'(v + 1)Yodd,n(s — 1)

The lemma allows us to extend the function I',(s) to the complex plane (with isolated poles)
and for complex values of v. We will study the poles of the function I', in the next section.

Definition 2. For v € C\ {—1,—-2,...} and s € C, we define I',(s) explicitly by the expression
given in (9).
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FIGURE 2. Real and imaginary parts (solid line and dashed line, respectively) of
(9) for v =—7/10 and —3 < s < 3.

The identity (10) for I', follows easily from (9) by using the duplication formula I'(z)I'(z +
1/2) = 21722 /7 T'(22) (with z = 5/2).

For v = —1/2, we recover the gamma function I'_; /5(s) = I'(s) (the easier way to check it is to
take v = —1/2 in (10) and use I'(1/2) = /7). As explained in the introduction, for v > —1/2 the
function I', (s) is not real for s € R. We can see it in Figure 2 for the particular value v = —7/10.

Because of the definition (1), and analogously to how the iterative function of the Collatz
problem can be extended to the complex plane, there are many ways to make an extension of
a function that has an expression for even n and a different expression for odd n. The Collatz
problem uses a function T : Z* — Z% defined as T'(n) = n/2 for even n and T'(n) = 3n + 1
for odd n, and the Collatz conjecture says that the iteration of n +— T'(n) always arrives at 1.
The original iterative approach is not related to our problem. However, the extension of T' to
the complex plane has also been considered, and for them different ideas have been used, as can
be seen in [29,30]; this is what we want to do with ~,,. In our case, to interpolate the Dunkl
factorial v, ., one could have taken any function of the form

_ VT D) L D)
6u(5) = gyt (0 e ),

where g1(s) and go(s) are entire functions that satisfy

(s) = 0, for s=k €N, even, (s) =
T TN for s=keN, odd, 2T

1, for s=keN, even,
0, for s=k €N, odd.

This happens, for instance, with g1(s) = sin?(s7/2) and g2(s) = cos?(sm/2). However, due to the
role played for the measure (5) in the construction of the function I',, we have considered that
the choice g1(s) = (1 — €™)/2 and go(s) = (1 + €™)/2, that gives (9), is the best one in this
scenario.

The rest of this section will be devoted to finding some more properties and identities for the
function T’y (s).

Starting from (9) and applying i cot((7s)/2) = (1 + €™) /(1 — ™), we get the following:

I e

I(v+1 2 2 2 2
C 2P —e) s+ 1\ s+ 41 . ymsy T(5) T(sH22)
R CES)) F( 2 )F< 2 )<1“00t(z)r(sgl)p(swgﬂ))'

Then, if we denote
I'(s/2)I((s + 2v +2)/2)
T((s+1)/2)0((s+2v+1)/2)’

(20) dpe, (s) =
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we can write

T (s) = 2572(1 — einS)F(s—l— 1>F<s+21/+ 1) <1 +icot (g) dpcy(s)>.

F'(v+1) 2 2

Remark 1. Observe that dpc,(s) is a rational function if v = —1/2 4+ k with k € Z (actually, a
quotient of two polynomials in s of degree |k|). For k = 0, we have dpc_y5(s) = 1. For k # 0,
(s+1)(s+3)---(s+2k—1)

dpckq/z(s): s(5+2)(s+2k—2) k=1,2,3,...

and

(s —2)(s—4)---(s+2k)
s=1)(s=3)---(s+2k+1)
Remark 2. In the case of (10), and in a similar way, when v = —1/2 + k with k& € Z, by using
I'(z+ 1) = z2I'(2) we easily get that

dpcy_q/2(s) = ( k=-1,-2-3,...

D (sl L if k=0,
F(i) =027Fs(s+2)- (s +2k —2), if k=1,2,3,...,
2 27k /((s —2)(s —4)--- (s +2k)), if k=-1,-2,-3,...,
and
F(s+22u+2) 17 i if kZO,
T 27 k(s +1)(s+3)---(s+2k—1), if k=1,2,3,...,

27%/((s—1)(s = 3)--- (s + 2k + 1)), if k=—1,-2,-3,...

