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ABSTRACT. Dunkl theory on the real line involves some tools such as the Dunkl

derivative
Raf(@) = & jay 4 2FI@ 2T
T 2 T

or the Dunkl exponential E(2) that is defined in terms of the Bessel functions.
Taking oo = —1/2 we get A_ /5 = d/dx and E_; /5(2) = €, hence, the classic
derivative and exponential are particular cases. In recent years, some papers
have generalized, in a Dunkl sense, number theoretic concepts such as Appell
sequences, and then they are called Appell-Dunkl sequences; in particular,
the so called Bernoulli-Dunkl and Euler-Dunkl polynomials have been defined,
among others. Here we generalize, also in a Dunkl sense, some Hurwitz or
Lerch zeta functions such as ((s,z) = > 2 ,1/(n + z)® and, in addition, we
get properties that relate those functions, extended to the s-complex plane
and evaluated at negative integers s, with Bernoulli-Dunkl and Euler-Dunkl
polynomials. One of the results we get for the “Dunkl zeta function” (q(s) is

Ca(l—s) =T(s)cos (?) S i, Re(s) > 1

s
=1 Sn

(where sy, are the positive zeros of the Bessel function Jo+1(x)). This equation
provides a generalization of the reflection formula of the Riemann zeta func-
tion, where the function »->° | 1/s5 is playing a similar role as  >2 ; 1/n°.

1. INTRODUCTION

An Appell sequence { P, ()}, is a sequence of polynomials defined by a Taylor
generating expansion

(1.1) Al)e™ =y Pn(x)%,
n=0 .

where A(t) is a function analytic at ¢ = 0 with A(0) # 0. Since the exponential
function e® is invariant under the differential operator d/dx, it is easy to show that
P,(z) is a polynomial of degree n and P/ (x) = nP,_i(x). Typical examples of
Appell sequences are the Bernoulli polynomials { B, (2)}5,, the Euler polynomials
{En(2)}52, or the probabilistic Hermite polynomials {He,, (z)}>2 , that are defined

by taking A(t) = etf—:, % or e~t*/2 respectively (a slight variation is the physi-

cists’ Hermite polynomials {H,, (2)}2%, defined by e~*"e27t = 37 H,(z)5).
The Appell sequences of polynomials have been extended in many ways. One

of them consists of changing the derivative operator by operators in the context of
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Dunkl. In [16] and [13], the derivative operator was replaced by

Ao (@) = g+ 20 (LT

where o« > —1 is a fixed parameter (see [17, 29]); observe that the case @ = —1/2
recovers the classical case A_j/p = %. In that setting, an Appell-Dunkl sequence
{Pn}22, is a sequence of polynomials that satisfies

AaPal@) = (n+ (@ +1/2)(1 = (~1)")) Py (2)

(instead of A, P, = nP,_1, the previous definition with a different multiplicative
constant in the place of n is used for convenience with the notation). The Appell-
Dunkl sequences can be written as a generating expansion similar to (1.1), namely

oo tn
A(t)Eq (zt) = Z Pn(z) )
=0 Wn,a
n
for a certain function F, and certain constants v, . (with E_;;; = exp and

Yn,—172 = n!); we will see the details in Section 2. The first Appell-Dunkl se-
quence of polynomials studied in the mathematical literature were the so called
generalized Hermite polynomials; see [29]. In recent years, also the Bernoulli and
the Euler polynomials (among other Appell families) have been extended to the
Dunkl context; see, for instance, [13, 14, 18]. These polynomials have proved to
be very useful to extend some classical properties to a more general context. For
instance, the Bernoulli polynomials can be used to find the values of the series
anozl 1/m?*, and the Bernoulli-Dunkl polynomials can be used to compute the
Rayleigh series >°°_ 1/s2* where {s,,}3°_, are the positive zeros of a Bessel
function (note that, essentially, the sine function is a particular case of a Bessel
function, and the positive zeros of the sine are s,, = wm, m > 1, so in this case the
corresponding Rayleigh series reduces to > o _, 1/m?¥).

In the classical case, there is a large class of Appell sequences {P,(z)}22, for
which there is a function H(s,z), entire in s for fixed x with Rex > 0, and satis-
fying H(—n,z) = P,(z) for n = 0,1,2,... For example, in the case of Bernoulli
polynomials, H is essentially the Hurwitz zeta function ((s,z) that for Re(s) > 1
is defined as ((s,z) = > .°_,(m + x)~*, and whose analytic extension to the s-
complex plane satisfies —n{(1—n,x) = B, (z). Another well-known example is the
Apostol-Bernoulli polynomials, whose corresponding function H is, essentially, the
Lerch transcendent function (see [3]). More examples can be found in [8, 9, 22].
The papers [24, 25] show how this can be done, in a very general way, with the help
of the Mellin transform fooo f(t)t*~1dt, and provide many additional examples.

The aim of this paper is to show how to do it in the context of Appell-Dunkl
sequences. Here, there are two important difficulties. The first one is the size of
E,(t) when t — +o00. Although E, (¢) is a generalization of €' to the Dunkl context,
it is not true that F,(t) ~ e’ when t — 400, but, roughly speaking, Fq(t) ~ eltl
(except for « = —1/2). In the above mentioned Mellin transform, a factor e~* in
f(t) greatly contributes to the convergence of the integral; however, this does not
happen with E,(—t). In the second place, the classical translation f(z) — f(x+m)
becomes a complicate operator in the Dunkl context, and this affects the summands
of type (z + m)~* of the classical Hurwitz zeta function, which are not so simple
in the new context.

The organization of this paper is as follows. In Section 2 we give the details
of the Dunkl context, and the precise definitions of the Appell-Dunkl sequences.
Section 3 gives the details of the Dunkl translation. In Section 4 we give a general
procedure, based on the Mellin transform, to extend an Appell-Dunkl sequence
{Pn(z)}2, to an analytic function H (s, z) such that H(—n,x) = P,(x) (actually,
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it is a bit different); due to the above mentioned difficulties, this is not as gen-
eral as in the classical case studied in [24], is not valid in the whole range of z,
and requires some additional hypotheses. This section also studies several particu-
lar cases of Appell-Dunkl polynomials (Bernoulli-Dunkl, Euler-Dunkl, generalized
Bernoulli-Dunkl, generalized Euler-Dunkl, and generalized Hermite), giving their
corresponding Hurwitz-Dunkl zeta functions. In Section 5 we study some additional
properties of these Hurwitz-Dunkl zeta functions. In particular, we show how these
functions are connected with series of type Y- °_, 1/75, , (where {jn o }po—; are the
positive zeros of the Bessel function of order «), by means of some formulas that
resembles Riemann’s functional equation for the classical {(s) function: if we use
(o to denote the function associated to de Bernoulli-Dunkl polynomials, we have

Ca(1 =) =T(s) cos (E) i ! Re(s) > 1

5 5
2 jm7a+1

m=1
(see the details in that section). In Section 6 we study the conection of our results
with the analytic continuation to the s-complex plane of Zo(s) = >, 1/j%, .
which was studied by Hawkins [21]. Finally, Section 7 includes some of the technical
proofs of the results presented in Section 5.

