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Abstract

We study three questions related to Machin’s type formulas. The first one gives all two
terms Machin formulas where both arctangent functions are evaluated 2-integers, that is
values of the form b/2* for some integers a and b. These formulas are computationally
useful because multiplication or division by a power of two is a very fast operation for most
computers. The second one presents a method for finding infinitely many formulas with N
terms. In the particular case N = 2 the method is quite useful. It recovers most known
formulas, gives some new ones, and allows to prove, in an easy way, that there are two
terms Machin formulas with Lehmer measure as small as desired. Finally, we correct an
oversight from previous result and give all Machin’s type formulas with two terms involving
arctangents of powers of the golden section.
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1 Introduction

In 1706, John Machin found the identity

4 arct L t L = — (1)
arctan — — arctan .
5 239 4
In conjunction with the arctan expansion
t = E ~ L _gmAl <1, 2
arctan . m & || (2)

discovered by Gregory in 1671, Machin used to compute 100 digits of 7.

In the mathematical literature there are many formulas similar to , that is, combinations
of arctan functions that, in some way, generate w. Besides , the following are the most
classical formulas

arctan(1/2) 4 arctan(1/3) = 7 /4, (3)
2arctan(1/2) — arctan(1/7) = /4, (4)
2arctan(1/3) 4+ arctan(1/7) = 7 /4, (5)
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that are usually known as Euler’s, Hermann’s and Hutton’s formulas, respectively (actually,
their attribution to these authors is not clear; for instance, [7] also attributes all of them to
Machin, see [23] for more historical details).

While many of these formulas have been used to effectively compute many digits of ,
other formulas do not have such practical interest, but they are interesting by themselves. For
instance, this is the case with the relation

17

F,_
+ arctan = —, 6
n+1 Fn+2 4 < )

arctan

where (F},), are the Fibonacci numbers (a simple geometric proof of this formula can be found
n [18]). Moreover, taking into account that when n — oo, F,,/F,_1 — ¢ := (1 4+ /5)/2, the
golden section, taking limits in @ gives the identity

arctan ¢! 4 arctan ¢ > = % (7)
Many questions can be posed around this subject. A first natural one was: How many
formulas of the type
1 1 T
x1 arctan — + zp arctan — = —, (8)
ma meo 4
with rationals x and integers my > 2 there exist? Nowadays, after 1895 Stormer’s paper [20]
(see also [21]) it is known that only the four above identities (T]), (3), and do exist.
How about if we allow identities of the type

:Ularctanﬂ+---+mNarctana—N = -, 9)
b1 by 4

with z € Q, ax € Z, by € N* (and |ax/bg| < 1 to guarantee the convergence of with

x = ay/by), are there many other such formulas? Which of them gives a faster algorithm to

compute digits of 77 In 1938, D. H. Lehmer [I5] gave the now so-called Lehmer measure

Z Togyo| ST’ (10)

that can be used as a hint of the computational efficiency of @D; without explaining the details
that motivate the definition, note that, if |ay/bg| is small, the series for arctan(a/by)
converges quickly, and less summands are necessary to compute it with a prescribed precision.
Thus, the smaller is the Lehmer measure, the faster is the corresponding algorithm to compute
digits of 7. Many formulas of type @ with their corresponding Lehmer measures can be found
in [10} 15, 24]. For instance, the Lehmer measure of is 1.85113 and thus it is faster than ,
and , whose Lehmer measures are, respectively, 5.41783, 4.50522 and 3.2792; moreover,
both [10] and [24] give the same identity of type (9)), with N = 6, and whose Lehmer measure
is 1.51244, the lowest at that time. Are there Machin-like formulas with Lehmer measure as
small as we want?

Nowadays, the use of this type of formulas to compute many digits of 7 is not so useful,
because faster types of algorithms are available (for instance, Chudnovsky algorithm [I1], which
is based on Ramanujan’s 7 formulas; for more details on these types of algorithms see [14]).
Actually, more than 10" decimal digits of 7 are already known. Moreover, to compute more
digits of m does not have any practical interest, but the one of beating records.

In relation to , a different question can be asked: are there similar formulas with other
powers of @7



The aim of this paper is to answer some of the above questions. In Section [2 we analyze
the solutions of an equation similar to but allowing arctan(2% /my,) or arctan(mg/2%) in
the place of arctan(1/myg). We prove that there are ten sporadic Machin-type formulas of this
type, together with two parametric families, see Theorem

Let us comment why the interest of having 2% /my, or my /2% instead of aj /by in general
(we assume here that ay, bg, my are positive integers). Let us assume that we want to compute
many summands in , to get many digits of m. If we have z = 1/my, every summand requires
to divide by 2m+1 and by m2 (two operations); if we have @ = ay /by, a division by 2m +1 and
by bz and a multiplication by a% (three operations). Due to this reason, most of the Machin-
like formulas to compute 7 that have been used in the practice (or whose Lehmer measure
have been analyzed in the above mentioned papers [10} [I5] 24]) are of the form 1/my. But,
if we have 2% /my, or my /2%, to multiply or to divide by 2% can be done with a shift in the
binary representation of the number, whose computational time is negligible compared with a
multiplication or a division, so this case can be considered as fast as the case with 1/my. Thus,
perhaps a better way to estimate the computational efficiency of a formula like @ would be to
take

Z 1Oglo |bk/ak’)

[43

with some “weights” wy > 1 that may depend on ay, and by (as well as on the hardware and
the software), so it not totally clear how to compare such formulas.

In Section [3| we define some rational functions R;(n,z) (both the numerator and the de-
nominator being polynomials in the variable z depending on n and with integer coefficients),
j=0,1,2,3 and n € N, in such a way that, for any = € QQ, the combinations

xy arctan(Rj, (n1,x)) + - - - + oy arctan(R; (ny, z)),

with z = rg/ng and 71 +- - - +ry = 0, always give a rational multiple of 7 (we ignore the poles,

namely the values of x that are roots of any denominator). We have used the name “Machin’s

formulas machine” to denominate this method, because it allows finding Machin’s type formulas

without any difficulty. In particular, taking N = 2, it allows us to find Machin’s type formula

with Lehmer measure as small as we want, see Theorem (3] As we will comment at the end of

Subsection our Machin’s type formulas when N = 2 extend some of the results of [4].
Finally, in Section [4 we classify the formulas of the type

x1 arctan(¢®) + xg arctan(¢p®?) = %7

with ax € Z\ {0} and =, € Q\ {0}, showing that there are, essentially, sixteen of these identities.

In fact, this part is a correction of the previous paper [I7] where some of these formulas were
missed due to an oversight in the proof.

2 Machin’s formulas with powers of two
The purpose of this section is to solve

(11)

x1 arctan(zy) + zo arctan(zz) =

S

in rational numbers 1, x9, 21, 22, where 2z € (0,1) for k = 1,2 and 2, = 2% /by, or by /2% for
some integers ag,br, > 1. The case where a; < 0 for both £ = 1,2 leads to zx = 1/my for
k = 1,2, and this has been treated [2I]. We do not treat the case when z; = z3 = z, since that



leads to arctan(z)/m € Q\ {0}, and the only corresponding value of z is 1. So, we assume that
z1 < z9. In case ai < 0, we incorporate 27% into bi. Hence, we assume that a; > 0 and by, is
odd unless a;, = 0 in which case by can be even.