The functions Yeyen,(s) and Yodd,»(s) defined in (17) and (18) satisfy a number of identities.
The more basic ones are the following:
(21) 'Yeven,z/(s) = S'YOdd,V(S - 1)7
(22) 'YOdd,V(S) = (5 +2v + 1)'}’even,y(3 — 1)-

But there are many other relations that can be easily checked from the definition using the
reflection formula and/or the duplication formula for the gamma function:

as\ T s+2v4+2 T —s5+2v+42
fyevenﬂj(s)ryevenvy(_s) = msese (7) ( 22F(2/ +(]-)2 2 ) ’
as\ T s+2v+3 T —s+2v+43
Yodd,w(8)Yodd,w(—5) = WSGC( 9 ) ( 21“(34—(1)2 : )’

as well as expressions for products of Yeven,, (s — 1) times Yeyeny (1 — $), and “Yeven,(s) times
Yeven,v (s + 1) (and with “odd” in the place of “even”).

We also display some other identities which seem to be of a different nature from the previous
ones:

mssin(mwv)

Yeven,v (8)Yeven,~1-v(—$) = cos(mv) — cos(m(s +v))’

(
7(s+2v + 1)sin(mv)
cos(mv) + cos(m(s +v))’
similar expressions can be found for Yeven,($)Yodd,—1-»(1 — ) and Yodd . ($)Yeven,—1—1 (1 — ).
In the next theorem, we extend the functional equation I'(s + 1) = sI'(s) to the function I',.

Yodd,w (8)Yodd,~1—v(—5) =

Theorem 3. The function ', defined in (9) satisfies the functional equation

(23) Tu(s+1)=6,(s)u(s),
with
_ 'Yeven,y(s - 1)
(24) Ouls) = s+ (v +1) <7< = 1) + i 00t (%) Yodan(s - 1>>'
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Moreover, when s = n € Z* and with the notation of (2), we have 0,(n) = 6, = n+ (1 +

(=1)™)(v +1/2), so the function 0,(s) interpolates {6y, }°° (just as the function I',(s) interpo-
lates the Dunkl factorial).

Proof. Using (9), (21) and (22), we get
Ly(s+1) = ((1 + ems)’Yeven,V(s) + (1 - eim)%dd,u(s))
((1 + ems)s%dd,u(s) +(1- eim)(s + 2V + 1)Yeven,u (s — 1))

(1 = €™ ) even (s — 1) + (1 + €™)Y0aa, (s — 1))

N ® N =D —

1 ,
+ 5(21/ +1)(1 — €™ )Veven(s — 1)

=50y (s) + (v 4+ 1/2)(1 — €™ ) Yeven (s — 1).
Then, to find (23) it is enough to take

0,(s) = Lu(s+1)  sTy(s)+ (v +1/2)(1 - e”s)yevem,,(s -1)
ST Tu(s) L'y (s)
(1 - eiﬂs)7€ven,y(3 - 1)
L'y (s) .
From this expression, multiplying the numerator and the denominator by 1/(1 — e'™s), using (9),
and applying i cot((7s)/2) = (1 +€™)/(1 — e'™®), we obtain (24). Finally, it is a simple exercice
to check that 6,(n) = 6,, =n+ (1 + (=1)")(r + 1/2) when n € Z+. O

Remark 3. An alternative way to express (24) is
1
0 =s+2v+1 ,
v(8) = s+ (2 )<1+icot (%) dpc,j(s))

where the function dpc,,(s) is defined in (20). Recall that dpc,(s) is a rational function if v =
—1/2 + k with k € Z (see Remark 1).

=s+ (v+1/2)

3. POLES AND ZEROS OF I',(s)

Recall that the function I'(s) does not have zeros, and the singularities are s = 0, —1, -2, ...
(poles of order 1). In this section, we study the poles and the zeros of ', (s). In Figure 3, following
the ideas of [31], we present a drawing, on the complex plane, of the lines Re(I',(s)) = 0 and
Im(T',(s)) = 0 for v = 6/5. The poles and the zeros of I, (s) are in the intersection of these lines.