2. APPELL-DUNKL SEQUENCES

For a > —1, let J,, denote the Bessel function of order a and, for complex values
of the variable z, let

12 > z/2)%n
To(2) = 2°T(a+ 1) Lﬁ‘i)a) =T(a+1) Z n'FEr/?a—#l) = o1 (a+1,2%/4)
n=0

(the function Z,, is a small variation of the so-called modified Bessel function of
the first kind and order «, usually denoted by I,; see [35] or [28]). Also, again for
z € C, take

(21)  Ba(z) =Ta(2) +

2
2(a+1)

Following [17] for o > —1/2 and [29] for o > —1, in the real line and with the
reflection group Zs, the Dunkl operator A, is defined as

(2.2) A f(z) = %f(m) N 2a2+ 1 (f(x) —xf(—x)>7

where f is a suitable function on R. If we want to specify that the variable involved
in the Dunkl operator is z, we will use A, . For any A € C, we have

(2.3) AaEa(A\2) = A 2Ba(Az) = AEa(Ma).

Let us note that, when o = —1/2, we have A_; /3 = d/dx and E_; j5(\z) = e,
From the definition, it is easy to check that

Tot1(z) =€ 1F(a+1/2,2a 4+ 2, —22).

o0 o0 2n

Falt) =S 2 T =3~

n=0 Tm n=0 12ma
with
(2.4) ) 2%EN o+ 1), if n = 2k,
' M) 22K (a4 g, ifn=2k+1,

and where (a),, denotes the Pochhammer symbol

(@)p =ala+1)(a+2) - (a+n—1)=
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TABLE 1. Scheme that describes the process to transform the defi-
nition of the classical Bernoulli and Euler polynomials into the def-
inition of the Bernoulli-Dunkl and Euler-Dunkl polynomials (and
their generalizations of order 7). In the classical case, we use the
“basic” interval [0, 1], the function exp and the factorial n!; in the
Dunkl case with o > —1, we must use the “basic” interval [—1, 1],
the function E, and 7y, .

Bernoulli — Bernoulli-Dunkl Euler — Euler-Dunkl
Classical o Z By (2)5; 2e = Z E,(2)5
T ,6$t/2€t/2 S T £ ezt/Zet/Q - n
e S = X Bu(t) o = Z En (%55
t_t 5] nyn xt t nyn
TEEE GO s = 5 Ba(egh)
. ewt =) T niyn nyn
rewrite 2o = 3 B, (HHh)Z e = +e—t = E E, (22t
n=0 n=0
2tEa($t) - S N 1\ 2740 2Ea(1t) " gnyn
exp = Eo  prp—mLcn = nz::o Ba(57)5.5  Exwtea Z B (55 )%,a
. 20+ D) Ea(@t) _ o paatly2nt” Ea(zt) _ S~ s ztly2°t"
rewrite  TErTTG T ngo Br(*557)50 () go B (550
Eo(zt) X " Ba(zt) _ < t"
Dunk] Ia+1(t) = ngo %n’a(fﬂ) - Iu(t) = n:0 en,a(m)m
- Ea(at)  _ 5~ gq(r) (1) " Eq(at) (r) (o "
Generalized Ty = nZ::O EBn,a(x)%ﬂ o = P Ehalz ),y —
(with a a non-negative integer); of course, v, _1/2 = n!. From (2.4), we have
(2.5) SR = (@ 1/2)(1 = (<1)") = e
n—1,«a
We also define
(.-
j a 'Yj,a')/nfj,a’
which becomes the ordinary binomial coefficient in the case « = —1/2. To simplify

the notation we sometimes write -y, = 5, and 6, = 6,, . For each function A(t)
analytic in a neighborhood of ¢ = 0 and with A(0) # 0, we define an Appell-Dunkl
sequence { P, (x)}52, by means of the generating function

o0

(2.6) A Eq(at) =3 Po)

ne0 Tn
(additionally to the papers [2, 29] cited in the introduction, Appell-Dunkl sequences
have been also considered, for instance, in [10, 11, 16]). From this definition, it is not
difficult to prove that P, ,(z) is a polynomial of degree n and, moreover, A, P, (z) =
12 Po_1(2) (when oo = —1/2, this becomes the classical Py (z) = nP,—1(z) in the
Appell sequences).

Besides the generalized Hermite polynomials that, in the Dunkl context, were
studied in [29], we will use the so called Bernoulli-Dunkl polynomials, Euler-Dunkl
polynomials, and their corresponding generalization with an extra parameter.
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2.1. Bernoulli-Dunkl polynomials. Following [13], we define the Bernoulli-Dunkl
polynomials {B,, }°2, by means of the generating function

o0

E,(xt) B ox)
2.7 = : t".
( ) Ia+1(t) Z Tn,a
To simplify the notation we sometimes write B,, = B, o (and ¥, = Yn,a)-
The first few Bernoulli-Dunkl polynomials are
Bo(x) =1, Bi(x) ==,
a+1
a+2’

n=0

By (z) = 2% — By(r) =2° -z,

(a+4)(a+1)
(a+3)(a+2)’
Some of the properties of these polynomials can be seen in [13].

Before we continue, let us explain why we use “Bernoulli-Dunkl” to name these
polynomials. The first reason is that
%n7_1/2(2x — ].)

2n
where {B,}72, are the Bernoulli polynomials (for the definition and properties

of the Bernoulli polynomials see, for instance, [15] or [20]). Indeed, taking into
account that

a+3 5 a+4

B =2t — 922 .
oz)=2 x4+ e s’ Tora’®

Bs(r) =2° -2

(2.8) = By (),

E_ipp(x)=¢" Iipx)= smi(;x)7

the relation (2.8) can be deduced substituting « for 2z — 1, ¢ for /2 and « for —1/2
in the definition (2.7). Here, we must note that the change = — 2z — 1 in (2.8)
is very natural, because in the reflection group Z,, which is key in the standard
definition of the Dunkl operator (2.2), the symmetry plays a important role, and
thus the role of x = 0 and x = 1 on the classical Bernoulli polynomials must be
translated to the points —1 and 1. In fact, this is the process that is explained in
Table 1 (extracted from [14]) to define Bernoulli-Dunkl polynomials as an extension
to the Dunkl case of the classical Bernoulli polynomials. As is shown in the table,
this process can be used for other classical polynomials.

Another reason to use the name Bernoulli-Dunkl polynomials for 9B,, is the role
that they play in certain sums involving the zeros of the Bessel functions (see [13]),
which is a generalization of what happens in the case a = —1/2 with the Bernoulli
polynomials. This will appear again later in this paper; see Corollary 5.6.

2.2. Generalized Bernoulli-Dunkl polynomials. In the classical case, the gen-
eralized Bernoulli polynomials of order r are {Br(f) ()15, defined by

t T oo tn
wt _ ") ()2
(et_1> e _Z%Bn ().

