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Abstract
Following Édouard Lucas, the numbers Mn = 2n−1, with n ≥ 1, are known as the Fermat

sequence. Related to the ordinary zeta function ζ(s) =
∑∞

n=1 n−s, the Möbius function µ(n)
and the von Mangoldt function Λ(n) are defined such that, among other properties, they
satisfy

1
ζ(s) =

∞∑
n=1

µ(n)n−s,
ζ ′(s)
ζ(s) = −

∞∑
n=1

Λ(n)n−s, s ∈ C, Re s > 1.

In this article, we study two arithmetic functions µM(n) and ΛM(n) that play a similar
role, this time associated with the Fermat zeta function ζM(s) =

∑∞
n=1 M−s

n . In particular,
we see how to define these functions using Dirichlet products (convolution of arithmetic
functions), similar to how it is done with µ(n) and Λ(n), and we analyze their role as
coefficients of Dirichlet series. Using combinatorial tools, we find the values of µM(n) and
ΛM(n) for any positive integer n, and identify these values in terms of the hypergeometric
function 3F2.
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1 Introduction
The so-called Lucas sequences [6] have the form

Dn = (αn − βn)/(α − β), n = 1, 2, 3, . . . , (1)

where α and β are distinct roots of the polynomial f(z) = z2 − Lz + M , and L and M are
nonzero coprime integers (clearly, L = α + β and M = αβ). These numbers satisfy D1 = 1,
D2 = α + β and the recurrence relation

Dn+2 = LDn+1 − MDn, n = 1, 2, 3, . . . .

∗This paper has been published in: Integers 26 (2026), Paper No. A106, 25 pp.
DOI: 10.5281/zenodo.22082065
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If two sequences Dn and D′
n are generated, respectively, by the polynomials z2 − Lz + M and

z2 + Lz + M , then Dn = (−1)n−1D′
n, so only the case L > 0 is considered. Moreover, a Lucas

sequence is called real if L2 > 4M because, in this case, α and β are real numbers.
Given a Lucas sequence, a prime p is called a primitive divisor of Dn if p divides Dn but

does not divide Dm for 0 < m < n. In 1913, Carmichael [2] established the following important
result.

Theorem 1 (Carmichael, 1913). If α and β are real and n ̸= 1, 2, 6, then Dn contains at least
one primitive divisor except when n = 12 in the case L = 1 and M = −1 (which corresponds to
the Fibonacci numbers F1 = F2 = 1, Fn+2 = Fn+1 + Fn).

In 2001, Yabuta [12] gave a simple proof of Carmichael’s theorem. In his proof, Yabuta
reduces the study of the Lucas sequences to discussing two special sequences, namely, the
Fibonacci sequence {Fn}∞

n=1 and the numbers

2n − 1 = 2n − 1n

2 − 1 , n = 1, 2, 3, . . . ,

generated by the polynomial z2 − 3z + 2. Lucas [6] referred to these numbers as the Fermat
sequence, a name also used by Yabuta. In reality, it is more common to refer to numbers of
the form 22n + 1 as Fermat numbers, and numbers of the form 2p − 1 (although with p prime)
are usually called Mersenne numbers; this is not the only confusion in nomenclature in this
field, given that what is usually known as the Lucas sequence, which is {Ln}∞

n=1 defined by the
recurrence L1 = 1, L2 = 3 and Ln+2 = Ln+1 + Ln, is not a Lucas sequence in the sense of (1)
(what holds is Ln = αn + βn, where α and β are the roots of the polynomial z2 − z − 1).

Without taking a position in this nomenclature discussion, and given that we are already
using Fn for Fibonacci numbers, we will adopt a Solomonic stance and keep the name Fermat
sequence, but we will denote it by

Mn = 2n − 1, n = 1, 2, 3, . . . ;

the recurrence relation they satisfy is Mn+2 = 3Mn+1 − 2Mn, with M1 = 1, M2 = 3.
If we define

DP := {finite products of powers of numbers Dn}

the multiplicative semigroup generated by a Lucas sequence, Carmichael’s theorem ensures that
the factorization of l ∈ DP as a product of numbers Dn is “almost unique”; the uniqueness fails
only in the case of the numbers D1, D2 and D6 (and D12 in the case of the Fibonacci numbers).

Associated with the ordinary zeta function

ζ(s) :=
∞∑

l=1
l−s, s ∈ C, Re s > 1

(i.e., the Riemann zeta function), the von Mangoldt function

Λ(l) :=
{

log p, if l = pk, p prime, k ≥ 1,

0, otherwise,

satisfies
ζ ′(s)
ζ(s) = −

∞∑
l=1

Λ(l)l−s, s ∈ C, Re s > 1;
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see [1] or [5] for the general theory concerning the arithmetic functions related to ζ(s). In [9],
we study the von Mangoldt-type function ΛF (l) associated with the Fibonacci zeta function

ζF (s) :=
∞∑

n=1
F −s

n , s ∈ C, Re s > 0,

that satisfies
ζ ′

F (s)
ζF (s) = −

∞∑
l=1

ΛF (l)l−s (2)

when the series converges (actually, in [9], following [10, 8], we use φ(s) in the place of ζF (s)).
In particular, and although an explicit expression for ΛF (l) valid for every l is not available, [9]
provides formulas for ΛF (l) valid for certain values of l, and we study the convergence of (2).

The purpose of this paper is to study the von Mangoldt-type function associated with
the Fermat sequence (which is the other sequence involved in Yabuta’s proof of Carmichael’s
theorem) and its corresponding Fermat zeta function

ζM(s) :=
∞∑

n=1
M−s

n , s ∈ C, Re s > 0.

Coming back to Carmichael’s theorem, the Fibonacci number F12 plays a special role; but,
in the case of Fermat numbers, M12 is not an exception. Then, the study of the von Mangoldt-
type function associated with the Fermat sequence becomes easier, and we can go further than
in [9]. Moreover, we also study the corresponding Möbius-type function associated with the
Fermat sequence; let us recall that, in the classical case, the Möbius function is

µ(l) :=


1, if l = 1,

(−1)k, if l = p1p2 · · · pk, where p1, p2, . . . , pk are distinct primes,
0, if l has a squared factor,

and satisfies
1

ζ(s) =
∞∑

l=1
µ(l)l−s, s ∈ C, Re s > 1.

Our goal, therefore, is to study both the Möbius-type function and the von Mangoldt-type
function associated with the Fermat sequence {Mn}∞

n=1 and the Fermat zeta function ζM(s),
and we will start with the Möbius-type function.

The paper is organized as follows. In Section 2, we study the multiplicative semigroup MP
associated with the Fermat sequence {Mn}∞

n=1, and define the Möbius-type function µM(l)
and the von Mangoldt-type function ΛM(l). The results of the paper are stated in Sections 3
and 4; the main results are Theorems 9 and 10, where explicit closed expressions are given for
the functions µM(l) and ΛM(l). Finally, Sections 5 to 7 contain the proofs of the results; in
the proofs, we use several different techniques, which show the interrelationship of the various
arithmetic and combinatorial structures involved.