As we will see, a main tool in the proof of next theorem will be that all positive integer
solutions (z,y,a,n), n > 3, of the diophantine equations 22 + 1 = 2y" and 22 + 2% = y", are
known, see [13] [16].

Theorem 1. All solutions (1, 21,22, 22) of equation (11)) in non-zero rational numbers x1,xs
and rational numbers z1 < zy in (0,1) of the form 2% /by, or by /2% for k = 1,2 are the following
ten sporadic ones

1 1 1
_1777477 ) _1777271 ) _1737§7§ 3
239 5) 7 2 11°2° 4
1 2 3 1 1 1 42 1 2 31
"11773)7\37239’3’3)7 \2'11'2°2)"
1 2 1 1 113 1 2
<1741727 5) ) <177727 3> ) (]—7 57 57 4> ’ <3)772711> )

together with the two parametric families

1 2a2 1 2&2 _1 .
(1)2a2+1+17172a2+1>7 <172a2+1_171; 2a2 )7 QQEN

Remark. Allowing as = 0 in the first parametric family we get the solution (1, %, 1, %) which
also belongs to the second parametric family (for ag = 1). We cannot allow ag = 0 in the second
family because zo vanishes in this case.

2.1 A reformulation

We write z, = wug/(w/dp), where uy,ug,dy > 1 are integers with |uq],|ua|,dp,w > 1 and
ged(ug,ug) =1 and so

uy arctan(zy) + ug arctan(zg) = wr_ T (12)

4dy d

Formally, we write first 1 = Uj/w, o2 = Uz/w, with a common denominator w, then let
do = ged(Uy, Us), so up = Uy /dy, ug = Us/dy. We write w/(4dy) = ¢/d # 0 in reduced terms.
Applying tan, we get that tan(cr/d) € Q. In particular, this implies that e27/4 ¢ Q[i], so e2¢i™/¢
is a root of unity of order at most 2. This implies that ¢(d) < 2, so d € {1,2,3,4,6}, where ¢
is the Euler’s totient function. In fact, by using [7, Cor. 3], it can be seen that d € {1,2,4}, but
we will not use this fact because this stronger restriction does not imply substantial changes
in our proof and in this way our argument is more self-contained. To fix notations, we assume
that a; < ae and we do not consider the case a; = as = 0, since those solutions have already
been found in [2I]. Thus, as > 1.

2.2 Proof of Theorem [1I

Assume for the sake of the argument that z; = 2% /by, z9 = 292 /by. The cases where z, = by, /2%
for one or both of £ = 1,2, can be reduced to the present one via the formula

1 T
arctan <> =5 arctan(z),

x



arriving to an equation similar to with a different value of ¢/d in the right-hand side. Up
to replacing (u1,uz2) by (—uy, —us) if needed, we assume that u; > 1. Noting that d | 12, it
follows that 12/d € N. Next, we get

(14029 /b)) 1290 (1 40272 /b) 1242 = (1 — 42 /by ) 12" (1 — 272 /by) 1242,

Thus,
(bl + ,L~2a1)12u1 (bQ + Z~2a2>12|u2‘ — (bl o Z'2a1)12u1 (b2 ¥ i2a2)12|u2|,

where the sign in + on the left is sgn(ug) (and the sign in F on the right is — sgn(ug)). Extracting
12th roots we get

(b 4 d2)" (by £ 022) 2] = by — 2% )™ (by F 02%2) 2],

where ( is a root of unity in Q[i]. Hence, ¢ € {£1, +i}.

2.2.1 The case a; > 1

Assume first that a; > 1. Then b; + 2?4 and by — 2%14 are coprime in Z[i| since their norms
are b? + 2291 (odd) but the norm of their difference 241717 is a power of 2 and the same is true
about by 4+ 2924 and by — 2924. It follows up to relabeling ¢ that

(b1 + 2710)"t = (b F 292i)lu2]]

where ( is unit in Z[i]. Thus, ¢ € {£1,+i}. If u; = |ug|, then 1 = u; = |ug| (since they are
coprime) so by + 24 = ((bg F 2%27), so we get by = be,a; = ag, so z; = 29, a case that we do
not consider. So, we assume that u; # |ug|. Then there exists v € Z[i] such that

by + 2% = 12l and by F 2920 = Gy,

where again (1, (2 are in {£1, £i}. Assume next that {ui, |us|} = {1,2}. Swapping u; and |uz]
if needed and incorporating (; into v we get

b1 +2%%i =~ and by F2%i = :l:CnyQ.

Thus,
by F 2920 = Co(by + 200)% = (b3 — 2290 42T py4), (o € {#1, +i}.

Since by and b? — 22t are both odd, we get that (o € {£1}, 292 = 291+1p; and by = +(b? —22%1).
The first equation leads to as = a; + 1, by = 1, and now the second leads to by = £ (1% — 2201),
$0 by = 2201 _ 1. This leads to

1 20+l
2 arctan (2(11) — arctan <22al_1> =0,

which follows from the well-known formula

2z
2 arct = t
arctan(z) = arctan (1 — 932> ,

for v € (—1,1), with x = 1/2%. When a; = 1 the above formula gives rise to the solution
(1, %, %, %) For a; > 1 this looks like except that it has ¢/d = 0, which is not convenient
for us.



This was for a; > 1 and {uy, |uz|} = {1,2}. Up to swapping w1, uz, we next assume that
|ug| > 3. Then
by + 27 = (yrylvel.
Taking norms we get
b2 + 2201 = ylual,

The solutions of the equation
33‘2 T, L - yn7
with « odd and n > 3, have been found in [16]. They are
524+2=3% 11°4+2°=5°, 7°4+2°=3%

Only the second one is convenient for us (the exponent of 2 must be even) giving by = 11,
a; =1, ug = £3. Thus, v =1+ 2i and u; € {1,2}. Hence, we must also have

by F 27%i = (o(1 + 2i)1% € {G(1 £ 2i), Go(—3 £ 4i) }.

Thus, we get (2 € {£1}, (b2, a2) € {(1,1),(3,2)}.

2.2.2 The case a; =0

In case b; is even, the same arguments apply because by + ¢ and b; — ¢ are coprime since their
norm is b7 + 1 (odd) and the norm of their difference 2i is 4 which is a power of 2. The
previous arguments apply. We get (u1,us) = (1,£1) and (b1, a1) = (ba, a2) which leads z; = 29
which is not convenient. The case (uj,|uz]) = (1,2) does not lead to convenient solutions
since by = 224 — 1 = 0, which is not possible. The case max{us, |ug|} > 3, leads again to
2?2 + 220 = y" where (z,a) = (bg,a;) for some k € {1,2}. This equation has no solution
with a = 0, so we get (ba,a2,u1) = (11,1,3). Hence, |uz| € {1,2}, a1 = 0, v = 1 + 24, so
bi+i= 52 € {¢(1+ 2i),(1(—3 + 44)}, so the only possibility is by = 2, ug = +1.
Finally suppose that a; = 0, b1 is odd. In this case in

(by + )% (by & 2929) 42l = (b) — §)4™1 (by 7 2024) 42l

we have that by + 4 has norm b2 + 1 =2 (mod 8). Thus, 1 +i | by +i and (b +14)/(1+4) is an
integer in Z[i] of odd norm. Thus,

+ 2a2) ezl = T 2%2) ez,
<1+z‘> (b 0 <1—i (b2 g

Now the integer (by +4)/(1 4 1) is coprime to (by —i)/(1 — ) (since they have odd norms and 2
is linear combination of the above two integers with coefficients in Z[i]), so we get that

bl"‘i dur N4
_ C(by T 221)
<1+Z> C(Z:F Z) 3

for some unit ¢ in Z[i]. Thus, there is v € Z[i] and two units (3, (2 such that

by +1

o = ¢yl and by F 2720 = (™. (13)
1

If u; = |ug|, then u; = |Jug| = 1. In this case we get

by + i = C(1+ i) (by F 2%) = ((by £ 2% +i(by F 2%2)), ¢ € {£1,+i}.