They were introduced by Ngrlund in 1922 (see [26, 27]).
When o« > —1 we can also define the generalized Bernoulli-Dunkl polynomials

{%Sﬁ)a}%o:o (or %Sf)) of order r by means of the generating function

E,(xt > 52”)@ ) .
29) Ia+5(t))” > wn,i 5

In this case, the generalized Bernoulli polynomials and the generalized Bernoulli-
Dunkl polynomials are related by

()
%n,fl/Q

n=0

(22 — ) = 2" B\ (x).
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In the recent paper [19] we can see how the polynomials %7@1 can be used in the

context of Appell-Dunkl discrete sequences, in the same way that BT(LT) appear in
the context of Appell discrete sequences and falling factorial polynomials.

2.3. Euler-Dunkl polynomials. We define the Euler-Dunkl polynomials {&,, }52
of order @ > —1 by means of the generating function

E, (xt) . Ealr)
= . t".
Za(t) HZ:O V.o

As usual, we will sometimes denote it only by €, , without specifying «. The first
few Euler-Dunkl polynomials are

Eo(z) =1, ¢ (z) =z,
a+2

aj)
a+1
at+2 5, a+3 a+3 5 (a+3)?

x , x x.
a+1 a+1 a+1 (a +1)2
These polynomials are related to the classical Euler polynomials {E, }22, by
€n7,1/2<2$ — 1)

2n
(for the definition and properties of the Euler polynomials see, for instance, [15]).
This process has been sketched in Table 1.

Ey(x) = 2% — 1, Es(z) = 2° —

Ey(z) =2t -2 E5(z) =25 — 2

(2.10) = E,(x)

2.4. Generalized Euler-Dunkl polynomials. When o > —1 we can also define
the generalized Euler-Dunkl polynomials {@5;21}%0:0 (or csﬁl”)) of order r by means
of the generating function

Eq(at) _ i En(@) o
Tn,a

n=0

In the classical case, the generalized Euler polynomials of order r are {ET(LT) ()15,

defined by
2\ L = t"
s ot _ ET ().
(et + 1 ) e nz:% n (‘r) n'

The generalized Euler polynomials and the generalized Euler-Dunkl polynomials
are related by
e ,(2u—r)=2"E) ().
3. THE DUNKL TRANSLATION: DEFINITION AND SOME PROPERTIES
The Dunkl translation operator of a function f is defined by
(31) i) = At a>-1
n=0 o

where A is the identity operator and A1 = A, (A?). As in the case of A, , = As,
we sometimes use 7, , if we want to indicate that the translation 7, is acting on a
function whose variable is . In the case @ = —1/2, the translation 7, f is just the
Taylor expansion of a function f around a fixed point z, that is,

flety) =3 FP@L
n=0 .

Of course, definition (3.1) is valid only for C*° functions, and assuming also that
the series on the right is convergent. In particular, this can be guaranteed when
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f is a polynomial, because the operator A, applied to a polynomial of degree k
generates a polynomial of degree k — 1, so the series (3.1) has only a finite number
of nonzero summands. Other properties of the translation operator 7, can be found
in [29], [31], [34] and [23], including some integral expressions that can be applied
to a wider class of functions than (3.1).

From the definition (3.1), it is clear that 7, commutes with the Dunkl opera-
tor A,. In what follows, we are going to see some other basic properties. It is not
difficult to prove these properties, and here we state most of them without a proof;
in most cases, more details can be found in [14].

A nice property of the Dunkl translation, which resembles the Newton binomial
(z+y)" =31 (3)yFa"*, is the following:

(32) COCES (7) v

k=0
More generally, and in relation to the Appell-Dunkl sequences {P, ()}, defined
as in (2.6), the Dunkl translation satisfies
5k
nr)@ =3 (5) P,
— J/a
7=0
which in the classical case a = —1/2 becomes Py(z +y) = Z?:o (k) Pj(z)y*=J.
Another important property is the fact

(3.3) Ty f (@) = T2 f(y)-
This is a direct consequence of the above mentioned integral expressions for the
Dunkl translation. Moreover, at least for polynomials, it can be easily checked
starting from (3.1) using the linearity of 7, and its behaviour on f(z) = 2", n =
0,1,2,... Indeed, using (Z)a = (nﬁk)a and (3.2) we have 7,((-)")(z) = m((-)")(y),
and this proves (3.3).

The inverse operator of 7, defined as in (3.1) is

o0

_ Y
(3.4) T, @) =Y AL f (),
n=0 ™%
where ¢g = 1 and ¢, for n > 1 is defined by the recurrence ¢, = — E;:Ol (;‘) c;j

(a proof can be found in [14, Lemma 4.4]). The operator Ty_l is not, in general, a

translation (in particular, it is not 7_, except when o = —1/2).

Moreover, it is not difficult to check that the operators of type 7,, 7, 7. ! and
Td_l commute; for instance, 7,7, = TpTq, 7'6_17'(1_1 = Td_ch_l, TaTc_l = 7'0_17',1 and so
on. Note that, in general (except when a@ = —1/2), 7,7 is not a new translation,
even if a = b.

In relation to F,, the Dunkl translation has a nice behaviour that resembles the

classical e!(*1¥) = ¢tV namely

(35) oy (Ba(t))(2) = Bu(t2) Baty).
Indeed, using A o (Eq(tz)) = tE,(tz) (this is -Le® = te'” in the classical case),

the proof of (3.5) is a simple consequence of the definition (3.1):

> Ea<tx>(t§’)m = Ea(tz)Eq(ty).

m=0

7y (Ba(t) (@) = 3 A, Eota) L =
m=0 Tm

It is also easy to check that
7, (Ba(t)) () = Eo(tx)/Ea(ty).
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From these relations, we can easily state the following lemmas, which we will use
later in this paper:

Lemma 3.1. Let 7, be the Dunkl translation operator. Then the identities

) (Ea (t)) (x) = Eq(tx)Eq(ty)"
and
T, " (Ea(t))(x) = E,(tz)/Eq(ty)"
holds for alln=0,1,2,3,...

Lemma 3.2. Let 7y, and 7, be Dunkl translations and let n and m be two non-
negative integers. Then

T;T;m (Ea(t')) = Ea(t')Ea(ty)n/Ea(tz)m

There are still a couple of technical lemmas about the behaviour of the Dunkl
translation which we will use later in the paper (Subsections 4.1 and 4.2). We will
apply these results only to functions like F,, so we can use the Dunkl translation
operator (3.1), which is valid only for functions in C*°. Then, we can assume in
the lemmas and in the proofs that the functions are in C* (this could be weakened
using integral expressions for the translation).

Lemma 3.3. Let A, be the Dunkl operator acting over the variable x and let
g(t,x) be a function such as the integral [J° g(t,x)dt converges and Aqog(t,z)
exists. Then,

Aa,z/ g(t, ) dt:/ Ao zg(t, x)dt.
0 0

Proof. Using the definition of A, ., we have

o0 20 +1 (t,z)dt — —t,x)dt
Aaﬂ”/ gtxydt =L [ gt w)d + 22 Jo~ gt ) dt = " g(~t,2)
0 2 X
o d 200+ 1 g(t,x) — g(—t,x)
= —g(t,x)dt + / dt
/0 dz 2 0 x
:/ Ao zg(t, ) dt. O
0

Lemma 3.4. Let g(t,z) be a function in C*° such that the integral fooo g(t,x)dt
converges, and let T, , be the Dunkl translation operator. Then

Tywz\/o g(t, ) dt:/o Ty,xg(t, ) dt.