2 The Fermat semigroup and the Möbius-Fermat and the von
Mangoldt-Fermat functions

In the multiplicative structure generated by Fermat numbers Mn = 2n − 1, we only need those
greater than 1, that is,

M = {Mn : n ≥ 2} = {3, 7, 15, 31, 63, 127, 255, 511, 1023, . . . }.
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Moreover, let us denote the multiplicative semigroup generated by M by

MP := {finite products of powers of numbers in M}; (3)

and we assume 1 ∈ MP , by thinking of it as the empty product. In particular, M ⊆ MP .
To generate all the numbers in (3), it is not necessary to use M6 = 63, because it can be

written as a product of other Fermat numbers, namely M6 = 63 = 32 · 7 = M2
2 M3.

As explained above, Carmichael’s theorem states that, if n ̸= 1, 2, 6, the Fermat number Mn

contains at least one primitive divisor, that is, a prime divisor p such that p does not divide
any Mm for 0 < m < n. Hence, M6 = 63 is the only Fermat number that can be expressed as
a product of powers of smaller Fermat numbers, so that

MP =
{

l = Mm1
n1 Mm2

n2 · · · M
mkl
nkl

: mj > 0, 2 ≤ n1 < n2 < · · · < nkl
, nj ̸= 6

}
, (4)

where kl is the number of different Fermat numbers in M\{63} that appear in the decomposition
of l; again, we assume 1 ∈ MP is the product of zero factors. At least in some cases, the notation
will be easier if we take

MP =
{

l = 3m17m2Mm3
n3 · · · M

mkl
nkl

: m1, m2 ≥ 0, mj > 0 otherwise,

4 ≤ n3 < · · · < nkl
, nj ̸= 6

}
,

(5)

so we will sometimes use this description.
By imitating the standard proof of unique factorization of natural numbers, it is easy to

verify that Carmichael’s theorem implies unique factorization in MP . When we talk about
“the” factorization of a number in MP , this is exactly what we mean.

Let us recall that, if a(n) and b(n) are two arithmetic functions, their Dirichlet convolution
(or Dirichlet product) is

c(n) = (a ∗ b)(n) =
∑

rs=n

a(r)b(s).

Then, the formal product of two Dirichlet series f(s) =
∑∞

n=1 a(n)n−s and g(s) =
∑∞

n=1 b(n)n−s

is the new series h(s) = f(s)g(s) =
∑∞

n=1 c(n)n−s whose coefficients are the Dirichlet convo-
lution c(n) = (a ∗ b)(n) of the coefficients of f and g (and moreover, if f(s) is absolutely
convergent for Re(s) > σf and g(s) for Re(s) > σg, then h(s) is absolutely convergent for
Re(s) > max{σf , σg}); see, for instance, [1, Chapter 11].

The neutral element of the Dirichlet convolution is the function δ(n) defined as δ(1) = 1 and
δ(n) = 0 for n > 1. We say that two arithmetic functions a(n) and b(n) are inverse if a ∗ b = δ.

For natural numbers, we have the unit function u defined as u(l) = 1 for all l ∈ N, and its
inverse, with respect to the Dirichlet convolution, is the Möbius function µ(l). Since ζ(s) =∑∞

l=1 u(l)l−s, we want to express

ζM(s) =
∞∑

n=1
M−s

n =
∞∑

l=1
uM(l)l−s, s ∈ C, Re s > 0, (6)

so the “Fermat unit function” must be

uM(l) =


1, if l = 1,

1, if l = Mj for some Mj ∈ M,

0, otherwise
(7)

(we take uM(1) = 1 because there is one Fermat number whose value is 1, namely M1 = 1).
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Then, the Möbius-Fermat function is the function µM that is the inverse of uM with respect
to the Dirichlet convolution, i.e., that satisfies

µM ∗ uM(l) =
∑
k|l

µM
( l

k

)
uM(k) = δ(l) =

{
1, if l = 1,

0, if l > 1.
(8)

For l = 1, this is 1 = µM(1)uM(1) = µM(1), so µM(1) = 1. For l > 1, and taking into account
that uM defined in (7) vanishes outside M ∪ {1}, we have

0 = µM(l)uM(1) +
∑

Mj |l,Mj∈M
µM

( l

Mj

)
uM(Mj), l > 1. (9)

In this series, the last summand is µM(l/l)uM(l) = µM(1)uM(l) = 1 if l ∈ M. Then, isolating
the summand µM(l)uM(1) = µM(l), (9) gives rise to these possibilities:

µM(l) =


−
(
µM(l/Md1) + · · · + µM(l/Mdpl

) + 1
)
, if l ∈ M, pl ≥ 1,

−
(
µM(l/Md1) + · · · + µM(l/Mdpl

)), if l /∈ M, pl ≥ 1,

−1, if l ∈ M, pl = 0,

0, if l /∈ M, pl = 0,

(10)

where Md1 , . . . , Mdpl
are the Fermat numbers that are proper divisors of l (as usual, we call

proper divisors of a number the divisors that are not the number itself).
For l ∈ MP , 1 ≤ l ≤ 400, their decompositions as in (4), which are unique, as well as

the values of µM(l), can be seen in Table 1 (as we will see in Proposition 2, µM(l) = 0 when
l /∈ MP); of course, they can be computed using (10). Note that, unlike µ, the function
µM is not multiplicative: µM(63) = −4 ̸= µM(7)µM(9) = −1 · 1; also, µM(15) = −1 ̸=
µM(3)µM(5) = −1 · 0.

The above arithmetic expressions are translated into the form of Dirichlet series. Indeed,
from (6), and because µM ∗ uM = δ, we have

1
ζM(s) =

∞∑
l=1

µM(l)l−s, (11)

when the series converges.
Returning once again to the classical case, and using the usual notation u′(l) = u(l) log(l),

the von Mangoldt function is defined as Λ = µ ∗ u′. Then,

−
∞∑

l=1
Λ(l)l−s = −

( ∞∑
l=1

µ(l)l−s

)( ∞∑
l=1

(log l)u(l)l−s

)

=
( ∞∑

l=1
µ(l)l−s

)(
−

∞∑
l=1

(log l)l−s

)
= 1

ζ(s)ζ ′(s).