We study the four possibilities. If ( = £1, we then get
b1 +1i= :i:(bg +2%2 4 i(bg F 2a2))'

This gives
by = +£(ba £2%?), 1= +(by F2%),

which correspond to the systems

b1:b2+2a2, blzbg—2a2, blz—(b2+2a2), 51:—(b2—2a2),
1 =10y — 2%, 1 =0by + 22, 1:—(b2—2a2), 1:—(b2+2a2).

Only the first system gives the acceptable solution by = 292 + 1, by = by + 292 = 292+l 1 1
yielding the first parametric family together with the solution with as = 0, which is (1, %, 1, %)
and which is also a member of the second parametric family. The other three systems do not
give acceptable solutions since one (or both) of by, by are negative. Assume next that { = +i.
We obtain

b1 ::F(b2:|:2a2)7 1 Zﬂ:(bgzl:QaQ),

which correspond to the systems

b1=—62+2a2, b1=—b2—2a2, blsz—QaQ, 51=b2+2a2,
1:bg—|—2a2, 1252—2a2, 1:—b2—2a2, 1:—b2—|—2a2,

where only the last one gives the acceptable solution by = 22 — 1, by = by + 2%2 = a2+l _ 1
This yields the second parametric family, after using arctan(z) = 7/2 — arctan(1/z) for = > 0.
Again the other three systems do not give convenient solutions since one or both of by, by are
negative.

Assume next that u; # |ua|. If (u1, Jug|) € {(2,1),(1,2)}, then we get equations

.
11:; — and by £ 290 = (72,
or -
by + 2% =~ and f:; =72

In the first case, we get

by +1
1+1

2 /
by £2%4 =( ( ) = %(b% — 14 2b17) (With CI = —i(),

which gives by = by, 2271 = 2 — 1. The only solution of the last equation above is ay = 2,
b1 = by = 3. This leads to the useless formula

2 arct L t 5 =0
arctan 3 arctan | - | = 0.

by +i=C(1+14)(by T 2%20)% = C(1 + i) (b3 — 2292 T 292 pys)
= ((by — 2% £ 292 by 4 (b5 — 2°%% F 29271 by)i).

In the second case, we get

When ¢ = £+1, we find

b3 — 2202 £ 202y — by B3 — 2202 g ge2tly, —



or
b2 — 2202 4 gatly, — ) p2 202 poaatly, —

The first case gives rise to the system
(by £ 292)2 — 22021 —p
(by F292)% = 22021 4 1,

This is solvable in integers only when as = 1. In this case, we find

(b +2)* —8 = by, (by —2)* —8 =y,
(b2 —2)* =09, (b2 +2)* =9,
so from (by —2)% = 9, we have the only acceptable solution by = 5, therefore b; = 41, while from

(by + 2)%2 = 9, we have the only acceptable solution by = 1, but this leads to by = —7, which is
not acceptable. On the other hand the second case corresponds to

(bp £2%)? = 222H! = _p;,
(62 :F 2(12)2 — 22&2-‘1‘1 _ 1’

which is solvable in integers only when as = 0. In this case we find

(b2—|—1)2—2:—b1, (b2—1)2—2:—b1,
(by — 1) =1, (by +1)2 =1,

so from (by — 1)?> = 1, we have the only acceptable solution by = 2, so by = —7, which is not
acceptable, while from (b +1)? = 1 we do not have acceptable solutions. Finally, when ¢ = =i,
we find

by — 222 F 20 by = —by, b5 — 2702 £ 292ty = 1,

or
b% _ 22&2 F 2a2+1b2 — bla b% _ 22&2 + 2a2+1b2 - 1.

The first case gives rise to the system

(b2 ¥ 2a2)2 o 22a2+1 — _b17
(by £2%2)% = 222F 4

which is solvable in integers only when as = 1. Accordingly, we find

(by —2)% — 8 = —by, (b +2)* —8 = —by,
(bQ + 2)2 =9, (bg — 2)2 =9,

so from (by + 2)? = 9 we have the only acceptable solution by = 1, therefore b; = 7, while from
(by — 2)? = 9 we have the only acceptable solution by = 5 but this leads to by = —41, which is
not acceptable. On the other hand the second case corresponds to
(by +2%2)% — 2202H1 = py,
(b2 ¥ 20,2)2 _ 22a2+1 o 17

which is solvable in integers only when as = 0. In this case, we find

(by +1)2 —2 = by, (by —1)2 —2 =by,
(by —1)? =1, (by +1)2 =1,



so from (by — 1)? = 1 we have the only acceptable solution by = 2, therefore b; = 7, while from
(by +1)%? = 1, we do not have acceptable solutions. Resuming this discussion, we find

(GQ, bl, bg) S {(O, 7, 2), (1, 7, 1), (1,41, 5)}

The first two instances lead to the same sporadic solution (—1, %,2, %) as 2% /by = 1/7 and
292 /by € {1/2,2}, namely the second one in the list from the statement of the theorem, while
the third instance leads to the seventh sporadic solution (1, 4—11, 2, %) from the statement of the
theorem.

Finally, assume that max{u, |uz|} > 3. In this case taking norms in we get
b+ 1=2y" and b} + 222 =ylul

If |ug| > 3, then we saw before that by = 11, ag = 1 are the only possibilities and then y = 5. If
this is so and u; € {1,2}, we get b2 +1 € {2-5, 252}, s0 by € {3,7}. Finally, if u; > 3, then
we get the equation

b 41 =2y,

for some n > 3, and the only solutions are (b1,y,n) € {(1,1,n),(239,13,4)} (see [13]). The first
one gives no solution for b3 + 2202 = ylu2l = 1. The second one gives u; = 4, by = 239. If also
|ug| > 3, then ug = £3, by = 11, ag = 1, otherwise ug € {£1, £2}, and

by £ 2927 = ((3 4 2i)1% € {¢(3 % 2i), ¢(5 £ 12i)},

and the only convenient one is ug € {£1}, by = 3, aa = 1. Collecting all the intermediary
values, we get the theorem modulo checking for the solutions to which come from values of
the parameters (u1, ua, a1, b1, az, ba, ¢/d) in the ranges |ux| < 4, ax € {0,1,2} for both k = 1,2,
de{1,2,3,4,6}, 0 < |c| <24 and b, € {1,2,3,5,7,11,41,239} for k = 1,2. Both Mathematica
and Maple codes returned the ten listed sporadic solutions.