Proof. By the previous lemma,
n

Ty,w/ooo (t,x) dt = ZA (/ tm)dt)% i(/oooAg@g(t,x)dt)Z

n=0 n

0

4. THE MELLIN TRANSFORM TO GET APPELL-DUNKL POLYNOMIALS AS VALUES
OF HURWITZ-DUNKL ZETA FUNCTIONS

In this section, we define a special function, H (s, ), which generalizes the Appell-
Dunkl polynomials in such way that H(—n,x) will give us the n-th Appell-Dunkl
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polynomial P, (x) multiplied by some constant. We express H (s, z) in terms of the
well-known Mellin transform

M) = 575 | fora

Here we have a very general result, and later we study particular cases of gen-
erating functions that involve Bernoulli-Dunkl and Euler-Dunkl polynomials (and
also their respective generalized families) and obtain particular special functions,
H(s,x) for each one. In Theorem 4.3 we relate this H(s,z) with a function which
we call Hurwitz-Dunkl zeta function, (, (s, x) (see Definition 4.4), because it plays a
similar role as the traditional Hurwitz zeta function ((s,z) = Y.~ ,1/(z+n)*® and,
in addition, it generalizes ((s,x) when changing o« = —1/2, x — 2z—1 and t — /2,
as we explain with more detail later. On the other hand, we obtain a similar func-
tion in the Euler-Dunkl case, (g o (s, ) (see Definition 4.8), which generalizes the
so-called Hurwitz zeta function of Euler type, (g(s,z) = Y oo o(=1)"/(z + n)*.
Note that in this theorem we could assume k = 0 (which corresponds to the usual
case A(0) # 0), but we allow a more general case.

Theorem 4.1. Let {P,(z)}52, be an Appell-Dunkl sequence with generating func-
tion G(x,t) = A(t)Eqo(xt) and suppose that A(t) has a zero of order k att = 0.
We also assume that, for all x € (a,b), the integral

1

(4.1)  H(s,z)= %s) /OOO Gz, —t)t* "' dt = ) /OOO A(—t)Ey(—at)t* "L dt

converges in the right plane Re(s) > —k to a holomophic function. Then, H(s,x)
may be analytically continued to an entire function of s satisfying

n!

H(—n,z) = Pn(x), n=0,1,2,...

Proof. Suppose H(s,x) converges in the right plane Re(s) > —k for all = € (a,b),
as was stated in the hypothesis of the theorem. Given N € NU {0} with N > k,
the Mellin integral can be analytically continued to the half plane Re(s) > —N —1
as follows. Fix r with 0 < r < R and z with a < x < b and separate the complete
integral into three parts:

H(s,z) = ﬁ /Oo A(—t) B (— )t~ dt

L " o o) — T (_t)n s—1
+F(s)/0 <A( t)Eo(—at) = > Pu(x) ) )t dt

VRS (—t)"
+ Pr(x 51 dt.
L'(s) Jo nzzo ( ) Tn,o

In the first part, the integrand is E,(—at)A(—t)t*~1. Since a < x < b, it converges
when ¢ — 0o, hence the integral is an entire function of s, dominated on arbitrary
closed vertical strips of finite width. We may conclude that the integral is an entire
function of s.

In the second part, the integrand is the product of ¢*~! with the tail of the
generating series, Y 0"\ 1 Pn(2)(—t)" /Yn,a, which, since [t| <7 < R, is OtV *!)
at t = 0. Thus, for Re(s) > —N —1, the complete integrand is O(tVTRe(*)) at t = 0
(with the order constant depending only on z) and hence is integrable on [0, r] and
dominated on closed vertical sub-strips of finite width of this section of the s-plane.
Therefore the second integral is a holomorphic function of s for Re(s) > —N — 1.
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In the third part, we have

L " (7t)n s—1 _ L al (71)’” " s+n—1
F(s)/o ;'Pn(z)T t dt—F(S)ZPn(x) /Ot dt

n,o n—0 Tn,«
N

1 (=1)™ pstn

= — P R

I(s) 2 Pol@) Ve S+

n=0 ’

which is an entire function of s because of the simple pole of T'(s) at s = —n cancels
the simple zero of s +n for n =0,1,2,..., leaving the non-zero residue (—1)"/n!.
Finally, if s = —n with 0 < n < N, the 1/T'(s) factors in front of the first

two terms vanish, as well as every term in the sum except the one corresponding
to n, where the remaining value is Py (z)n!/v,, o because of the residue of I'(s) at
—n = 0,1,2,... Thus H(—n,z) = Pp(x)n!/yn.qo for these n and, as N > k was
arbitrary, this completes the proof. U

The previous theorem is very general but needs the convergence of (4.1). In
the classical case @ = —1/2 stated in [24], we have E_;/5(—t) = e~", which tends
very quickly to 0 when ¢ — oco. This allows us to prove the convergence of (4.1)
with very weak hypothesis for A(t). For instance, when G(x,t) is the generating
function for the Bernoulli polynomials, (4.1) becomes

1 > 1 e t
H(s,xz) = @/0 G(x,—t)t* 1 dt = 0s) /0 ot e sl gt

and it is clear that this integral is convergent for every x > 0 when s is in right
half-plane Re(s) > 0.

But this is no longer true when o # —1/2. Actually, let us recall that E,(z) =
e*1Fi(a+1/2,2a + 2,—2z). For proving the convergence of the integral we need
to estimate the size of the integrand in (4.1); in particular, the size of the factor
E,(—xt).

With this aim, let us use the asymptotic expansions of the Kummer confluent
hypergeometric function 1 Fi(-,-, z) for |z| — oo in the sectors

S;p={z€C:—n/2 <arg(z) < 3n/2},
S_={z€C:-3n/2 <arg(z) < 7/2}

(see, for instance [30, p. 128]). In our case, these asymptotic expansions are, re-
spectively, of the form

2 1 I'(2 2 1
1F1( a+ ,2a+2,z> _ I'Ro+ )ezZ—a—3/2 (14—(’)())

(4.2) 2 (29 |z
' P20 +2) 4 aat1)in/2 — 1/2( 1 )
Il et P a in/2,—a 1+0(= )
INE) <\Z|)

Notice that, in the case « = —1/2, the coefficient of the first summand is T'(1) /T'(0) =
0, so the first summand vanishes. Otherwise (for simplicity, let us assume here that
the variable z is real), the “exponential parts” for E,(z) = e*1Fi(a + 1/2,2a +
2,—2z) in (4.2) appears as e~ ? in the first summand, and as e* in the second sum-
mand. Then, the asymptotic size e™¢ (for ¢ — c0) of the classical case o = —1/2
becomes something similar to Fn(—t) ~ el!l for o # —1/2. In this way, instead of
“a help” to prove the convergence of (4.1), the factor E,(—xt) is a handicap, and
a further analysis will be necessary to state the convergence of (4.1).