Let us see how to define an arithmetic function ΛM that reproduces this behavior when using
the Fermat sequence {Mn}∞

n=1 instead of N, and the Fermat zeta function (6) instead of ζ(s).
Similarly to the classical case, we define the von Mangoldt-Fermat function as ΛM = µM ∗

u′
M, with the notation u′

M(l) = uM(l) log(l). In addition, from ΛM = µM ∗ u′
M we also deduce

u′
M = ΛM ∗ uM, i.e.,

log(l)uM(l) =
∑
k|l

ΛM
( l

k

)
uM(k). (12)
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l ∈ MP µM(l) ΛM(l) l ∈ MP µM(l) ΛM(l)
1 1 0 3 = 3 −1 log(3)
7 −1 log(7) 9 = 32 1 − log(3)
15 −1 log(15) 21 = 7 · 3 2 − log(21)

27 = 33 −1 log(3) 31 −1 log(31)
45 = 15 · 3 2 − log(45) 49 = 72 1 − log(7)
63 = 7 · 32 −4 2 log(63) 81 = 34 1 − log(3)
93 = 31 · 3 2 − log(93) 105 = 15 · 7 2 − log(105)

127 −1 log(127) 135 = 15 · 32 −3 log(135)
147 = 72 · 3 −3 log(147) 189 = 7 · 33 6 −2 log(189)
217 = 31 · 7 2 − log(217) 225 = 152 1 − log(15)

243 = 35 −1 log(3) 255 −1 log(255)
279 = 31 · 32 −3 log(279) 315 = 15 · 7 · 3 −6 2 log(315)

343 = 73 −1 log(7) 381 = 127 · 3 2 − log(381)

Table 1: The values of µM(l) and ΛM(l), 1 ≤ l ≤ 400, when l ∈ MP (otherwise, µM(l) =
ΛM(l) = 0).

For l = 1, and using log(1) = 0, this becomes 0 = ΛM(1)uM(1), so ΛM(1) = 0. Moreover,
because uM vanishes outside M ∪ {1}, (12) implies that

ΛM(l) =


−(ΛM(l/Md1) + · · · + ΛM(l/Mdpl

) − log l), if l ∈ M, pl ≥ 1,

−(ΛM(l/Md1) + · · · + ΛM(l/Mdpl
)), if l /∈ M, pl ≥ 1,

log l, if l ∈ M, pl = 0,

0, if l /∈ M, pl = 0,

(13)

where Md1 , . . . , Mdpl
are the Fermat numbers that are proper divisors of l. As in the case of

µM(l), Table 1 shows the values of ΛM(l) for l ∈ MP , 1 ≤ l ≤ 400, that can be computed
using (13).

Note that this is a “more arithmetic approach” than that of [9], since we have defined the
arithmetic functions µM and ΛM before the Dirichlet series, and the series are defined from the
functions, which is the opposite of what is done in [9]. Of course, the functions obtained are
the same regardless of the path taken.

As for the translation of these arithmetic expressions into expressions with Dirichlet series,
by using ΛM = µM ∗ u′

M, we have
∞∑

l=1
ΛM(l)l−s =

∞∑
l=1

µM ∗ u′
M(l)l−s,

when the series converges. Then, from (11) and (6) we can write

−
∞∑

l=1
ΛM(l)l−s = −

( ∞∑
l=1

µM(l)l−s

)( ∞∑
l=1

(log l)uM(l)l−s

)

=
( ∞∑

l=1
µM(l)l−s

)(
−

∞∑
n=1

(log Mn)M−s
n

)
= 1

ζM(s)ζ ′
M(s).

Once the behavior of the functions µM(l) and ΛM(l) has been explained, our goal is to be
able to compute them conveniently. Our first result about the values of µM(l) and ΛM(l) is
the following.
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Proposition 2. Let µM(l) and ΛM(l) be the arithmetic functions defined in (8) and (12),
respectively. Then, µM(1) = 1, ΛM(1) = 0, and µM(l) = ΛM(l) = 0 when l /∈ MP .

Proof. We have already seen that µM(1) = 1 and ΛM(1) = 0. We will now prove that µM(l) =
ΛM(l) = 0 when l /∈ MP by complete induction on l. We start with µM.

The first l that does not belong to MP is l = 2, and µM(2) = 0 by (10) (the case l /∈ M
and pl = 0). Let us now assume that µM(l′) = 0 for any l′ < l such that l′ /∈ MP . We want to
prove that also µM(l) = 0. Isolating the summand corresponding to k = 1, let us write (8) as

µM(l) = −
∑

1̸=k|l
µM

( l

k

)
uM(k).

If k /∈ M, then uM(k) = 0, so the summand µM(l/k)uM(k) is zero. If k ∈ M, then l′ = l/k /∈
MP (because k ∈ M and l′ ∈ MP implies l = kl′ ∈ MP , which is a contradiction); then, also
µM(l/k)uM(k) = 0 by the inductive hypothesis. Consequently, µM(l) = 0.

The proof for ΛM is similar using ΛM(2) = 0 and isolating the summand corresponding to
k = 1 in (12).

Remark 3. It is worth noting the following remarks concerning the practical use of (10)
and (13). Let l ∈ MP have the factorization

l = Mm1
n1 Mm2

n2 · · · M
mkl
nkl

as in (4) (that is, with Mni ̸= 63), which is unique. If a Fermat number Md > 1 divides l,
we cannot guarantee that Md is among the factors Mni appearing in the above decomposition.
This situation occurs frequently; for example, l = 32 · 52 · 7 = M3M2

4 is divisible by M2 = 3, but
M2 does not appear in the unique factorization given by (4). However, if a proper divisor Md of
l is neither M6 = 63 nor one of the factors Mni , then l/Md /∈ MP . Indeed, if l′ = l/Md ∈ MP ,
and its factorization is

l

Md
= l′ = M

m′
1

n′
1

M
m′

2
n′

2
· · · M

m′
kl′

n′
kl′

,

this leads to two different factorizations of l,

l = Mm1
n1 Mm2

n2 · · · M
mkl
nkl

= Md · M
m′

1
n′

1
M

m′
2

n′
2

· · · M
m′

kl′
n′

kl′
,

contradicting the uniqueness of the factorization. Hence, by Proposition 2, we have µM(l/Md) =
ΛM(l/Md) = 0 since l/Md /∈ MP ; therefore, the corresponding terms in (10) or (13) vanish.

Furthermore, by the same uniqueness property, l/63 /∈ MP if Md = 63 is a proper divisor of
l and the factorization of l does not include Mn1 = 3 with m1 ≥ 2 and Mn2 = 7 with m2 ≥ 1.
Consequently, when applying (10) and (13), it is unnecessary to consider all divisors Md of l;
it suffices to take the proper divisors that are either M6 = 63 (when Mn1 = 3 with m1 ≥ 2
and Mn2 = 7 with m2 ≥ 1) or one of the Fermat numbers Mni appearing in the factorization
of l in MP . Otherwise, the corresponding terms µM(l/Md) and ΛM(l/Md) are zero. This
observation will be tacitly used several times in the proofs that follow.