We start studying the poles of T',. In what follows, we are using N = Z* U {0}.

Theorem 4. Let v € C\ {—1,—2,-3,...}. Then the poles of I',(s) are the following:

(i) The non-positive integers s = —m, with m € N, are simple poles, except when v =k € N,
in which case the poles at s = —m — 2k, with m € Z*, have order 2.

(i) Whenv # k —1/2, k € Z, the numbers s = —m — (2v + 1), with m € N, are also simple
poles.

Proof. Recall that the function I'(s) does not have zeros, and the singularities are s = 0, —1, -2, ...
(poles of order 1). From (9), the possible poles of the function I', (s) are the poles of Yeven,, (s —1)
and Yodd, (s — 1); i.e., the poles of I' (%), r (%), T (%) and T (”227””) More precisely,
they are (for n =0,1,2,...):

s+1

(25) 9 =-—-n=s=-2n—-1,
(26) %z—n:>s:—2n,

(27) 8+2++1:—n:>s:—2n—1—21/,
(28) M:—nés:—Zn—Q—%A

2
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M=
ST

FIGURE 3. The lines Re(I',(s)) = 0 (blue) and Im(I',(s)) = 0 (orange, thicker)
for v = 6/5 on a rectangle of the complex plane.

w

N

o

1
N

|
w

Consequently, T',(s) has possible poles at s = —m and s = —m — (2v + 1), with m =0,1,2,....
Then, apart from the poles of the function I'(s), there are also possible poles at s = —m—(2v+1).

In order to decide if a “possible pole” (25)—(28) of I', () is a pole, we must check if it is canceled
by a zero of (1 — e™) (i.e.: s =24, j € Z) in the case of (25) and (27), or the zeros of (1 + €'™)
(i.e: s=2j—1, j € Z) in the case of (26) and (28).

In the case of (25) and (26), this cancelation never happens, so we have (i). In the case of
(27), the cancelation occurs when —2n — 1 — 2v = 2j, i.e.,, v = —n — j — 1/2 (a half-integer).
With more details, when v = k —1/2, k € Z, the values s = —2n — 2k of (27) are not poles of the
first summand of (9) for n = 0,1,2,...; but, when —2n — 2k < 0, they are poles of the second
summand (by (26)). In the case of (28), the cancelation occurs when —2n—2—2v = 2j —1, again
v =—n—j—1/2. More precisely, when v = k —1/2, k € Z, the values s = —2n — 2k — 1 of (28)
are not poles of the second summand of (9) for n =0,1,2,...; but, when —2n — 2k —1 < 0, they
are poles of the first summand (by (25)). This, together with the following observation, again
gives (i) in the case v =k —1/2, k € Z.

Observe that another way in which a possible pole would not be a pole would occur if that
pole were in the two summands of (9), and canceled when summing. But this does not happen in
our case. If in one of the factors of the first summand there is a pole for a certain s, and also in
another of those of the second summand, then 1 — e = 0 or 1+ €™ = 0, and when multiplying
the pole of the corresponding summand is canceled with the zero. So the possible poles never
cancel when adding two of them.

Finally, note that some of the possible poles (25)—(28) may actually be poles of order 2; this
occurs if they are poles of the two factors of one of the summands of (9).

In the first summand, for the two factors to have poles (i.e., for (25) and (27) to be satisfied,
although for different values of n € N), it must be v = k € N (recall that v ¢ Z7). In this case,
there will be a pole of order 2 at s = —2n — 1 — 2k, with n € N. In the second summand, for the
two factors to have poles (i.e., for (26) and (28) to be satisfied), it must again be v = k € N. In
this case, there will be a pole of order 2 at s = —2n — 2 — 2k, with n € N. This completes (i) for
v=keN. O

Regarding the zeros, what happens with T',(s) is completely different from what happens
with T'(s). Even though I'(s) has no zeros, we next prove that the function I',(s) has always an
infinite number of complex zeros except, precisely, when v = —1/2, i.e., the gamma function (for
numerical purposes, some of these zeros can be located using FindRoot of Mathematica).
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Theorem 5. If v € C\ {—1,-2,...} and v # —1/2, the function I, has an infinite number of
zeros in C.