On the other hand, we would like to rewrite the function H(s,z) that appears
in Theorem 4.1 as a series, just as it occurs in the classical zeta function.
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For the generating function of the Bernoulli polynomials, the Mellin transform
of the G(x, —t) is, for x > 0 and Re(s) > 0,

H 1 OOG Cpy ety = - T dt
(s,x)—F(s) ; (x,—t)e "¢t =T/, e "t

(s 1—et
_ 1 OO i e~ et S gy — 1 i - e—(n-i—;c)t 5 dt
(4.3) TIG) o & T I(s) = g
N(s+1) & 1 = 1
= F(S) 7;) (TL + l.)s+1 - 87;) (TL + x)s+1

(a similar method can be followed for the Euler polynomials, as well as other Appell
sequences; see, for instance, [24]). Then, H(s,x) can be given, for x > 0 and
Re(s) > 0, in terms of the Hurwitz zeta function

o0

1
(4.4) ((s,z) = Z: m,
n=0
so H(s,z) is the analytic continuation (in the variable s) of s{(s+1, x) for ¢ defined
in (4.4) by means of a series that converges in a certain domain. Or, with the same
meaning, we can say that the analytic continuation of the function ((s,z) defined
in (44)is H(s—1,z)/(s —1).

Let us finally note that, in the previous example related to the Bernoulli polyno-
mials, A(—t) was written, essentially, as a geometric series Y - (e™*)", and then
H (s, z) was computed as a series where there was a way to compute each summand.
The analogous behavior for the Dunkl case is much more cumbersome. Not only is
it not possible to express the integrals by means of well-known standard functions,
but also the summands 1/(x 4+ n) of the series become Dunkl translations instead

of ordinary translations.

4.1. The Bernoulli-Dunkl case. To adapt Theorem 4.1 to the case of the Bernoulli-
Dunkl polynomials defined in (2.7), let us first note that Z,(¢) is an even function,
so the denominator in the left hand side of (2.7) can be written as

(45) Toa(t) = T (E0) ~ Bul 1))

Then, concerning (4.1) for the Bernoulli-Dunkl case, we have the following:

Lemma 4.2. For « > —1 and x € (—1,1), the integral
1  Eo(—xt) o4 1 /°° E,(—xt)
H(s,x) = / t°Thdt = t° dt
DTG Sy Tea® @+ DI Jo Eal) — Bal—)

converges in the right plane Re(s) > 0 to a holomorphic function.

Proof. The convergence of the integral for ¢ near 0 is clear, so let us analyse what
happens when ¢t — co. By using (4.2), we have, for |z| — oo,

2 1
Ey(—z)=e"*1F (042—1—7 2a0 + 2, 2z)

_ I'(2a + 2) ez(2z)—a—3/2 (1 n 0(1)>

1‘\(20(24»1) |Z‘
I'(2a +2) +(2a+1)in/2 ,— - —1/2( 1
+ et T Re T (22) 7 1+0(—) |-

For simplicity, let us write it as

Eu.(—z) = Cre?z~3/2 (1 + (9(1)) + C’2ie_zz_°‘_1/2 (1 + (9(1)) )

|| ||
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When o = —1/2 then C; = 0; but this case is well-known and we do not need to
analyse it. Then, let us assume that o # —1/2.

Now, let us suppose that z > 0. Then we have, for t — oo (without lost of
generality we can assume |xt| > 1),

) ( xt) et (xt) ~o 3/ 2R (1 4+ O(|at| 1))

Eo(t) = Ea(-t) elt==1/2(1 4+ O(|t1)) ’

this guarantees the convergence of the integral for 0 < z < 1. For < 0 we have
‘ ( at) ts‘ _ 46‘“'IﬂlﬂfI*a*”QtRe(S)(1 +O(|zt|™1))

Eo(t) = Ea(—t) elt==12(14+ 0(|t|1)) ’

and this guarantees the convergence of the integral for —1 < x < 0.

By standard arguments on differentiation of parametric integrals, together with
the above estimates, the function H (s, z) is holomorphic on s. O

t?| =

(4.6)

3

(4.7)

The above lemma proves the hypothesis of Theorem 4.1 for 2z € (—1,1). Then,
we have the following:

Theorem 4.3. Let E,(at)/Zo+1(t) be the generating function of Bernoulli-Dunkl
polynomials. Then for x € (—1,1), the integral
(4.8)

H(s,x) = ! Bl

—xt) 4 _ 1 > E.(—xt) s
M) Jo Tom(t) ‘“‘(a+1>r<s>/o Eall) — Ba(—0) "

converges in the right plane Re(s) > 0 to a holomorphic function, which may be
analytically continued to an entire function of s satisfying

H(—n,x) = %‘Bn,a(x), n=0,1,2,...
The next step is to try to write H(s,xz), for Re(s) > 0, as a kind of Hurwitz
function similar to (4.4), as in the classical Bernoulli case.
In order to compute H(s,z) we may write A(t) = 1/Z,4+1(t) as a geometric
series. To do that, we use the fact that Z,41(¢) is an even function, and we use the
definition of E,(t). By (4.5) we have that

1 t 1 1 t 1 & [ EL(-t)\"
(t) Ton(t) ~ a+1Ea(1)1 - BC0 a—i—lEa(t)nz_%< Ea(t) )

This is valid for all ¢ > 0 and it is enough for our purposes since we just need
convergence for ¢t € [0, 00).
Finally, we have

1 © Eo(—xt) o4
H(s,z) = ) / T t°dt

_ 1 Z/E xt(E(t))tSdt.
I(s)a+1 E,(t)
Notice that, in a similar way to the proof of Lemma 4.2, we can easily check that
all the integrals in (4.9) are convergent for « € (—1,1), and the interchange of the
sum and the integral is justified. However, (4.9) is more complicated than (4.3);
the integrals cannot be written in a closed form and we don’t obtain something as
simple as (4.4).
In any case, we can define a kind of Hurwitz function related to the Bernoulli-
Dunkl case in the following way (observe that, with the notation of (4.9) and (4.9),
now we are changing s to s — 1):

(4.9)
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Definition 4.4. For z € (—1,1) and Re(s) > 1, we define the Hurwitz-Dunkl zeta
function as

_ 1 o [* Ea(—at) (Ea(=1)\" s—1
(4.10) C“(S’””)‘r(so,g/o s (i) v

Also, we call

(4.11) do(s, ) = r(ls) /OOO E?E(aét) 1 gy

the basic Hurwitz-Dunkl term.

Then we have, for z € (—1,1) and Re(s) > 0,

(4.12) H(s,z) = ——

- « ]‘) )
G+ 1)

so we can say that the function H(s,z) of Theorem 4.1 (which exists for s € C)
is the analytic extension to the s-complex plane of the function 35 (o (s+1,2);
equivalently, we can define the analytic extension of

(4.13) Cals,z) = r(ls) /Ooo Ea(tE)af_Exj)(_t)ts_ldt’ Re(s) > 1

(which corresponds to (4.10)) as

(4.14) Cals,2) = —

valid for z € (—1,1).

Finally, let us see how it is possible to give an expression for (,(s,z) (valid in
the half plane Re(s) > 1) which, in some sense, is very similar to the series (4.4)
for the classical Hurwitz zeta function ((s,x), where we have a series of summands
translated by means of  — = + n. In the Dunkl case, we are going to find an
expression for (,(s,z) that, in the place of classical translations, use the Dunkl
transform defined in (3.1).