3 Computation of µM and ΛM in the easy cases
Recall that the uniqueness of the factorization of l ∈ MP as a product of Fermat numbers is not
true because M6 = 63 = 32 · 7 = M2

2 M3, and that is why we do not use M6 in decompositions
such as (4) or (5), which are unique. If, in these decompositions, l ∈ MP does not have the
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factor M2
2 M3, evaluating µM(l) and ΛM(l) is relatively straightforward. Thus, following the

notation in (5), we will begin by studying the case

l = 3m17m2Mm3
n3 · · · M

mkl
nkl

∈ MP

as in (5), with m1 ≤ 1 or m2 = 0.
Under these conditions, the following holds. The proofs of these two results, the first for

µM(l) and the second for ΛM(l), are postponed to Section 5.
Proposition 4. Let µM(l) be the arithmetic function defined in (8). Then, if

l = Mm1
n1 Mm2

n2 · · · M
mkl
nkl

∈ MP

(with a factorization as in (4), which is in fact unique) with (Mn1 , Mn2) ̸= (3, 7) or (Mn1 , Mn2) =
(3, 7) and m1 = 1, one has

µM(l) = (−1)rl
rl!

m1! m2! · · · mkl
! , (14)

where rl := m1 + m2 + · · · + mkl
.

Proposition 5. Let ΛM(l) be the arithmetic function defined in (12). Then, if

l = Mm1
n1 Mm2

n2 · · · M
mkl
nkl

∈ MP

(with a factorization as in (4), which is in fact unique) with (Mn1 , Mn2) ̸= (3, 7) or (Mn1 , Mn2) =
(3, 7) and m1 = 1, one has

ΛM(l) = (−1)rl−1 (rl − 1)!
m1! m2! · · · mkl

! log(l), (15)

where rl := m1 + m2 + · · · + mkl
.

For l under the hypotheses of Propositions 4 and 5, it is clear that

ΛM(l) = − 1
rl

µM(l) log(l). (16)

This is not true in general, but it provides a clue for finding another expression for ΛM(l) once
an expression for µM(l) has been found in general. Later on, we will use this to guess the
statement of Theorem 10, based on Theorem 9, before proving it.

Before continuing, let us note that if we take m1 ≥ 0, m2 ≥ 0, and different Fermat numbers
Mnj ≥ 15, also different from 63, then

µM
(
3m17m2

J∏
j=1

Mnj

)
is independent of the Fermat numbers Mnj , and it depends only on its number J , which is
obvious from (10). Then, we have the following (which in turn is analogous to [9, Section 2.6]),
whose proof can be seen in Section 5.
Proposition 6. For m1 ≥ 0, m2 ≥ 0, and J different Fermat numbers Mnj ≥ 15, also different
from 63, let us denote

µ̃M(m1, m2, J) = µM
(
3m17m2

J∏
j=1

Mnj

)
(as we have just mentioned, this is independent of what the specific Mnj values are). Then, for
l = 3m17m2Mm3

n3 Mm4
n4 · · · M

mkl
nkl

(decomposition as in (5), which is unique), one has

µM(3m17m2Mm3
n3 · · · M

mkl
nkl

) = 1
m3! m4! · · · mkl

! µ̃M(m1, m2, m3 + m4 + · · · + mkl
).
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4 Closed-form expressions for µM and ΛM

The next step is to try to evaluate µM(3m7n) for m, n ∈ N. For numbers l of the form l = 3m7n

with m ≥ 2 and n ≥ 1, the recurrence (10) becomes

µM(3m7n) = −
(
µM(3m−17n) + µM(3m7n−1) + µM(3m−27n−1)

)
.

Thus, if we denote am,n = µM(3m7n), we have

am,n = −am−1,n − am,n−1 − am−2,n−1,

which is a partial difference equation involving unknown functions am,n of two discrete vari-
ables; it is linear with constant coefficients. Moreover, the initial conditions (that follow from
Proposition 4) are

a0,n = (−1)n, a1,n = (−1)n+1(n + 1), am,0 = (−1)m.

Unlike ordinary linear difference equations, there are not many textbooks that cover the
solution of linear partial difference equations; two examples are [7, Chapter 5] and [11, Section
2.3]. In any case, it is a cumbersome process, and one hopes to be able to rely on the help
of computer algebra systems. However, Mathematica 14.3 (the current version at the time
of writing) cannot solve this recurrence equation; neither can Maple, SymPy, nor SageMath
solve it.

But, if we instead have a′
m,n = (−1)m+nam,n, the recurrence becomes

a′
m,n = a′

m−1,n + a′
m,n−1 + a′

m−2,n−1,

a′
0,n = 1, a′

1,n = n + 1, a′
m,0 = 1,

(17)

that resembles the recurrence of Delannoy numbers, that count the number of walks from (0, 0)
to (m, n) using only the steps (1, 0), (0, 1) and (1, 1) (namely, dm,n = dm−1,n+dm,n−1+dm−1,n−1
with d0,n = dm,0 = 1). In the case of a′

m,n, it counts the number of walks from (0, 0) to
(m, n) using the steps (1, 0), (0, 1) and (2, 1). Therefore, to solve the recurrence of the a′

m,n

(or the am,n), combinatorial procedures similar to those used with Delannoy numbers or their
generalizations can be used (some of these generalizations, which do not cover the case that
concerns us here, can be found in [3] or [4]).

In this way, we have arrived at the following result, whose proof, which is based on the use
of generating functions, can be found in Section 6.

Proposition 7. Let µM(l) be the arithmetic function defined in (8). Then,

µM(3m7n) = (−1)m+n
min{⌊m/2⌋,n}∑

j=0

(
n

j

)(
m + n − 2j

m − 2j

)
(18)

= (−1)m+n
min{⌊m/2⌋,n}∑

j=0

(m + n − 2j)!
(m − 2j)! (n − j)! j! (19)

= (−1)m+n

(
m + n

n

)
3F2

(
−n, −⌊m

2 ⌋, −⌊m+1
2 ⌋ + 1

2

−n
2 − ⌊m

2 ⌋, −n
2 − ⌊m+1

2 ⌋ + 1
2
; −1

)
(20)

for m, n ≥ 0.
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Note that the hypergeometric function

3F2

(
a1, a2, a3

b1, b2
; x

)
=

∞∑
k=0

(a1)k (a2)k (a3)k

(b1)k (b2)k

xk

k! , (c)k = c(c + 1) · · · (c + k − 1), (21)

is a series which, in (20), has only a finite number of non-zero summands (due to the negative
integer parameters −n and −⌊m

2 ⌋), so the series reduces to a finite sum and is exactly equivalent
to the previous combinatorial expression. This will also happen in the other hypergeometric
expressions that we will see later on.