3 The Machin’s formulas machine

An easy way to prove well-known formulas as arctan(x) + arctan(1/x) = sgn(z)7/2 or

/2, ifx>1,
1 2x .
arctan(z) — B arctan T2 0, if |z| < 1,
—7/2, ifx<—1,

or many others, is to use derivatives. For instance, we can check that the derivative of

20 o s . d o 1 < 1s .
arctan (171«2) coincides with - arctan(z) = T2 except for a multiplicative constant, so a
suitable linear combination of arctan(x) and arctan (13”; ») gives a function whose derivative is

zero, therefore it is piecewise constant (namely it is constant except at the discontinuity points).
More generally, we can find relations of the form

arctan(x) + C arctan(f(z)) = constant

if we have functions f(x) such that

a arctan(f(z)) !

ai ST 14)



for some constant r. Furthermore, it is easy to check that

d r d S
T arctan(f(z)) = 152 dn arctan(g(x)) = 22 5)
— L arctan((f(2)) =
— arctan x)))=—
dx g 1+ 22’
so the composition of functions satisfying provides new examples.
For differentiable functions, is equivalent to solve the differential equation
!/
k
fla) . (16)
1+ f(z)? 1422
The solutions of this equation are
f(z) = tan(k arctan(z) + ¢), (17)

with f(0) = tan(c) and ¢ € (—n/2,7/2). For our interest concerning Machin-like formulas, we
want to have functions which are rational; that is, are ratios of polynomials with coefficients
in Z.

Moreover, if we fix ¢ and denote the solution of by fx, the use of

tana + tanb
¢ b) =
an(e +0) = Tt a) (tanb)

gives
fr+1(z) = tan ((k arctan(z) + ¢) + arctan(z))
_ tan(k arctan(z) + ¢) + tan(arctan(zx)) _ fu(x)+ 2 (18)
1 — tan(k arctan(x) + ¢) tan(arctan(z)) 1 — xfi(x)

From this relation, if fi(x) is a rational function for a certain ¢, every function fy(z) will be
rational. But fi1(z) = (tan(c) +x)/(1 — z tan(c)), so we want that tan(c) € Q (or we start with
fo(z) such that fo(z) = tanec, and we arrive at the same condition).

So, we take ¢ € mQ). This is not compulsory, but it is suitable for our purposes. It is well
known that tan(c) € Q if and only if tan(c) = 0 or £1. Because tan is (—7/2, 7/2)-periodic, we
can restrict to one of the cases: ¢ =0, ¢ =7/4, ¢ =7n/2 and ¢ = —7/4 (or ¢ = 37 /4, that will
be more convenient notationwise).

The recurrence relation is nice and could be more widely studied, but here we are only
interested in more explicit formulas.

3.1 The functions R;(n,z)
Let us recall De Moivre’s formula
cos(nf) + isin(nh) = (cos(f) + isin(6))".

Using the binomial expansion and equaling imaginary and real parts we get

L(n—1)/2] n
o) = 3. (5, )o@ 0
r=0

2r +
L(n—1)/2] n
= cos"(0) Z (=1)" <27“ 4 1) tan®T1(6),
r=0

10



Ln/2] n Ln/2] n
cos(nf) = Z (=1)" <2r> cos" 2" (0) sin®" () = cos™(6) Z (=1)" <2r> tan®"(6).

r=0 r=0
And, by dividing these expressions,

For § = arctan(x), this becomes

ZLn 1) /2J( 1)r(2£rl)x2r+1
S (=1 (g e

so this is an example of with ¢ = 0; namely a rational function.
By convenience, let us denote

tan(n arctan ) =

[(n—1)/2] n [n/2] n
numern(x) = Z (—1)T< >$2T+1, denomn(x) = Z (—1)T( >$2T,

r=0 2r+1 r=0

with numeryg = 0 and denomg = 1. Then, for ¢ =0 in , we have

numery, ()

Ry(n,x) = , n=0,1,2,.... (19)

denom,, ()

The above functions satisfy - arctan(Ro(n,z)) = n/(1 + z%). The first few of these functions
are

—2x x3 — 3x

Ry(0,z) =0, Ro(l,z) =z, Ro(2,z) R Ry(3,x) 32 1’
—423 + 4z x® — 1023 + bx
Ro(d,2) = — L T2 Ri(sz) =L T TV
o) = T B0 = e

For the other values of ¢, we take ¢ = jm/4 with j = 1,2, 3, and denote the corresponding
solutions of by Ri(n,z), Ra(n,x) and R3(n,x), respectively.
For ¢ = /2 = 2m /4 it is clear that

sin(nf +7/2)  —cos(nd)

tan(nd + 7/2) = cos(nf +m/2)  sin(nd) ’

so, for ¢ = 7/2, we have

— denom,, () -1
= = =1,2,.... 2
R2 (n7 JE) numer,, (SU) RO (n’ JJ) y 1 s 4y ( 0)
The above functions satisfy again % arctan(Ra(n, z)) = n/(1 + x?).
For ¢ = /4,
tan(nd + 7 /4) cos(nf) + sm(n@)’

cos(nf) — sin(nd)

so, for ¢ = /4, we have

denom,,(x) 4+ numer,,(x)

Ri(n,z) = , n=0,1,2,.... (21)

denom,,(x) — numer,,(x)

11



The above functions satisfy again % arctan(Ry(n,z)) = n/(1+ x?). For instance, Ry (0,7) = 1,

a1 22— 9r—1 23— 32243z +1
1(1,7) -1’ 1(2,2) 22+ 2 -1’ 13,7) 3 =322 +3x+1"7
4 4% — 622 +4a + 1 —z° — 5% + 102° + 102% — 5z — 1
Ria) = ST Ry = e

x4+ 423 — 622 —dx 4+ 1’ x® — 5zt — 1023 4+ 1022 + 52 —1 °

Finally, for ¢ = 37/4,

sin(n#) — cos(nh)

tan(nd + 37/4) = tan(nf — w/4) = sin(nf) + cos(nf)’

so, for ¢ = 37/4, we have the functions

numer,(z) — denom,(z) -1

Rs(n,x) = , n=0,1,2,.... (22)

numer, (z) + denom,(z)  Ri(n, )
x

1
Once more, they satisfy -L arctan(Rs(n, z)) = n/(1 + 22).
;)

Actually, another way to define the functions R;(n,x), j =0,1,2,3, n € N, is to take

Rj(n,z) = tan(nf + jn/4), x = tan6; (23)

this definition is valid in a small range of = (to ensure that both the functions tan and arctan
are invertible). Then the previous arguments show that these functions are rational functions,
and, moreover, we have found their explicit expressions. Of course, once that we have a rational
function defined in a small interval, we can extend it to the entire C.

3.2 Some properties of the functions R;(n,x)

Here we present some of the algebraic properties of the functions R;(n,z). Actually, some
of these properties are not related to the Machine-like formulas, but they are interesting by
themselves.

Let us first note that, because the function tan is odd, we could instead use the func-
tions —Rj(n,x) for our purposes; actually, we could use R;(—n,z) to denote them, because
arctan(—R;(n,z)) = —n/(1 + z?), a formula which holds by looking at (14). This would allow
to index the functions R;(n,x) over n € Z, but this fact does not have any practical contribution
to finding additional Machin-like formulas.