The following theorem provides an expression of the Hurwitz-Dunkl zeta function
by using Dunkl translations. For simplicity, we have defined, here and in what
follows, a “symmetric translation” o; as

o1 = 717:11

(or o1, = TLIT:%@ to clarify that it is applied to the variable x). Notice that the
composition of translation operators is commutative, and also the composition with
inverse translations (see its expression in (3.4)), so we can use o} = 7{*7_;" without
paying attention to the order of the operators.

Theorem 4.5. For Re(s) > 1, the Hurwitz-Dunkl zeta function can be written as

o0

1 ® Bo(—at) o4 -
(4.15) Cal(syz) = = U"/ ——t T dt = o1ds(s,x).
EPILY S NG 2.
Proof of Theorem 4.5. From Lemma 3.1, we have that

et (Ea (—t-)) () = Eo(—xt)Eq(—2)",
7" (Bo(—1)) (2) = Bal—at)/Ba(t)™*!
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hold. This can be easily proved as it was stated in Lemma 3.1 by changing F,(t-)
for E,(—t-). So, from Lemma 3.2 we can conclude that

" (Ba(t)) (—2) = 7 (%) () = Ea(—x >1_:7E:((t)n)+1

7 (55)

and Lemma 3.4 gives us that

1 = oo n n+1) s
H(s,x) = T a 2 T, (Ea(=t)) (x)t° dt
! ) (o) dt
I‘(s a+1 4 01 *
11 Eaf xt .
S T(s)a+1 Z / t at,
and the proof is concluded. O

Let us see that the role of (,(s,z) with the Mellin transform of Appell-Dunkl
sequences is the same as the role of ((s, x) with the Mellin transform of Appell se-
quences. In fact, it generalizes the traditional Hurwitz zeta function. To see that,
we observe that to transform Bernoulli polynomials into Bernoulli-Dunkl polyno-
mials, we had to change  — (x 4+ 1)/2 and ¢ — 2t. For that, we need to undo the
change to recover the classical Hurwitz zeta function, that means, to take o = —1/2,
x+ 2z — 1 and ¢t — t/2 (although many times we will not change t).

Now, let & = —1/2. Then,

B T (VN
d_y2(s,7) = ) /0 e T dt = CFSE
if z € (=1,1). In this case, 7{(f)(z) = f(x +n) and 7_]*(f)(z) = f(z +n) and

hence,
oo

1
Co1y2(s,2) = z_% Griton)y

And finally, as we are considering Bernoulli-Dunk]l polynomials, we need to change
x +— 2z — 1. Hence,

(oo} o0

1 1 1 1
Cayals; 20 = 1) :7; 2z +1—1+2n) 2% Zm 3 ¢(5:2).

Furthermore, (4.14) is an integral representation of (,(s,z) which, as expected,
generalizes under these changes the classical integral representation of (s, z):

1 (e e] e—a:t 1
= 57 dt.
¢(52) = g /0 1 et

Next we summarize some of the properties of (s, z) that generalize the ones for
¢(s,x); we have already proved most of them in the preceding sections, or they are
direct consequences:

Proposition 4.6 (Properties of (4 (s, x)). Fora > —1 andx € (—1,1), the function
Cal(s, ) satisfies the following:

(i) Recurrence identities: let oy = 117" ; then for Re(s) > 0,

(4.16) Cals,2) = 1(Cals, ) (@) = da(s, 2),
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m—1
(4.17) Cals,2) = 07 (Cals, 7)) () = Y ofda(s, o).
n=0
(ii) The Dunkl derivative of (u:
(4.18) Aa,l‘((oc(svx)) = —5Ca(s+ 1,1).
(iii) Relation of (, with Bernoulli-Dunkl polynomials: for n = 0,1,2,..., we
have
1)n!
(419) Ca(*nax) = *%n+1,a($)u'
'Yn+1,a
Now we show that when o = —1/2 and = — 2z — 1 we get the corresponding

properties of the classical ((s,z). First, for the recurrence identities, we have
o (f(x)) = f(z+2n) so o7 (Cals, ) (x) = Ca(s, 24+2n) and hence, (4.16) transforms
into

C(s,z) =C((s,z+1)+az7°
and (4.17) transforms into

((s,2) = szt m)+ 3 (@ +n)
n=0

(see, for instance [28, 25.11.3 and 25.11.4]). Basically, the Dunkl translation o is
playing the role of x + 1 in the Hurwitz function.

In the case @ = —1/2, we have A_; /5, = d/dz, so (4.18) transforms into (see,
for instance, [28, 25.11.17])

d
e (s,z) = —sC(s+ 1, z).

We also get the classical relation with Bernoulli polynomials since

n! 1 " 1 1
471/2(—72,, 2r — 1) = —%n+1,,1/2(2$ — 1)m§ = —Bn+1(l‘)2 +1n 5
Since (_1/2(—n,2z — 1) = 2"((—n, z), we get (see [28, 25.11.14])
Bii(z)
4.20 — = -
(420) () = Lot

4.2. The Euler-Dunkl case. This is similar to the Bernoulli-Dunkl case, but with
A(t) = 1/Z, ().
Theorem 4.7. Let E,(xt)/Z,(t) be the generating function of Euler-Dunkl poly-
nomials. Then for x € (—1,1), the integral
1 *© Eo(—xt 2 ° Eo(—xt
H(s,z) = / ( x)ts_ldt: / (=at) tslat
F(S) 0 Ioz(_t) F(s) 0 Ea(t)+Ea(_t)
converges in the right plane Re(s) > 0 to a holomorphic function, which may be
analytically continued to an entire function of s satisfying

n!
'Yn,oz
Proof. The statement that H (s, z) is convergent for —1 < z < 1 holds by the same
reasoning we made in the Bernoulli-Dunkl case. Hence, by Theorem 4.1, we have
H(—n,z) = n! €, o(x)/Yn.a, for n = 0,1,2,... By the same argument as in the
Bernoulli-Dunkl case, we can write A(t) as a geometric series as

12 L2 & ((—Eu-t\"
A= 20 T Bal) 1 5 Bl _Ea(t)z< Ea(t) > |

Eo (t) n=0

H(—n,x) = Cna(z), n=0,1,2,...
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The special function H(s,x) is giving (when —1 < 2 < 1) by

1 * Eo(—at) o1 / (_Ea(_t))n -1
H(s,x) = / T dt = T dt
SO A AY Z E.(0)
p > Ea(—xt) 1
= — —1)"o?} ———t57 0 dt
F(S Z( ) 01 /O Eoc (t) )
which concludes the proof. O

Definition 4.8. For z € (—1,1) and Re(s) > 0, we define the Hurwitz-Dunkl zeta
function of Euler type as

(4.21) (Bals,z) = ﬁ ;(—1)"01’ /Ooo Wt“"l dt.

Finally, notice that the function H (s, z) may be extended to the entire complex
s-plane and we have, for © € (—1,1) and Re(s) >0
H(s,z) = 2Cp,q(s, x).

Hence, we can consider, equivalently, that the analytic extension of

(4.22) CEB,al(s, ) / Bl i )t“l dt, Re(s) >0

(which corresponds to (4.21)) is
1
(4.23) Cua(s,x) = §H(s,x), seC.