To try to evaluate µM(l) in general, that is, with l = 3m7nMm3
n3 · · · M

mkl
nkl

as in (5), we will
first address a particular case. Given q a Fermat number other than 3, 7, or 63, we take the l’s
of the form l = 3m7nqk. Then, for m ≥ 2, n ≥ 1 and k ≥ 1,

µM(3m7nqk) = −
(
µM(3m−17nqk) + µM(3m7n−1qk) + µM(3m−27n−1qk) + µM(3m7nqk−1)

)
,

which becomes a linear partial difference equation with constant coefficients. From there, per-
haps we can easily move on to the formula for µM(3m7nMm3

n3 · · · M
mkl
nkl

) using Proposition 6
(which in turn is analogous to [9, Section 2.6]); at least, it provides clues as to what it should
be like, since all the Mnj (with j ≥ 3) must play the same role.

If we denote cm,n,k = µM(3m7nqk), the recurrence formula is

cm,n,k = −
(
cm−1,n,k + cm,n−1,k + cm−2,n−1,k + cm,n,k−1

)
;

moreover, by Proposition 4,

c0,n,k = (−1)n+k (n + k)!
n! , n, k ≥ 0,

c1,n,k = (−1)n+k+1 (n + k + 1)!
n! , n, k ≥ 0,

cm,0,k = (−1)m+k (m + k)!
m! , m, k ≥ 0,

and, by Proposition 7,

cm,n,0 = (−1)m+n
min{⌊m/2⌋,n}∑

j=0

(m + n − 2j)!
(m − 2j)! (n − j)! j! , m, n ≥ 0.

Solving this recurrence yields the following result. The corresponding proof (showing several
alternative ways to do it) can also be found in Section 6.

Proposition 8. Let µM(l) be the Möbius-Fermat arithmetic function defined in (8), with q ̸=
3, 7, 63 a Fermat number. Then,

µM(3m7nqk) = (−1)m+n+k
min{⌊m/2⌋,n}∑

j=0

(m + n − 2j + k)!
(m − 2j)! (n − j)! j! k! (22)

= (−1)m+n+k (m + n + k)!
m! n! k! 3F2

(
−n, −⌊m

2 ⌋, −⌊m+1
2 ⌋ + 1

2

−n+k
2 − ⌊m

2 ⌋, −n+k
2 − ⌊m+1

2 ⌋ + 1
2
; −1

)

for m, n, k ≥ 0.
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In view of Proposition 6, it seems that, for generic l = 3m17m2Mm3
n3 · · · M

mkl
nkl

∈ MP , the gen-
eral expression of µM(l) could be as shown in (23). In fact, once the formula has been guessed,
it is not difficult to prove it by induction on rl, as in the case of the proofs of Propositions 4
and 5. The proof can be seen in Section 7.

Theorem 9. Let µM(l) be the Möbius-Fermat arithmetic function defined in (8). Then, for
l = 3m17m2Mm3

n3 · · · M
mkl
nkl

(factorization as in (5), which is unique),

µM(3m17m2Mm3
n3 · · · M

mkl
nkl

) = (−1)rl

min{⌊m1/2⌋,m2}∑
j=0

(rl − 2j)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

! (23)

= (−1)rl rl!
m1! m2! m3! · · · mkl

! 3F2

(
−m2, −⌊m1

2 ⌋, −⌊m1+1
2 ⌋ + 1

2

− rl−m1
2 − ⌊m1

2 ⌋, − rl−m1
2 − ⌊m1+1

2 ⌋ + 1
2
; −1

)
,

where rl := m1 + m2 + m3 + · · · + mkl
.

If we compare (14) with (15) (as explained in the discussion surrounding (16)), we can guess
that the formula for ΛM(l) with generic l ∈ MP is as in (24). Also, as in the case of some other
results in this paper, once the formula has been discovered, it can be tested by induction on rl.
However, this time we will not do a proof by induction, but rather we will provide a rigorous
proof based on Theorem 9 using ΛM = µM ∗ u′

M (see also Section 7).

Theorem 10. Let ΛM(l) be the von Mangoldt-Fermat arithmetic function defined in (12).
Then, for l = 3m17m2Mm3

n3 · · · M
mkl
nkl

(factorization as in (5), which is unique),

ΛM(3m17m2Mm3
n3 · · · M

mkl
nkl

) = (−1)rl−1
min{⌊m1/2⌋,m2}∑

j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

! log(l)

(24)

= (−1)rl−1 (rl − 1)!
m1! m2! m3! · · · mkl

! 3F2

(
−m2, −⌊m1

2 ⌋, −⌊m1+1
2 ⌋ + 1

2

− rl−m1
2 − ⌊m1

2 ⌋ + 1
2 , − rl−m1

2 − ⌊m1+1
2 ⌋ + 1

; −1
)

log(l),

where rl := m1 + m2 + m3 + · · · + mkl
.

5 Proofs of Propositions 4, 5 and 6
The proofs of Propositions 4 and 5 are adaptations of the one given in [9, Proposition 2] for ΛF (l).
We will only prove the result for µM(l) (Proposition 4); the proof for ΛM(l) (Proposition 5) is
similar.

Proof of Proposition 4. If l is a member of MP with rl = 1 that fulfills the hypothesis, l is
necessarily a Fermat number distinct from M6 = 63. Then, directly by (10) one has

µM(l) = −1,

so formula (14) is true if rl = 1.
To prove the general validity of (14), we use complete induction on rl. Let l = Mm1

n1 Mm2
n2 · · · M

mkl
nkl

be a member of MP (with (Mn1 , Mn2) ̸= (3, 7) or (Mn1 , Mn2) = (3, 7) and m1 = 1) with rl > 1
and assume that (14) is true for any

l′ = M
m′

1
n′

1
M

m′
2

n′
2

· · · M
m′

kl′
n′

kl′
∈ MP

11



with rl′ := m′
1 + m′

2 + · · · + m′
kl′

< rl (and such that (Mn′
1
, Mn′

2
) ̸= (3, 7) or (Mn′

1
, Mn′

2
) = (3, 7)

and m′
1 = 1). By Carmichael’s theorem, l /∈ M and l/Mj /∈ MP if Mj is a Fermat proper divisor

of l that is not one of the Mni (recall Remark 3). Then, by applying (10) and Proposition 2,
we have

µM(l) = −
(
µM(Mm1−1

n1 · · · M
mkl
nkl

) + µM(Mm1
n1 Mm2−1

n2 · · · M
mkl
nkl

) + · · · + µM(Mm1
n1 · · · M

mkl
−1

nkl
)
)

.

(25)
Since the sum of exponents of each summand of the right-hand side of (25) is rl−1, the induction
hypothesis applies, and then we get

µM(l) = −(−1)rl−1
(

(rl − 1)!
(m1 − 1)! · · · mkl

! + (rl − 1)!
m1! (m2 − 1)! · · · mkl

! + · · · + (rl − 1)!
m1! · · · (mkl

− 1)!