When handling Machin-like formulas, it is more interesting to observe that the relation
between R;(n,1/x) and Rj(n,z), depends on whether n is even or odd:

Ro(2n,1/z) = —Ro(2n,x), Ro(2n+1,1/z) =1/Ro(2n+1,z), n=0,1,2,...,

24
Ri(2n,1/z) =1/Ri1(2n,z), Ri(2n+1,1/z)=—-Ri(2n+1,z), n=0,1,2,.... (24)

The proofs of these properties are straightforward, so we do not include them. In relation to
R;(n,—z), some symmetry properties also hold:

Ro(n,—z) = —Ro(n,x), Ri(n,—z)=1/Ri(n,x), n=0,1,2,.... (25)

Both for and for , the corresponding properties for Ry and R3 can be easily established
from the properties of Ry and Ry using and , respectively.

According to , the composition of the functions R;(n,z) generates new functions that
are useful in relation to the Machin-like formulas. However, we can see that these functions are
not really new. Let us start analyzing a particular case.

12



Let us first observe that, if the “internal” function in the composition is Ry, we have

Rj(nm, z) = tan(nm arctan(z) 4+ 7j/4) = tan(n arctan(tan(m arctan(x))) + 7j/4)
= tan(n arctan(Ro(m, x)) + 7j/4) = Rj(n, Ro(m, x)), j=0,1,2,3;

this argument is correct in a small enough interval of x’s (to guarantee that arctan otan = Id),
and then by analytic continuation we can ensure that

Rj(nm,z) = Rj(n, Ry(m, z)), xzeC, j=0,1,2,3. (26)

For each j, this formula allows to compute R;(n,x) as composition of successive Ry(p;, z) with
a final R;(p;,x), where the p; are the prime factors of n. In particular, it is enough to know
R;(p,x) for primes p in order to generate (or to compute) all the R;(n,z) by composition.
With full generality, it is not difficult to check that the composition of functions I?; behaves
as follows:
R;j(n,Ri(m,x)) = Rintjmoda(nm, x).

Let us note that the relation Ro(n, Ro(m,z)) = Ro(nm,x) of the functions Ry coincides
with the property T}, (T, (z)) = Thm(x) satisfied by the Chebyshev polynomials of the first kind
T, (x) := cos(narccos(x)), x € [—1,1]. These were used in [5l [12] in relation to the Mdobius
inversion formula. Finally, let us also mention that, although with a different notation, the
functions Ry(n,z) have been already defined in [6] (in particular, their rational expressions are
given), but they have not been used to obtain Machin-like identities. As we will comment a
little later, the functions R3(n,z) have been already introduced in [4] with a different approach.

3.3 Machin-like formulas associated to R;(n,)

Once we have defined the functions R;(n, z) and studied their properties, we can state the main
result of this section.
Before doing that, let us observe the following:

(a) At z =0 or & = +o0o, the value of the function arctan(R;(n,x)) (perhaps in the sense of
a limit) is always a rational multiple of .

(b) The functions arctan(R;(n, z)) are not defined at the roots of the denominator of R;(n, ).
However, and because arctan(co) — arctan(—oo) = m, it is clear that, at every x that is a
root of the denominator of R;(n, x), the jump arctan(R;(n,z")) — arctan(R;(n,27)) is a
multiple of =.

Let us now take any function of the form

N

N

Tk .

F(z)= Z o arctan(R;, (ng, x)) with Z r =0, (27)
k=1 k=1

defined in R except at the roots of the denominators. Since ‘- arctan(R;(n,z)) = n/(1 + 2?),
it is clear that
al Ty Nk
Fl(x) = — =0,
(@) e ny 1+ 22

so the function F(z) is piecewise constant (the continuity and the differentiability disappear
only at the roots of the denominators). Thus, as a consequence of (27), (a) and (b), we have
the following result.

13



Theorem 2. Let Ry(n, x) Ry (n x) Rg(n x) and R3(n,x) be the rational functions with integer
coefficients defined in , , and | ., respectively, with n = 0,1,2,..., and let r,
k=1,2,...,N, be mtegers such that Zk 17k = 0. Then, for any x € Q we have the Machin-like

formula
N

r r
Z L2 arctan(Rj, (ng, x)) = -, (28)
ng S
k=1
with r/s € Q (notice that, as the R;j(n,x) are rational functions with integer coefficients, the
functions arctan that appear in are evaluated at rational values).

Let us make some comments on this result. First observe that r/s is constant on intervals
of the variable z, but the constant changes when any of the R;(n,x) involved in has a root
at the denominator. Figures (I} 2] and [3|show, in a graphical way, three examples of the theorem
(they are simple examples, without any special interest). Observe that with the notation of
Theorem [2 the coefficients of arctan in Flgure 1| should be written as 3 2 and =2, respectively,
to get r1 + ro = 0; and the same in Flgu 2| with 93 and _91

Actually, it can happen that F(z) in (27)) (or the left- hand side sum in (28)) is the constant
zero function in some of those intervals, and then r/s = 0 in that interval; but, of course, this
is not the usual situation. For instance, this happens around x = —1 in the case of Figure

An important point is that, if we want to use to evaluate 7w using the Taylor expan-
sion (2), we need that the R;, (ny,z) satisfy |Rj, (ng, )| < 1. Let us now recall that

—1 -1

= d =—. 2
Ry(n, ) Ro(n.2) an R3(n, ) Rr () (29)
Moreover, the function arctan satisfies arctan(—1/t) = — arctan(1/t) and
1 T
arctan <t> = sgn(t)§ — arctan(t). (30)

Thus, if we use instead Rj with the notation 0/ = 2, 1’ = 3, 2/ = 0 and 3’ = 1, in the
case of with a |Rj, (ng,x)| > 1 we can replace arctan(Rj;, (ng,x)) by the corresponding
arctan(Rj (ng, x)), that will satisfy [Rj; (ng, )| < 1, so we can use the Taylor expansion. (This
cannot be done if Rj, (ng,x) = £1, but to evaluate our expression in those z is of no interest
because arctan(+1) = £ /4, so the corresponding summand arctan(R;, (ng, z)) can be removed
from the formula. )

The use of in the above mentioned procedure that replaces Rj, by R; " modifies the
identity (28) to a new identity of the same kind with all the |R;(n,z)| < 1. In thls process, and
since arctan(—1/t) = —arctan(1/t), the corresponding 7, in the condition S5, % = 0 on the
coefficients becomes —r. But, at the same time, the value of /s changes; in particular, it can
become to be 0 and in this case we get a useless Machin-like identity.

Finally, we want to comment that Theorem [2| extends some of the results of [4], where the
authors prove that, for a positive integer n,

1
n arctan () + arctan (R3(n,x)) = CTF,
x s
with r/s € Q. Recall that Ra(1,2) = —1/x and then this equality can also be written as
r

—% arctan (Ra(1,x)) + % arctan (R3(n,x)) = ST

that is of the form . In that paper, the rational functions R3(n,x) are obtained in a very
different way. They are given via a recurrent relation between polynomials that are a particular
case of the so called Rédei polynomials, see [19].
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Figure 1: The function 2 (4 arctan(R3(3,z)) — 3arctan(Ro(4,))), for z € (—5,5).