Proof. Consider the entire functions defined by
1 1
Ay (s) = , DBy(s) = :
) = TG ATr+ 1) ) = TG RT T2ty T 1/2)

We can rewrite (10) in the form
_ VT

L) = 500 1)
Define, finally,
(29) ®,(s) = Ay(s) + Bu(s) + (Bu(s) — A, (s))e™.

Assume first that v # k — 1/2, k € Z. Then the poles of

(30) T(s)[(s/2 4+ v+ 1/2)T(s/2 + v + 1)

are either zeros of A, (s) or zeros of B, (s). Moreover, if they are zeros of A, (s), they are not zeros
of (1 + e™%)B,(s); and, if they are zeros of B,(s), they are not zeros of (1 — e™)A,(s). Then,
the poles of the product (30) (which are the poles of I, see the previous theorem) can not be
zeros of ®,(s). Hence we deduce that the zeros of I', and ®,, are the same, and so I', has a finite
number of zeros in C if and only if the entire function ®, has a finite number of zeros in C. We
next proceed by reduction ad absurdum, assuming that ®, has a finite number of complex zeros.

Since the entire functions A,, B, and €™ have order 1, then ®, has order at most 1. Since
we are assuming that it has a finite number of complex zeros, we deduce that

(31) B, (s) = P(s)e®t?,

where P is a polynomial and a,b € C.
Using that, for fixed u > 0 and v € C (see [19, formula 5.11.7]),

I(uzx +v)

I(s)I'(s/24+v+1/2)['(s/24+v + 1)(A,,(s) + By(s) + (By(s) — Ay(s))e”s),

im =1, zeR,
T—>+00 27Te—ux(ux)ux+v—1/2
we conclude that A B
i @) g g B g
z—+00 @, () z—+00 ()
where (2/2)
e*(x/2)7" "
pule) = S
On the one hand, using (29) we have
P
lim 2@ _ o
T—+00 gpy(gf)
But, on the other, using (31) we have
d
lim () = 400,
T—r+00 (py(x)

which is a contradiction. Hence, the function I'), must have an infinite number of complex zeros.
Ifv=k—1/2, k€ Z\ {0}, we can write
1 1
A(S)— %"'(%_‘_k}_l) B(S)_(%+§)"'(%+k_§)
v - ) 14 —_— .
L5+ KT +k+3) T(5+ET(E+k+3)

Hence, by setting

P =3 (3+h-1). Q= (G+5)(G+k-3)
we have
L(5) = g ey o) (P9) + Q) + Q) — P(s)e™)
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Proceeding similarly as before, we can prove that also for v = k — 1/2, k € Z \ {0}, the function
I', must have an infinite number of complex zeros. O

4. BOHR-MOLLERUP TYPE THEOREM FOR A DECOMPOSITION OF THE GAMMA-DUNKL
FUNCTION

In this section we prove some interesting results for the functions Yeven,,(s) (17) and Yodd,,(s)
(18), including a Bohr-Mollerup type theorem.
In order to simplify the expression, we consider the functions

o Fis+v+1
(32) T(5) = o (25— 1) = 22 1(e) - D
I'(s+v+1)
(2) (o) — _ 92s — (1)
(33) I (S) = Yevenw(2s) = 2%°T' (s + 1) T+ 1) 25T,/ (s).
It is easy to check that
(1) _ o251 L(s+1/2)
I1/2(8) = Yodd,—1/2(25 = 1) = 2 F(S)W =TI'(2s)
and I 1/2)
r® (s) = 25) = 22T (s 4+ 1) o /=)
,1/2(5) PYeven,fl/Z( 3) (S + ) F(1/2))

I'(s+1/2)
I'(1/2)
This shows that both functions Fl(,l) (%) and F(VZ) (%) extend the I'(s) to the Dunkl context.