)

= (−1)rl

(
(rl − 1)! m1
m1! · · · mkl

! + (rl − 1)! m2
m1! m2! · · · mkl

! + · · · + (rl − 1)! mkl

m1! · · · mkl
!

)

= (−1)rl
rl!

m1! · · · mkl
! ,

which completes the proof of (14).

Now, let us see the proof of Proposition 6.

Proof of Proposition 6. We use induction on rl = m1 + m2 + m3 + m4 + · · · + mkl
. The result

is trivial if sl := m3 + m4 + · · · + mkl
= 0, so we just have to prove the induction step.

To allow us to express summands which do not actually form part of some expressions, we
will use the following notation:

IFcondition(a) =
{

a if “condition” is true,

0 if “condition” is false.
(26)

We will use three different “conditions”, namely

(m1 ≥ 1), (m2 ≥ 1) and (m1 ≥ 2 and m2 ≥ 1)

which, for simplicity, will be denoted by IF3, IF7 and IF63 (recall that m1 is the exponent in 3m1

and m2 is the exponent in 7m2). Observe that if they do not hold, the corresponding summand
µM(l/3), µM(l/7) or µM(l/63) in (10) is absent.

Furthermore, to easily take advantage of the fact that µ̃M(m1, m2, J) is independent of
the specific Mnj values in

∏J
j=1 Mnj , we can assume that these Mnj are M4 = 15, M5 = 31,

M7 = 127, M8 = 255, and so on, and we will denote them as M̃k, k ≥ 1, in that order.
For the induction step, let us assume that the result is true for rl′ < rl, and let us prove it

for rl. Take l = 3m17m2Mm3
n3 · · · M

mkl
nkl

(decomposition as in (5)), with rl = m1 + m2 + m3 +
m4 + · · · + mkl

and sl := m3 + m4 + · · · + mkl
. By (10),

µM(l) = − IF3
(
µM(3m1−17m2Mm3

n3 · · · M
mkl
nkl

)
)

− IF7
(
µM(3m17m2−1Mm3

n3 · · · M
mkl
nkl

)
)

− IF63
(
µM(3m1−27m2−1Mm3

n3 · · · M
mkl
nkl

)
)

− µM(3m17m2Mm3−1
n3 · · · M

mkl
nkl

) − · · · − µM(3m17m2Mm3
n3 · · · M

mkl
−1

nkl
).
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By the induction hypothesis,

µM(3m1−17m2Mm3
n3 · · · M

mkl
nkl

)

= 1
m3! · · · mkl

! µ̃M(m1 − 1, m2, sl) = 1
m3! · · · mkl

! µM(3m1−17m2M̃1 · · · M̃sl
),

and similarly for the second and third summands, with µ̃M(m1, m2 − 1, sl) and µ̃M(m1 − 2,
m2 − 1, sl), respectively. For the rest of the summands, we have

µM(3m17m2Mm3
n3 · · · M

mj−1
nj · · · M

mkl
nkl

) = 1
m3! · · · (mj − 1)! · · · mkl

! µ̃M(m1, m2, sl − 1)

= mj

m3! · · · mkl
! µ̃M(m1, m2, sl − 1)

for every nj , and µ̃M(m1, m2, sl − 1) is independent of the sl − 1 factors of M̃1 · · · M̃sl
that we

take. Then,

µM(l) = −1
m3! · · · mkl

!
(

IF3
(
µM(3m1−17m2M̃1 · · · M̃sl

)
)

+ IF7
(
µM(3m17m2−1M̃1 · · · M̃sl

)
)

+ IF63
(
µM(3m1−27m2−1M̃1 · · · M̃sl

)
)

+ µM(3m17m2M̃2 · · · M̃sl
) + · · · + µM(3m17m2M̃1 · · · M̃sl−1)

)
= 1

m3! · · · mkl
!µM(3m17m2M̃1 · · · M̃sl

) = 1
m3! · · · mkl

! µ̃M(m1, m2, sl),

where, in the step to the last line, we have used (10).

6 Proof of Propositions 7 and 8
We begin with a proof of Proposition 7.

Proof of Proposition 7. Interpreting the recurrence (17) combinatorially as a walk from (0, 0)
to (m, n) with steps (1, 0), (0, 1) and (2, 1), one finds that the closed-form expression for a′

m,n is

a′
m,n =

min{⌊m/2⌋,n}∑
j=0

(m + n − 2j)!
(m − 2j)! (n − j)! j! ,

and consequently am,n = (−1)m+na′
m,n satisfies (19). However, we are going to provide a

detailed proof based on generating functions.
Let us take am,n = µM(3m7n) and define the generating function

A(x, y) =
∑
m≥0

∑
n≥0

am,nxmyn.

Also, let us denote

A0(y) =
∑
n≥0

a0,nyn, A1(y) =
∑
n≥0

a1,nyn, B0(x) =
∑
m≥0

am,0xm.

13



In this way,

A(x, y) =
∞∑

n=0
a0,nyn +

∞∑
n=0

a1,nxyn +
∞∑

m=0
am,0xm − (a0,0 + a1,0x) +

∞∑
m=2

∞∑
n=1

am,nxmyn

= A0(y) + xA1(y) + B0(x) − (a0,0 + a1,0x) +
∞∑

m=2

∞∑
n=1

am,nxmyn

(subtracting a0,0 + a1,0x is done because those terms are in both B0 and the Aj). By applying
the recurrence

am,n = −am−1,n − am,n−1 − am−2,n−1, m ≥ 2, n ≥ 1,

the double summation at the end can be written as
∞∑

m=2

∞∑
n=1

am,nxmyn = −
∞∑

m=2

∞∑
n=1

am−1,nxmyn −
∞∑

m=2

∞∑
n=1

am,n−1xmyn −
∞∑

m=2

∞∑
n=1

am−2,n−1xmyn

= −x
∞∑

m=1

∞∑
n=1

am,nxmyn − y
∞∑

m=2

∞∑
n=0

am,nxmyn − x2y
∞∑

m=0

∞∑
n=0

am,nxmyn.

In the third double summation, what appears there is x2yA(x, y). In the other two,
∞∑

m=1

∞∑
n=1

am,nxmyn =
∞∑

m=0

∞∑
n=0

am,nxmyn −
∞∑

n=0
a0,nyn −

∞∑
m=0

am,0xm + a0,0

= A(x, y) − A0(y) − B0(x) + a0,0,
∞∑

m=2

∞∑
n=0

am,nxmyn =
∞∑

m=0

∞∑
n=0

am,nxmyn −
∞∑

n=0
a0,nyn −

∞∑
n=0

a1,0xyn

= A(x, y) − A0(y) − xA1(y).