™

40

2L -

- ol

Figure 3: The function %(% arctan(R3(13,z)) — 2 arctan(Ro(7,z)) + 2 arctan(R;(8,z))), for
x € (—5,5).
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3.4 Some examples

With the notation of the R;(n,z), the ten sporadic cases of Theorem [I| (in particular, this
includes the four classical examples by Machin, Euler, Hermann and Hutton mentioned in the
introduction) can be obtained, in the same order as in the theorem, as follows:

4arctan(Ry(1,x)) — arctan(R3(4,z)) = 7/4, with z =1/5,
2arctan(Ro(1,x)) — arctan(R3(2,z)) = 7/4, with z =1/2,
—3 arctan(Ro(2, x)) + arctan(Rs(3,z)) = 7/4, with z =3,
—arctan(Ro(3,z)) + 3arctan(R3(1,z)) = n/4, with z =2,

2 arctan(Ro(1,z)) — § arctan(Ry(4,2)) = 7/4, with z = 2/3,
arctan(Ry(3,z)) — 3 arctan(Ry(1,2)) = n/4, with z = 2,
2arctan(Ro(1,x)) — arctan(R3(2,z)) = /4, with z = 2/5,
2arctan(Ry(1,x)) — arctan(R3(2,z)) = w/4, with z =1/3,
— L arctan(Ro (2, z)) + arctan(Rs(1,z)) = m/4, with z =3,
2arctan(Ry(3,x)) — 3arctan(R(2,x)) = 7/4, with z =2,

while the two parametric families correspond to

1 1
arctan (Ro (1, 2““—1—1)) — arctan (R3 (1, 2““—1—1)) =
1 1
arctan <R0 (1, 2a+1_1>> — arctan <R3 (1, 2a+1_1>> =
for a € N*.

It is not difficult to identify many other two-term well-known Machin-like formulas by means
of our notation. Let us give some examples, with their corresponding Lehmer measures, denoted
by p. The combination 5arctan(R;(2,x)) — 2arctan(Ry(5,x)) for z = 3 gives the formula

1 3
5 arctan <7> + 2arctan <79> =

The combination 22 arctan(Ra(17,z)) — 17 arctan(R3(22, x)) for x = 1/2 gives

24478 685 601 7
22 arct 17arctan | oo ) =T ~ 1.14343. 2
arctan <873 121> 17 arctan (69049993> TR 343 (32)

PRSI

.~ 1.88727. (31)

N

Finally, 22 arctan(Ro(1,z)) — arctan(R3(22, z)) for z = 1/28 gives

11 ~ 0.901429.

1 1744507 482180 328 366 854 565 127 T
22 arctan [ — | + arctan =—
98 646 395 734210062 276 153 190 241 239 4

Of course, each of the Machin’s formulas appearing in this paper can be checked by direct
multiplication of its associated Gaussian integers. For instance, and hold because
(7 +14)5(79 + 3i)? = 23519(1 4 i) and

(873121 + 24 478i)?%(69 049 993 + 6856014)'7 = 285374 (1 4-4).

It seems to us that our formulas are likely to reproduce most of the known Machin’s type
formulas with two terms, as well as to obtain new ones with N = 2, but are not enough in
general to include all formulas with N > 2, like for instance the ones appearing in [14]. In
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any case, two term formulas have been also shown to be useful as starting points to produce
formulas with more terms, see for instance the procedures developed in [3| [§, 22} 24].

Although the first main aim of our paper was to produce Machin-like identities with arbi-
trarily small Lehmer measure, with the help of Theorem[2] it is not difficult to look for examples
satisfying this property. It is enough to take N = 2 and to use a suitable strategy, with the
help of any computer algebra system.

We want to get two functions R;(n,x) and R;(m,z) whose absolute values are “small” at
the same z, to guarantee that the corresponding series converges quickly (that is, “few”
summands of the series are necessary to get a good precision). This is what happens with the
Machin-like identities having small Lehmer measure. With the aid of a computer, we can look
for these x with different strategies:

e Searching numerically for minima of each function of type R;(n, z)?+R;(m, z)? (or similar,
since, for example, we can put different weights or exponents on the two summands), and
imposing that the value of the resulting function is small enough.

e By numerically identifying intervals in which, simultaneously, —e < R;(n,z) < ¢ and
—& < Ri(m,z) < e, for £ > 0 fixed beforehand.

In both cases, in order to obtain “nice” expressions, it is of interest to take x rational with a
numerator and denominator that are not too large. This can be achieved by taking convergents
of continued fractions of numbers that we have obtained with the previous strategies.

A couple of new Machin-Like identities have been obtained with the above strategy (with
their corresponding Lehmer measure p). Using R;(n,z) with big values of n it is easier to find
examples with small Lehmer measure, but then we end up with fractions ay /by, where both ay
and by have many digits. In this case, we denote f! to indicate an irreducible fraction with r
digits in the numerator and s digits in the denominator.

e The relation 33 arctan(Ro(1,x)) — arctan(R3(33, z)) with = 1/42 gives

33 arctan(1/42) — arctan(f2)) = 7/4, p ~ 0.880916.

e The relation 48 arctan(Ro(1,z)) — arctan(R3(48, z)) with x = 9/550 gives

48 arctan(9/550) — arctan(fi2y) = /4, pu ~ 0.765513.

To evaluate Rj(n,z) for very big values of n (say, for instance, n > 100), it is not a good
idea to use their rational expressions given in , , and . For instance when n is
odd, both the numerator and the denominator are polynomials with n + 1 non-zero monomials,
see (21)). From a computational point of view, it is better to proceed as follows. In practice, we
have used these methods in some of the examples that appear in the next section.

Because Ry(n,x) = tan(nf) with x = tan 6 we have

sin(ng)  Im ((cos® + ising)™)
cos(nf)  Re ((cosf +ising)")’

Ry(n,z) = tan(nh) =

Dividing both the numerator and the denominator by cos™(0) we get

_ Im ((cos@+ising)")  Im((1+itan6)”)  Tm ((1+ix)")

Rl 7) = Re((cos0 + 1sin6)7) ~ Re (Lt itan6)")  Re ((L+ix)7)

If z € Q is fixed, we can evaluate (1 + iz)" via successive squaring (this is particularly easy if
n is a power of 2). Thus, (1 + iz)" is a number in Q[¢], and using it we obtain Ry(n,x).
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In the same way, using R;(n,z) = tan(nf + 7/4) with x = tan 6, we have

sin(nf +7/4)  cos(nf) + sin(nd)

cos(nf + m/4) - cos(nf) — sin(nh)

(cosf +isin6)™) + Im ((cos 0 + isin6)")

(cosf +isin@)") — Im ((cos @ + isin6)")

(1+itan6)") +Im ((1 +itan6)™)  Re ((1+ iz)™) + Im ((1 + iz)")
(1+itan6)?) —Im ((1+itan6)")  Re ((1+ix)") — Im ((1 + iz)")’

Ri(n,z) =

_Re
R
Re

Re (

and again we can evaluate (1 4 ixz)"™ by means of successive squaring. Using , we get the
corresponding expressions for Ra(n,z) and Rs(n,z).