However, each one of them only interpolates half of the Dunkl factorials. More precisely I‘(yl) (n) =

= (25)2%711(s) = (25)I'(2s) =T(2s + 1).

2
Y2n—1,v and 111(/ )(n) = Yny, N = 1,2,...
The functions Fl(,l) and Fl(,2) satisfy very simple functional equations:

ID(s+1) = 01 ()T (5) = 4s(s + 1 4+ )TV (s),

D) (s 4 1) = 62 ()T (s) = 4(s + 1)(s + 1 + )T (s)

(they follow easily using (32) and (33)). These expressions are, essentially, a generalization of the
functional equation for the gamma function, I'(s + 1) = sI'(s): in both cases, with v = —1/2 and
the change s +— s/2, we recover the iterated functional equation I'(s + 2) = (s + 1)sI'(s).

The following theorem is a Bohr-Mollerup type theorem for I‘,(})(s) (the proof is based in the
Bohr-Mollerup theorem for the gamma function; see, for example, [25, Theorem 2.1]).
Theorem 6. Let v > —1. There exists an unique function f,(x) defined on the interval (0, 00)
such that

e f,(1)=2(r+1),
o fu(s+1)=4ds(s+1+v)f.(s),
e the logarithm of f,(s) is a convex function.

Furthermore, such a function is F(Vl)(s).

Proof. It is obvious that Fl(,l)(s) verifies the first two conditions (the first one is due to v, =

2(v+1)). Checking that Fl(,l)(s) is log-convex is a consequence of [25, Theorem 1.9], since
1 o
rM(s) = 25— 1) = / Ky ()72t at
v (3) ’Yodd,l/( S ) 2”F(I/—i—1) 0 1/+1()

1 >
= — (l/+1)/2 s—1
2T £ 1) /0 Ky1(vVu)u u' T du

and the weight K, (v/u)u**1D/2 if positive for u > 0. Notice that, by (14) and (15) (and
recalling v > —1), the integral converges for s > 0.

We next prove that the function f,(s) that satisfies the three conditions is unique. To do that,
it is enough to prove the uniqueness in the interval (0, 1), since f, (s+1) is completely determined
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by f,(s). Moreover, the proof would follow if we show that any function f, that satisfies the
three conditions also satisfies

_ lim An(v+n+1))°n! (v + 1)1
(34 fuls) = il 2(8)n41(s + 1+ v)nt1

, 0<s<1.

Notice that the first two conditions imply that f,(s) interpolates y2,+1,,, that is
1) =200 +1) = 0,
f2)=2-4-1-2+v)(v+1) =734,
f(3)=2-42-1-2-B+v)2+v) (v + 1) = 5.,

fo(n+1) = 22" 0l (0 + Dt = Yo(ns1)—1,0 = Vont 1w
We also have, from the second condition,
(35) fuls+n)=0P(s+n-Df(s+n—1) = =0 (s+n—1)---0(s)f(s).
Then, if we define
Ol (s) =0 (s +n—1) - 05 (s) = 4"(8)n(s + 1 + ),
we can write
fo(s+n) =08 (s)fu(5) = 4"(s)n(s + L+ v)n fu(s).

Then, let f,(s) be a function that satisfies the three conditions. Since f,(s) is log-convex, for
0 < s<1andn > 2, by definition we get

log f,(—1 +n) log fy(n) _ log fu(s+n) ~log fy(n) _ log fy(1 +n) ~ log fu(n)
(=14+n)—n - (s+n)—n - (I+n)—n

)

ie.,

IOg fu(s + n) - 10g'72n71,u
S

—log Yon—3v + log Y2n—1,v < < log Yond1lp — log Y2n—1,v,

that it can also be written as

S S

2n—1, 2n41,v

(M) Yon-1p < fuls+n) < <m> Y2n—1,v-
V2n—3,v V2n—1,v

Then, using (35) we get
S S
<’72n—1,1/) 72(7;)—1,1/ < fu(s) < <72n+1,1/> 72(710)—1,1/ .
Y2n—3,v 67"07’/(5) Yon—1,v @n,y(s)
Since the first inequality is true for n > 2, we can take n — n + 1 on the left side. Therefore,