With all this,

A(x, y) = A0(y) + xA1(y) + B0(x) − (a0,0 + a1,0x) − x
(
A(x, y) − A0(y) − B0(x) + a0,0

)
− y

(
A(x, y) − A0(y) − xA1(y)

)
− x2yA(x, y)

= −A(x, y)(x + y + x2y) + A0(y)(1 + x + y) + xA1(y)(1 + y) + B0(x)(1 + x)
− (a0,0 + a1,0x) − xa0,0

and, consequently,

A(x, y) = (1 + x + y)A0(y) + x(1 + y)A1(y) + (1 + x)B0(x) − (1 + x)a0,0 − xa1,0
1 + x + y + x2y

. (27)

In our case, the initial conditions are

a0,n = (−1)n, a1,n = (−1)n+1(n + 1), am,0 = (−1)m.

Then, a0,0 = 1, a1,0 = −1 and

A0(y) = 1
1 + y

, A1(y) = − 1
(1 + y)2 , B0(x) = 1

1 + x
.

Substituting in the general expression (27) yields

A(x, y) = 1
1 + x + y + x2y

. (28)
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Now, rewriting

1 + x + y + x2y = (1 + x)
(

1 + y
1 + x2

1 + x

)
and applying the geometric expansion gives

A(x, y) = 1
1 + x

∑
n≥0

(
−y

1 + x2

1 + x

)n

=
∑
n≥0

(−1)nyn (1 + x2)n

(1 + x)n+1 .

Therefore, the coefficient of xmyn is

am,n = (−1)n[xm]
(
(1 + x2)n(1 + x)−n−1

)
(as usual, [xm](f(x)) denotes the coefficient of xm in the expansion of f(x) in powers of x).
Then, by multiplying the binomial expansions of (1 + x2)n and (1 + x)−n−1, we get

am,n = (−1)m+n
min{⌊m/2⌋,n}∑

j=0

(
n

j

)(
m + n − 2j

m − 2j

)
,

which is (18).
Finally, the sum above can be expressed using terminating hypergeometric functions as

in (20). This can be easily verified by simply considering the definition of the hypergeometric
function 3F2, which can be seen in (21). As the Pochhammer symbol (or rising factorial)
(c)k = c(c + 1) · · · (c + k − 1) vanishes from a certain k when c is a negative integer, the series
(20) has a finite number of summands.

Now, let us see the proof of Proposition 8.

Proof of Proposition 8. Firstly, we can give a combinatorial proof similar to what happens with
Delannoy numbers. Define

c′
m,n,k = (−1)m+n+kcm,n,k.

Then, c′
m,n,k satisfies the recurrence relation

c′
m,n,k = c′

m−1,n,k + c′
m,n−1,k + c′

m−2,n−1,k + c′
m,n,k−1 (29)

with the initial conditions

c′
0,n,k = (n + k)!

n! , n, k ≥ 0,

c′
1,n,k = (n + k + 1)!

n! , n, k ≥ 0,

c′
m,0,k = (m + k)!

m! , m, k ≥ 0,

c′
m,n,0 =

min{⌊m/2⌋,n}∑
j=0

(m + n − 2j)!
(m − 2j)! (n − j)! j! , m, n ≥ 0.

This is a purely additive, linear recurrence with constant coefficients that can be interpreted as
a walk from (0, 0, 0) to (m, n, k) with steps (1, 0, 0), (0, 1, 0), (2, 1, 0) and (0, 0, 1). Then, one
finds that

c′
m,n,k =

min{⌊m/2⌋,n}∑
j=0

(m + n − 2j + k)!
(m − 2j)! (n − j)! j! k! , (30)

15



which clearly satisfies the initial conditions. Consequently, the closed-form expression for cm,n,k

is (22).
In fact, we can easily verify that c′

m,n,k defined as in (30) satisfies (29), which directly proves
that this is the correct solution to the recurrence. Write c′

m,n,k =
∑

j≥0 Tm,n,k(j) (the summands
are null from a certain j, so we can use

∑
j≥0 without specifying the end) with

Tm,n,k(j) = (m + n − 2j + k)!
(m − 2j)! (n − j)! j! k! = (m + n − 2j + k − 1)! (m + n − 2j + k)

(m − 2j)! (n − j)! j! k! .

Decomposing
(m + n − 2j + k) = (m − 2j) + (n − j) + j + k,

we have

Tm,n,k(j) = (m + n − 2j + k − 1)! (m − 2j)
(m − 2j)! (n − j)! j! k! + (m + n − 2j + k − 1)! (n − j)

(m − 2j)! (n − j)! j! k!

+ (m + n − 2j + k − 1)! j

(m − 2j)! (n − j)! j! k! + (m + n − 2j + k − 1)! k

(m − 2j)! (n − j)! j! k!

= ((m − 1) + n − 2j + k)!
((m − 1) − 2j)! (n − j)! j! k! + (m + (n − 1) − 2j + k − 1)!

(m − 2j)! ((n − 1) − j)! j! k!

+ ((m − 2) + (n − 1) − 2(j − 1) + k)! j

((m − 2) − 2(j − 1))! ((n − 1) − (j − 1))! (j − 1)! k!

+ (m + n − 2j + (k − 1))! k

(m − 2j)! (n − j)! j! (k − 1)!
= Tm−1,n,k(j) + Tm,n−1,k(j) + Tm−2,n−1,k(j − 1) + Tm,n,k−1(j).

Summing over the index j, we get (29).
Additionally, we can give a proof of (22) based on generating functions. Take

C(x, y, z) =
∑

m,n,k≥0
cm,n,k xmynzk.

Proceeding as in the case of A(x, y) in Section 6, it is not difficult, but cumbersome, to find
that the generating function is

C(x, y, z) = 1
1 + x + y + x2y + z

, (31)

and this again leads to (22). It seems surprising that, in both A(x, y) and C(x, y, z) (i.e., (28)
and (31)), the numerator is 1.

In any case, and to finish the proof, the expression of cm,n,k as a hypergeometric function
3F2 is a simple consequence of (21).

7 Proof of the main results
We now present the proofs of Theorems 9 and 10.

Proof of Theorem 9. For l = 3m17m2Mm3
n3 · · · M

mkl
nkl

as in (5), we take rl = m1+m2+m3+· · · mkl
.

With this notation, we are going to prove (23) by induction on rl. Before continuing, note that,
although (23) is a finite sum, we can write

∑∞
j=0, since the summands are zero from a certain j

(the factorial of a negative integer is infinite; we will implicitly use this several times in what
follows).
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The cases rl = 0, 1, 2 are true by µM(1) = 1 and Proposition 4. For the induction step, let
us assume that the result is true for rl′ < rl, and let us prove it for rl.

If we use the notation IF3, IF7 and IF63 with the same meaning as in (26), the recurrence
(10) can be written as

µM(l) = IF3
(
−µM(l/3)

)
+ IF7

(
−µM(l/7)

)
+ IF63

(
−µM(l/63)

)
− µM(l/Mn3) − · · · − µM(l/Mnkl

);

however, from now on, and to avoid overloading the notation, we will do without those IF (in
these cases, the corresponding summand should not appear, but we will not worry about it as
it only requires minor adjustments).