Again, when o — 1/2 and 2 — 22 — 1 (now by (2.10) we make the changes
to recover Euler polynomials from Euler-Dunkl polynomials, as we did with the
Hurwitz-Dunkl zeta function) we get the function

1 oo n 1
2% — 1) = — § =
CE 1/2(8 x 2 o $+n QSCE(Sax)v

where (g (s, x) is called the Hurwitz-type Euler zeta function (see, for instance, [22]).
Again, (, g generalized many properties of (g, by the changes o = —1/2 and
x + 2z — 1 (and sometimes also ¢t — t/2). There is also the recurrence identity

CE,a(sa r) + Jl((E,a(Sa ))(x) = da(s, )

which generalizes [22, (2.1)] and (4.23) is an integral representation that generalizes
[36, (3.1)]. Moreover, it is easy to prove that the relation of (g o with Euler-Dunkl
polynomials

1 n!
a(—n,2) = €, o(x)—
(Eal ) = 5Cn.al )%W
holds for all z € (—1,1) and n = 0,1,2,..., which give, when we recover the

classical Hurwitz-type Euler zeta function, the identity (see [22, (2.7)])

Cp(—n,x) = %En(x)
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4.3. The generalized Bernoulli-Dunkl case. In the Bernoulli-Dunkl case we

had

1 t 1 1
A(t) = = .
Tat1(t) a+1E,(t)1 — Eﬁfa)
For r a positive integer, the generalized Bernoulli-Dunkl polynomials are defined

as A(t)"Ea(at) = > 7 B (€)1 /Yn., and we have

t1 S (Bla(-D\"
wr- (s S
a+1E.(t) —\ Eq (t)
Theorem 4.9. Let E,(xt)/(Zo+1(t))" be the generating function of Bernoulli-
Dunkl polynomials of order r = 1,2,... Then for each x € (—r,r) the integral

1 * Ea(—wt) 4
(4.24) H(s,z)= / =t dt
L(s) Jo  (Za+1(t))
converges in the right plane Re(s) > r to a holomorphic function, which may be
analytically continued to an entire function of s satisfying
n!
H(—n,z) = 7‘3%T21(I), n=0,1,2,...
Tn,a ’
The theorem can be easily proved by the same arguments as in Theorem 4.1
and in Subsection 4.1. The only thing left to prove is the convergence of H (s, z) in
x € (—rr).

Proof of Theorem 4.9. Let us first analyze the convergence of the integral (4.24).
We use the asymptotic behavior of the Kummer confluent hypergeometric function
given in (4.2), and proceed as in the proof of Lemma 4.2. If z > 0, the “exponential
part” of the integrand of H (s, z) has size e~ *(*+7), so the integral converges if z < r.
Repeating the argument for x < 0, we get the convergence in x € (—r, 7).

Let us use that, for r =1,2,... and |z| < 1,

(S0) -

Then, -
A = (ailElw i; (EE((S)»
- TR 5_03 (S
Hence,

_ 1 ( .Tt) s—1
H(S’x)‘ns)/o <a+1<>’“t at

t))
e () E (B e
(

=F§<§’" Ao () [ )

which proves the theorem. O
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Definition 4.10. For Re(s) > 1 we define the Hurwitz-Dunkl zeta function of
order r =1,2,3,.

=iy 5 (70 ([ e )

Asin (4.11) (that is, the case » = 1), we can define the basic term

r _ 1 OOE ( I‘t) s—1
W60 =15 [ Gapt

and then write
(r) -3 rtn=1 oo
Ca (va) ~ ( n 01 Qg (va)'

Notice that, as the function H(s,z) is extended to the entire complex s-plane,
and for Re(s) > 0 we have

H(s,x):@é(ﬁl)g‘“ (s+rx) for Re(s)>1—r.

Hence, we can define the extension of (, (r)( x) to the complex plane by using
r )(s +r2)=(a+1)"H(s,2)/(8), i.e., by taking

¢((s,2) = (a+ 1) H(s—r,z)/(s—1),, —r<az<r, seC,
which generalizes (4.14).
In the case a = —1/2, this kind of zeta functions for the classical generalized

Bernoulli polynomials has been studied in [8, § 4.4]; see also [8, §4.1] for the classical
generalized FEuler polynomials.

4.4. The generalized Euler-Dunkl case. Again, as we did with the generalized
Bernoulli-Dunkl case, by using the generation function of the generalized Euler-
Dunkl polynomials we have A(t) = 1/Z,(t) and

ro__ L = _Ea(_t) "\
A= (Ea@);( ) )

0

Theorem 4.11. Let E,(xt)/(Z.(t))" be the generating function of Euler-Dunkl
polynomials of order r =1,2,... Then for each x € (—r,r) the integral

1 * Eo(—xt)
H(s,z) = / tsLat
I'(s) Jo (Za(t)
converges in the right plane Re(s) > 0 to a holomorphic function which may be
analytically continued to an entire function of s satisfying

TL' ’I“)
H(-n,r) = —¢ (z), n=0,1,2,...
Proof. We only need to notice that
P —— r+n—1\ [ E.(—t)\"
A(t)" = 1"
o= ( 7)) (Ba)

=0

and proceed as in Theorem 4.9. (]

Definition 4.12. For Re(s) > 0 we define the Hurwitz-Dunkl zeta function of
Euler type and order r € N as

o) = S0 (T o

n
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Finally, as the function H(s,z) is extended to the entire complex s-plane, we
have

H(s,z) = 2"CY) (s, 2)

for Re(s) > 0. Hence, we can define the extension of CgL(s,x) to the complex
plane by

C};L(s,ﬁ)zH(s,x)/T, -r<z<r, seC.

4.5. The generalized Hermite case. The classical Hermite polynomials H,(x)
—t*+2te  and they are orthogonal on the
real line with respect to the weight e A well known generalization of these
polynomials is the so-called generalized Hermite polynomials of order p > —1/2,

are giving by the generating function e
2
—x

which are orthogonal on the real line with respect to the weight w,,(z) = |z|2He=",
that is, they are polynomials {H!(x)}52, satisfying

/_OO HE (x)HE (2)w,(z) de = 0;

see, for instance, [2], [12, Chapters 1 and 5] or [33, p. 380, problem 25].
In [29], Rosenblum shows that these polynomials can be studied in the context
of the Dunkl transform on the real line. This is done by means of

(4.25) et B, (22t) Z HY(x

with 4 = o+ 1/2. Except by a simple change of variable, this is an Appell-Dunkl
sequence in the sense of (2.6).

For these polynomials, it is easy to find the analytic extension H (s, ) such that,
for n a negative integer, the corresponding value is H¥(x), except for a multiplica-
tive constant. Due to the factor e*t2, which appears in (4.25), the extension given
in Theorem 4.1 does not present any problem and is valid for x € R. The same
happens with the integral

1 /°° g
— | e PE (—22t)dt,
P(S) 0 H( )

which is similar to the ones that appear in Theorems 4.3 or 4.7.
That leads us to the following result.