('72n+1,u)8 Y2n+1,v <f (S) < <'72n+1,1/>8
= Jv =

Yon—1,v @1(11+)1,u(5) Yon—1,v

7&;&1,1/ Y2n—1,v 01(/1)(5 + ).
@nJrl,zx(s) T2ntly

This means that

s
7277,—&-1,1/ fV(S) S <'72n+1,1/> ’7277,—}—1,1/ S fl,(S).

Yon 1,005 (s + ) M-t ) O (s)
But, since
V2n+1,v _ 227l (1 + 1) g1
72”_171/91(/1)(8 +n) 22=1ln - 1) (wv+1)pd(s+n)(s+n+v+1)
n(v+n+1)
= — 1, n — 00,

(s+n)(s+n+v+1)
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we have
2\’ v 4 1))* v
£o(s) = lim (’Y2n+1, > ’Y?n+1, ~ lim ( nl(u +n+1))° vanq1,
n—00 \ V2n—1,v 951—&)—1 1/<8> n—oo 47+ (3)n+1(5 + 1+ V)n+1
— lim (4n(v +mn+1))° 22" nl (v 4+ 1),41
n—00 4n+1(8)n+1(8 + 1+ l/)n+1
o Un bt D) 0@ D
e il 1+ D1
so f,(s) satisfies (34). O

For F£2)(S), we have the following theorem analogous to the previous one (the proof follows
taking into account that I‘I(,Q)(s) = QSF,(,l)(s) and it is omitted).

Theorem 7. Let v > —1. Then, there exists an unique function f,(x) defined on the interval
(0,00) such that

o £(1)=d(r+1),
o fuls+1)=4(s+1)(s+1+v)fu(s),
e the logarithm of f,(s) is convex.

Furthermore, such a function is F,(/Q)(S).

The gamma function has a very well-know definition using the following infinite product (by
Euler)

It n n+1)\°
I(s) = -
(s) S };[1 s+n ( n >
or as the following limit (by Gauss)

s

) 1-2.:3.--m
e e T oy g

This kind of representations also exists for F(yl)(s) and FI(/Q)(S). We show them only for F(yl)(s);
the corresponding formulas for F,(,Q)(s) follow straightforwardly using I’,(,Q)(s) = 25F,(,1)(s).

Corollary 8. Forv > —1,s#0,-1,-2,... and s # —v—1,—v —2,—v — 3,..., the function
Fl(,l)(s) can be written as

. n(v4+n+1)nl (v + 1)
36 r(s) = lim < .
( ) v (3) nggo 2(5)n+1(5 1+ V)n—i—l

Proof. The proof for s € (0,1] is (34). Otherwise, we can write s = sop + k or s = so — k with
0<sp<land k=1,2,3,..., and use (36) for sg. For the first case, we have

I‘(Vl)(s—l—k):4k(s(s+1)---(s+k‘—1))((s+1+1/)(s+2+1/)---(s+k:+l/))I‘(Vl)(s)
:4k(s(s—|—1)~--(s—|—k—1))((s—|—1—{—1/)(s+2+1/)---(s+k—|—1/))
« lim (An(v+n+1)*n! (v + 1)pt1
T (5 a5 + 1+ Vs

(An(v+n+ 1)) TFnl (v + 1) 41
_= 1m .
n—00 2(8 + k)n+1(3 +Ek+1+ l/)n+1

The second case is similar by using

Y (s)

W(s—k) = :
bs = k) k((s=k)(s—k+1)(s=1))((s—k+14+v)(s—k+2+v)--(s+v))

v

Moreover, a simple consequence of (36) is the following infinite product representation.
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Corollary 9. Forv > —1,s#0,—-1,-2,... and s # —v—1,—v —2,—v —3,..., the function
F,(jl)(s) can be written as