In the particular case of n = 2™, there is another clever way to evaluate R;(2™,z): using
we can write R;(2™,x) as a composition of successive Ry(2,x) with a final R;(2,z); i.e.,

R;(2™,x) = R;(2, R3™ V(2,2))

(to avoid confusion with multiplicative powers, we use f°" to denote the composition of the
function f with itself n times). In the above, we have m rational functions (with numerators
and denominators of degree 1 or 2) that are easy to evaluate. Computer experiments show that,
for n = 2™, this method is faster than the previous procedure based on computing (1 + iz)"
via successive squaring.

3.5 Machin-like identities with small Lehmer measure

With the help of the functions R;j(n,z), we can prove that there exist two-term Machin-like
identities with Lehmer measure as small as we want. To do this, we use standard properties of
the continued fractions. The formulas with Lehmer measure as small as desired can be given

explicitly.
For a real number z, let us denote its continued fraction by = = [co, c1,c2,c3,...], and let
Pr/qk = [co,c1,C, ... ck), with E =0,1,2,..., be its convergents. It is well known that
1
‘x Pl < 5. (33)
qk qj,

Theorem 3. For every € > 0 there exist positive integers n, b1, ba, and another integer as with
0 < |ag| < ba, such that the Machin-like identity

(34)

t ! t T
narctan — — arctan 2 =
b1 by 4

has Lehmer measure less than €.

Proof. Let pi/qr be the convergents of the continued fraction of 7. By ,

1
al-o3)
gk qj
SO 1 1
sl (2
dpr  4qx 4

Taking & = 1/(4qx), the alternating series easily gives

1 1 1 1
arctan <> = +O<3> _7r+0<3) .
4qy, 4qp, a 4py, @}
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Multiplying by n = pi, we obtain

narctan(§) = pg (47;% +0 <ql]:,;>> = % +0 <q1,3) . (35)

Note that the derivative of g(x) = narctan(x) — arctan(R3(n,x)) is 0, so g is piecewise
constant. Because ¢g(0) = narctan(0) — arctan(Rs(n,0)) = 0 — arctan(—1) = /4, there exists
an interval Z around 0 where the value the function is 7/4 and on Z,

narctan(z) — arctan(Rs(n, z)) = % (36)
It suffices to show that £ = 1/(4qy) belongs to Z, which we do below.

By definition, see , the formula

3
R3(n,z) = tan (n@ + Z) = tan (n9 - %) , x = tan,
is valid on an interval for the variable # on which tan is a bijective function. That is, for
—7m/2 <nb —7/4 <m/2, or —w/4 < nb < 31/4. Because tanf ~ 6 for small 0, this is the case
when —7/5 < nx < 3w/5 and 6 is close to zero. Under this condition, we have
T

narctan(z) — arctan(Rs(n, z)) = nf — arctan (tan (né? - %)) =nb — (n@ - E) =7

4
as desired. Since certainly, £ = 1/(4qyx) satisfies —7/5 < n& = pi/(4qr) < 37/5, because pi/qx
are the convergents of .

Once proved that & = 1/(4qy) satisfies (36]), it follows from and that |Rs(n, )| =
O(1/q?). We then have the Machin-like formula with by = 1/€ = 4qx and ay /by = R3(n, §).
Finally,

1 n 1 _0 < 1 > () <1>

log1o(1/§) ~ logyo(1/|R3(n,§)) log10 gk k)’

so taking k big enough, the thesis follows. The step (*) can be justified as follows: the recurrence
relation

Gk = QkQk—1 + Q-2 = Qk—1 + qk—2

(with ar > 1 being the partial quotients of the continued fraction) gives that gx > Fj, where
F,, is the m-th Fibonacci number. Consequently, g, > ¢*~2 with ¢ the golden section, so
logyg qi > k. O]

Corollary 4. For every € > 0 and every N > 2 there exists a Machin-like identity

Ny a T N
Z “* arctan <b:) =7 with ];l_[l?“k # 0,

1 'k
which has Lehmer measure less than €.

Proof. Given one of the two terms formulas obtained in Theorem [3] with arbitrarily small
Lehmer measure, any of its arctangent terms can be split into two new ones by using the well
known identity

arctan(z) = 2arctan(2z) — arctan(4z> + 3z),

which once more can be easily proved by derivation. By applying this procedure N — 2 times we
arrive to the desired result. As we have already commented, other ways to split one arctangent
term into several ones are developed in [3], 8, 22, 24]. O

19



k Dr/qk a1 /by az/bs Lehmer measure
1 22/7 1/28 78 ~ 0.0000176845 0.901 429
2 333/106 1/424 §73 ~ 0.000022261 1 0.595 55
3 355/113 1/452 o3 ~1.21473-107° 0.545 675
4 103993/33 102 1/132408 st ~1.59405 - 10710 0.297 306
5 104 348/33 215 1/132860 f231898  _6.80756 - 10711 0.293 54
6 208 341/66 317 1/265 268 FLiz9988 . 3.43096 - 10! 0.279937
7 312689/99 532 1/398128 LI5l088 ~ —5.63418 - 10712 0.267 466
8 833719/265 381 1/1061 524 fo02832) ~ 2.4112-107 12 0.252 025
9 1146 408/364 913 1/1459652 FROS0TE8 ~ —2.79808 - 10713 0.241 887
10 4272943/1 360 120 1/5 440 480 S ee2 ~ 1.09862- 10718 0.22563
11 5419351/1725033 1/6 900 132 093188 ~ —3.75733- 10717 0.207 106
12 80143857/25510582  1/102042328  foit&54238 ~ 1.69914-1071° 0.188275
13 165707065/52746197  1/210984788  fi37d387219 ~ —3.51397- 10717 0.180906
14 245850922/78256779  1/313027116 2088616642 9.22166 - 10717 0.177756
15 411557987/131002976 1/524011904 3588214405 ~ —3.88753 10717 0.172125

Table 1: Machin-like identities n arctan(1/b;) — arctan(az/b2) = 7, with the notation of the
proof of Theorem [3| The notation f is used to indicate an irreducible fraction with r digits in
the numerator and s digits in the denominator.

Note that the above proof is constructive, and we can use the procedure given in the proof
to explicitly state Machin-like formulas, see Table [l We used the successive squaring method
explained in the previous section to compute the values ag /by that appear in that table.

To conclude this section, let us see another way to obtain two-term Machin-like identi-
ties with small Lehmer measure. As shown in the proof of Theorem |3 the function g(z) =
narctan(z) —arctan(Rs(n, z)) is piecewise constant and its value is 7/4 in an interval around 0.

Then, for fixed n big enough, we can take z € Q near %% by using a convergent of the
continued fraction of %%, and thus we have a1/b; = = and aa/by = R3(n,x). In this way, and
because x and R3(n, z) are small numbers, the Lehmer measure of the corresponding Machin-like
formula will be small (but the integers as and be have a lot of digits).

We can do this with n = 2™ and then use with j = 3 to compute az/by = R3(2™, ).
This method is very fast. For m < 30 and using three convergents for every 2%%, we have found
the corresponding Machin-line formulas, and computed their Lehmer measures. We summarize
a collection of these formulas in Table [2

The Machin-like formulas corresponding to the first convergents of 25 (i.e., ai/b; = 1/40)
and 22 (i.e., a1 /by = 1/85445659) have been previously found in [I, 2] by a different method.