In all the cases l′ = l/3, l′ = l/7, l′ = l/63 and l′ = l/Mnj , the corresponding rl′ satisfies
rl′ < rl, so we can apply the induction hypothesis. Consequently,

µM(l) = (−1)rl

∞∑
j=0

(rl − 2j − 1)!
(m1 − 2j − 1)! (m2 − j)! j! m3! · · · mkl

!

+ (−1)rl

∞∑
j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j − 1)! j! m3! · · · mkl

!

+ (−1)rl−2
∞∑

j=0

(rl − 2j − 3)!
(m1 − 2j − 2)! (m2 − j − 1)! j! m3! · · · mkl

!

+ (−1)rl

∞∑
j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j)! j! (m3 − 1)! · · · mkl

!

+ · · · + (−1)rl

∞∑
j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j)! j! m3! · · · (mkl

− 1)! .

To shorten the notation, let us denote

mum(j) := mum(rl, m1, m2, j) = (m1 − 2j)(m1 − 2j − 1)(m2 − j)
(rl − 2j)(rl − 2j − 1)(rl − 2j − 2) .

Then,

µM(l) = (−1)rl

∞∑
j=0

(rl − 2j)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

!

×
(

m1 − 2j

rl − 2j
+ m2 − j

rl − 2j
+ mum(j) + m3

rl − 2j
+ · · · + mkl

rl − 2j

)
= (−1)rl

∞∑
j=0

(rl − 2j)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

!

(
1 + −j

rl − 2j
+ mum(j)

)

= (−1)rl

∞∑
j=0

(rl − 2j)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

!

+ (−1)rl

∞∑
j=0

(rl − 2j)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

!

( −j

rl − 2j
+ mum(j)

)
,

and the result follows if we see that the expression of the last line is zero. But this is equivalent
to proving that
∞∑

j=0

(rl − 2j)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

!
j

rl − 2j
=

∞∑
j=0

(rl − 2j)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

! mum(j).
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In the series on the left-hand side, the summand corresponding to j = 0 vanishes; then, we
must prove that

∞∑
j=1

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j)! (j − 1)! m3! · · · mkl

! =
∞∑

j=0

(rl − 2j − 3)!
(m1 − 2j − 2)! (m2 − j − 1)! j! m3! · · · mkl

! .

But these series are the same, because the change j 7→ j+1 transforms the series on the left-hand
side into the series on the right-hand side, which concludes the proof of the theorem.

Proof of Theorem 10. Let us now see how to obtain (24) from (23) using ΛM = µM ∗ u′
M. Let

us recall that this means
ΛM(l) =

∑
k|l

µM(l/k)uM(k) log(k). (32)

If l is a Fermat number other than M6, (15) implies ΛM(l) = log(l), which coincides with the
expression on the right-hand side in (24), so there is nothing to prove. If l = M6 = 63 = 32 ·7 =
M2

2 M3, then, by (13) (or by Table 1),

ΛM(63) = −ΛM(21) − ΛM(9) + log(63) = −(−ΛM(3) − ΛM(7)) − (−ΛM(3)) + log(63)
= log(3) + log(7) + log(3) + log(63) = 2 log(63);

this again coincides with the right-hand side in (24), so there is no need to worry about this
case either. Therefore, we can assume that l ∈ MP and it is not a Fermat number; moreover,
rl > 1.

In (32), uM(k) = 0 unless k is a Fermat number; in particular, for k = l, uM(l) = 0.
Likewise, for k = 1, log(1) = 0. Then, for l = 3m17m2Mm3

n3 · · · M
mkl
nkl

, and if we use the notation
IF3, IF7 and IF63 with the same meaning as in (26), we have

ΛM(l) = IF3
(
µM(l/3) log(3)

)
+ IF7

(
µM(l/7) log(7)

)
+ IF63

(
µM(l/63) log(63)

)
+ µM(l/Mn3) log(Mn3) + · · · + µM(l/Mnkl

) log(Mnkl
);

however, from now on, in order not to overload the notation, we will do without those IF. Note
also that, although (23) and (24) only have a finite number of summands, we can put

∑∞
j=0 on

both sides, because the summands are zero starting from a certain j.
By applying (23),

ΛM(l) = (−1)rl−1
∞∑

j=0

(rl − 2j − 1)!
(m1 − 2j − 1)! (m2 − j)! j! m3! · · · mkl

! log(3)

+ (−1)rl−1
∞∑

j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j − 1)! j! m3! · · · mkl

! log(7)

+ (−1)rl−3
∞∑

j=0

(rl − 2j − 3)!
(m1 − 2j − 2)! (m2 − j − 1)! j! m3! · · · mkl

! log(63)

+ (−1)rl−1
∞∑

j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j)! j! (m3 − 1)! · · · mkl

! log(Mn3)

+ · · · + (−1)rl−1
∞∑

j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j)! j! m3! · · · (mkl

− 1)! log(Mnkl
).

For convenience, let us denote

mug(j) := mug(rl, m1, m2, j) = (m1 − 2j)(m1 − 2j − 1)(m2 − j)
(rl − 2j − 2)(rl − 2j − 1) .

18



Thereby, we have

ΛM(l) = (−1)rl−1
∞∑

j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

! log(3m1−2j)

+ (−1)rl−1
∞∑

j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

! log(7m2−j)

+ (−1)rl−1
∞∑

j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

! log((32 · 7)mug(j))

+ (−1)rl−1
∞∑

j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

! log(Mm3
n3 )

+ · · · + (−1)rl−1
∞∑

j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

! log(Mmkl
nkl

)

= (−1)rl−1
∞∑

j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

!

×
(

log(3m17m2Mm3
n3 · · · M

mkl
nkl

) + log(3−2j+2 mug(j) · 7−j+mug(j))
)

= (−1)rl−1
∞∑

j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

! log(l)

+ (−1)rl−1
∞∑

j=0

(rl − 2j − 1)!
(m1 − 2j)! (m2 − j)! j! m3! · · · mkl

!
(
−j + mug(j)

)
log(63),

and the result will be proven if we see that the series on the last line is zero. But this is
equivalent to proving that

∞∑
j=0

(rl − 2j − 1)! j

(m1 − 2j)! (m2 − j)! j! m3! · · · mkl
! =

∞∑
j=0

(rl − 2j − 3)!
(m1 − 2j − 2)! (m2 − j − 1)! j! m3! · · · mkl

! .

This equality is true: in the series on the left-hand side, the summand corresponding to j = 0
vanishes (and, otherwise, j/j! = 1/(j − 1)!); then, the change j 7→ j + 1 transforms the series
on the left-hand side into the series on the right-hand side, which concludes the proof of the
theorem.
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