[e.9]

228 {v+1)(v+2)° H k(k+v+1) (k+1)(k+v+2)\°
s(s+v+1) (s+k)(s+k+v+1) k(k+v+1)

Proof. Tt follows easily expanding the Pochhammer symbols in (36) and writing [ [/~ ; as limy, 00 [ [1_;
(where we can use telescopic cancelling between the consecutive terms). O

Two relevant functional equations satisfied by the gamma function are the duplication formula
1
(37) P(2s) = 7222 T ()0 (s 4+ )
and the reflection formula

(38) L(s)'(1—s) =

sin (7s)’

Both can be extended to the functions I ,(,1)(5) and F,(,2)(s). In what follows, we can assume
veC\{-1,-2,...} and s € C, and the identities have some isolated poles.

Theorem 10 (Duplication formula). The functions F,(,l)(s) and I‘,@(s) satisfy the following du-
plication formulas:

24s+2uF(V +1) P2s+v+1) )

(1) -
(39) L7(2s) T TI'(2s+2v+42) "

(I (54 3),

I'(v+1) I'(2s+v+1) 1
2) _ ods+2v+1 @\ 7® -\
I'(2s) =2 m TI'@2s+2v+2)2s+1) " (s)I'y (S+ 2)

Proof. Using (37), we have
L(s)L(s+v+ 1) (s+3)T(s+v+3)

1
(1) (1) Z) — 92s—192s
(D ()L <s+2) 92s=19

v I'(v+1)2
243 17.‘_1/221 251-\(25) 1/221 2(S+V+1)F(28 + o+ 2)
I'(v+1)2
_ 921 m['(2s)T(2s + 2v + 2)
v +1)2
_ g tigioas 2T TR 2s + v +1) T2+ 20 42)
IF'(v+1) F'2s+v+1)I(r+1)
T'(2s + 2v + 2)

— 7_‘_2721/743Iw1(jl) (28)

F2s+v+1)I'w+1)

which implies (39). The proof for I''? is similar (or a consequence of the relation Fl(,z)(s) =
(1)
25T, (s)). O

It is a matter of calculation to check that the duplication formula (39) recovers the classical
duplication formula (37) when v = —1/2 and s — s/2.

Theorem 11 (Reflection formula). The functions Ff,l)(s) and Fl(,2)(s) satisfy the following reflec-
tion formulas:

7 Tw+1+s2+v—s)
sin (s) I'(v+1)2 ’

(40) L ()0 (1~ s) =

v

7 Tv+1+4+s)I2+v—ys)
sin (7s) I'(v+1)2

I (PP (1 —s) =4s(1 — s)
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2

Proof. Tt is enough to prove the formula for I';’. Using the classical reflection formula (38), we

have
_ M(s+v+1)_ 4 r2+v-s
(1) (D (1 _ &) — 92s—1 LT vrvroiospq _ NLleTV—5)
Iy (s)Iy (1 —s) =2%7T(s) IO+ 1) 27T (1 —s) T+ 1)
o1 Is+rv+1)I2+v—s) 0
~ sin (ms) I'(v+1)2 ’

Let us finally show what happens with (40) in the case v = —1/2. Making the change s — s/2
and using I'(1/2) = /7, (40) becomes

ng/2(3/2)1“(fi/2(2_8) _ 1 F(8+1>F(3_8),
2 sin (7s/2) 2 2

i.e. (by using I‘(_lim(s) =T1(29)),

Now, use ['(2 — ) = (1 — s)I'(1 — s) and T (332) = (152)
1

r
)F(l— s—|—1>‘

1 s+
41 T(s)I(1 — s) = r(
(41) T =) = S \ 2 2
Note that this expression can also be found by using (38) twice. Indeed, take
s s+1 s+1 T
o = gt 10
(s)0(1 =) sin (7s) 2 2 sin (7w(s +1)/2)

then, (41) follows from (38) by using sin(ws) = 2sin(7s/2) sin(7(s + 1)/2).
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