4 Machin’s formulas with powers of the golden section

Recall that ¢ = (1 + v/5)/2 denotes the golden section. There are some linear combinations of
arctangents of powers of the golden section which evaluate to a rational multiple of 7 such as

1 1 1 2
=3 arctan(¢?) + 3 arctan(¢) = B arctan(¢%) + E arctan(¢?),

FRSErNES

1 1
== arctan(¢°) + %arctan(&) =3 arctan(¢°) + %arctan((b).
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Table 2:

2™ arctan(x) — arctan(R3(2™,z)) = 7§

2m a1/b az/ba Lehmer measure
2° 1/40 59 ~0.014 436 1.16751
= 1/41 2 ~ —0.00506511 1.0557
= 3/122 185 ~ 0.001328 54 0.969 041
26 1/81 fits ~ 0.00468519 0.953 294
= 2/163 148 ~ —0.000 161494 0.786 967
= 39/3178 229 ~ —0.000 037 964 2 0.749474
97 1/162 281 0.004 71529 0.882 42
= 1/163 363 ~ —0.000 131 942 0.709 799
= 39/6 356 182 ~ —8.39746-107° 0.649 066
28 1/325 f5%8 ~ 0.002291 66 0.776 917
= 1/326 Fé19 ~ —0.000124 553 0.654 001
= 19/6 193 534 ~ 2.24663 - 107 0.574 947
27 1/651 1391 ~0.00108355 0.69267
= 1/652 fLi3% ~ —0.000122 706 0.611015
= 9/5867 fL848 ~ 0.0000111404 0.557238
210 1/1303 3083~ 0.000 480 424 0.622 385
= 1/1304 S187T ~ 0.000122244 0.576 572
= 4/5215 5802 ~ 0.000 028 336 5 0.540901
220 1/1335088 f842808T . 2.52287 - 1077 0.31481
= 2/2670177 T8I0 ~ —4.18498 - 1078 0.298 784
= 7/9345619 T2 0 1.6974 - 1071 0.265 604
22! 1/2670176 15T 135 ~ 2.52287 - 1077 0.307 163
= 1/2670177 i3SI _4.18497 - 1078 0.291 137
= 7/18 691238 fis2d9r2l . 1.69851 - 10710 0.25796
224 1/21361414 22970779 3.16846 - 1078 0.269 781
= 1/21361415 Lo 44 858 ~ —5.08256 - 107° 0.257003
= 7/149529904 FISTS 18 ~ 1.69887 - 10710 0.238 788
225 1/42722829 a0ty ~1.3301-1078 0.258 016
= 1/42722 830 220042455  —5.08256-107° 0.251 621
= 3/128168489 207001542 . 1.0453-107° 0.242 399
226 1/85445659 o33 182800 ~ 4.10922 - 107° 0.245319
= 2/170891319 D03 188418 ~ —4.86669 - 10710 0.233 456
= 9/769010935 580223935 ~ 2.3986 - 1010~ 0.220238
229 1/683565275 1002329259 ~ 6.62304 - 10710 0.222134
= 1/683565276  fiiis138381 ~ —4.86669 10710 0.220 568
= 2/1367130551  fi§oimeqS! ~8.78178 1071 0.212 628
239 1/1367130551 SOt S8T028 ~ 878178 - 107 0.208 898
= 6/8202783307 flOS2031818 ~ —7.92992 10712 0.199 544
= 7/9569913858 LTS8 38 ~ 5.74833 - 10712 0.198 424
Machin-like formulas 2™ arctan(a;/b;) — arctan(as/b2) e

4

corresponding to

with x one of the first convergents of the continued

fraction of 7/2™%2. The notation f7 is used to indicate an irreducible fraction with r digits in
the numerator and s digits in the denominator.
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The first three of them appear for instance in [9 [I7]. The last one, although can be easily
obtained from the first three, does not appear in the above papers. They are all of the form

% = aarctan(¢") + barctan(¢), (37)

for positive integers k > ¢ with some rational numbers a,b. Via the formula arctan(z) +
arctan(1l/xz) = m/2 valid for all positive real numbers x, each one of the above formulas gives rise
to three additional formulas of the same kind with different (a, b), replacing (k, £) by (£k, £¢).
Via the above identity, we see that formula holds as well with a = b = 1/2, whenever
k + ¢ = 0. So, eliminating such trivial solutions, we see that equation holds in k,¢ € Z,
|k| > |¢|, kK + £ # 0 and a,b € Q for the following quadruples:

(3,43,1), (1,1,-3,-1), (-1,1,-3,1), (1,-1,3,-1),

33 )
(3.2,6,2), (1,2,-6,-2), (F.2,-62), (1,-2,6,-2),
E )

’b7 7€ g
(a,b,k,l) € (%,?,53) (1,3,-5,-3), (—,%,—5,3),( —3,5,-3),

5
(75250, (F2.-5-1), (14-5%1), (3151
Equation in positive integers k, ¢ was treated in [I7]. The main result in [I7] claims to have
found all solutions of equation in integers x, ¢ with k+ ¢ # 0. However, [I7] missed the last
row of solutions indicated above corresponding to (k,¢) = (5,1) and its variants with (£5, £1).
In this section, we fill in the oversight from [I7] and show that there are no other solutions up
to signs except for the above four.

Writing as in [17], @ = u/w, b = v/w with coprime integers u, v, w and w > 1, equation
leads to

(L+ig™) ™ (1 +ig")" = (1 —ig") " (1 —ig")™ (38)

(formula (4) in [I7]). The norm of the element 1 4 i¢" in the biquadratic field K = Q(i, v/5) is
5F2 or L2 according to whether & is odd or even, where F};, L, are the xth Fibonacci and Lucas
companion of the Fibonacci numbers, respectively. Since the above number is never a power of
2 for any positive integer , it follows that for every odd prime factor p of the above number,
there is a prime ideal 7 in Ok dividing p such that 7= divides 1 + i¢”. Note that m does not
divide 1 —i¢", since otherwise m divides (1 +i¢") + (1 — i¢") = 2, which is false since 7 divides
the odd prime p. The same argument applies to 1 + i¢’. Using the Primitive Divisor Theorem
for Fibonacci and Lucas numbers, it is argued in [17] that £ < 12, so one is left with finding all
pairs of positive integers (k,¢) in the range 1 < ¢ < k < 12. Then in [I7] (see formula (5)) it is
said that 7 divides 1+i¢" and 1—i¢’ and it is shown that, under this assumption, (x, £) = (6,2),
(5,3), (5,1). Looking at formula (4) in [17] (or formula (38)) however, the assumption that
divides 1 + i¢" and 1 — i¢!’ implies that v and v have the same sign. In fact the solutions
from [I7] have a and b with the same sign. Thus, the oversight comes from not having treated
the case when u and v have opposite signs in [I7]. In this case, 7 divides 1+ i¢" and 1 +i¢’.
This is the case missed in [I7]. At any rate, all examples must satisfy that the set of odd prime
factors of the two numbers

Ngjg(1+i¢") and Ngg(1+i¢")

must be the same. One calculates all such numbers for 1 < ¢ < k < 12 and gets the four
solutions (k, ) = (3,1), (5,1), (5,3), (6,2) and no others.
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