Theorem 4.13. Let G(—t,z) = e*tQE#(fZ”ct), with u > —1/2. Then, for z € R,

1 [~ e
H(s,x) = s /. e " B, (—2xt)dt
N3 s 1, VT s 3 5
= F(77 Py ) F(77 Py )
251—\(%)1 1 2M+2x QSF(g)u—k% Q/H-Qx
is an entire function of s and satisfies H(—n,x) = H¥(x) forn=0,1,2,...

In fact, we have 1/T'(£) = 0 when s = —2n, and 1/T(531) = 0 when s = —2n—1

2
forn=0,1,2,... Furthermore, I'(—n + 7) = %ﬁ, which means
2 1
H(-2m,2) = () = (1" ZL by (cnpt L a?),
(2n +1)! =z

3
H(—2n—1,2) = H" — (=1)" F(— 2 2).
(—2n ,T) 1) = (=1) ol qu%l 1 n,u+2,w

This, as expected, is the same as [29, (2.1.1) and (2.2.1)].
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5. PROPERTIES OF THE HURWITZ-DUNKL ZETA FUNCTIONS

The aim of this section is, firstly, to provide generalization of the Riemann zeta

function ((s) = 377, 1/n® and the Euler-type zeta function (g (s) = > oo, (—=1)" Tt /n®

n=1 n=1
(also known as Dirichlet eta function 7(s)) in a Dunkl sense through the functions

Cals, ) and (g (s, x), respectively. We also provide a generalization in a Dunkl
sense of the analytic continuation of ((s) (and (g(s)), as well as the so-called re-
flection formula, and other properties concerning our Hurwitz-Dunkl zeta functions
Cal(s,2), CE.al(s,2), Ca(s) and (g a(s). A conection appears here between these
functions and the function Z,(s) = Y., 1/75 (and also with Z,11(s)), where j,
are the positive zeros of the Bessel function J,(x). We study Z,(s) in Section 6.

In this section we will state the main results. The proofs are rather technical
and require several lemmas. We will postpone them to Section 7.

5.1. Theorems for (,(s,z) and (,(s). In this section we are going to give another
way of expressing the analytic continuation of (,(s,z) for Re(s) < 1, and we will
give some consequences that involve the zeros of J,11(x).

It is well known (see [35, Chapter 15] or [28, §10.21]) that, for any « > —1, the
zeros of the Bessel function J,(z)/x® can be written as jm,.o, m € Z\ {0}, with
jm,a = _j*m,a and 0 < jm,a < jerl,om m > 1 Moreover, jm,a ~ (m + 04/2 -
1/4)m + o(1/m) when m — oo (see, for instance, [28, 10.21.19)]).

Now, we are interested in the zeros of J,11(z)/z%*! so, to avoid confusion, we
will denote Sy 0 = jm,a+1; in this way, we will often use s, for sp, . Again, with

this notation we have s, o = —5_m,a and 0 < Sy < Spmy1,0, M > 1, where
iSm.ay m € Z\ {0}, are the zeros of Z,1(x) (or the zeros of J,y1(iz)/(iz)>).
For o = —1/2 we have s,, _1/2 = mm. Let us also note that Z,(i5,,,) provides a

generalization of the sign sequence (—1)™ because Z_; /5(i8,, —1/2) = (—1)".

The first result is the following, which is similar to the classical case that can
be found, for instance, in [4, § 12.4, Theorem 12.3], and the proof follows the same
scheme. However, we have now the functions F,(t), which are much more com-
plicated than ef, and then the proof needs some additional details. In particular,
we require the use of our Lemma 7.1. Actually, the zeros s, , do not explicitely
appear in the statement of this theorem, but they will be crucial in the proof of the
lemma.

Theorem 5.1. Let xz € (—1,1) and define

1 E,(xt) o1
(5.1) I(s,x) = %/Cmt dt,

where C' is the contour shown in Figure 1. Then I(s,x) is an entire function of s
and satisfies

(5.2) Cals,z) =T —s)I(s,z) if Re(s) > 1,
where (o (s, ) is the function defined in (4.13).

Cs
— \
*() Csy

[N
Gy

FIGURE 1. The contour C from Theorem 5.1.
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Taking into account that (5.1) is valid in the entire s-plane, and that (,(s,x)
satisfies (5.2) for Re(s) > 1, we can define the following analytic continuation for
Ca(s,2) in the entire s-plane:

(5.3) Calsy@) = T(1 — )I(s,2),
valid for —1 < x < 1. Of course, the analytic continuation of a function is unique,

so this function (,(s,z) is the same that we defined in (4.14). From this and by
Cauchy’s residue theorem it is also possible to prove Theorems 5.2 and 5.3.

Theorem 5.2. The function (,(s,x) defined in (5.3) is analytic for s € C except
for a simple pole at s = 1 with residue o + 1.

Taking o = —1/2 and 2 — 2z — 1, since (_q/2(s,2z — 1) = ((s,2)/2° we get
that ((s,z) has a simple pole at s = 1 with residue 1, which is what happens in
the classical case (see [4, § 12.5, Theorem 12.4]).

The next result was already proved in Proposition 4.6, but later we provide
another way to show it, this time starting from (5.3) and using Cauchy’s residues
theorem:

Theorem 5.3. The function (4 (s, ) defined in (5.3) satisfies, for x € (—1,1),
! 1

(5.4) Gol=n) = B (@)Y g
7n+17a

Another classical result in analytic number theory is the so-called Hurwitz for-
mula (see [4, §12.7, Theorem 12.6] or [5, 25.13.3]), namely

_ F(S) —msi/2 TS /2
(5.5) C(l—s,x)—m(e 12F(x,s) + €™/ F(—x,s)),
where
s e2min
(5.6) P(z,s) =) —— Re(s)>1

is known as the Lerch (or periodic) zeta function (see [4, § 12.7, equation (9), p. 257]
or [5, 25.13.1]).

In the Dunkl context, this formula can be generalized as follows. The convergence
of the series (5.6) is clear, but to prove the convergence of the corresponding series
F(x,s), which we will use in the Dunkl context, will require some effort.

Theorem 5.4 (Hurwitz-Dunkl formula). Let o > —1 and {s,,}2°_, be the positive
zeros of Jot41. For Re(s) > 1, the function

o (T08m)
(5.7) Z To(i8m) 55

converges for every x € R. Moreover, for x € (—1,1) and Re(s) > 1, the Hurwitz-
Dunkl zeta function (,(s,x) satisfies

(5.8) Ca(l—s,2) = @ (e’””ﬂ}'(x, s)+ e’TSi/2]:(—x, s)) .

We call F(x,s) the Lerch-Dunkl zeta function since it plays a similar role as the
Lerch zeta function F(x,s) (but F(z,s) is not periodic). In fact, when o = —1/2
and z — 2z — 1, we have F(2x — 1,8) = 7 °F(x, s), so (5.8) becomes (5.5).

Now, although the identity (5.8) is valid only for « € (—1, 1), the right hand side
is valid for z € R, so we can extend the definition of (,(1 — s, z) for Re(s) > 1 by
taking

(5.9) Ca(l—s,2) = @ (6_77‘“'/2.7:(:137 s) + ™V F(—a, s)) , xeR
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Replacing 1 — s by s, we can also define, for Re(s) < 0,

'l - : :
Cals,x) = % (—ie’m/Q.F(x, 1—s)4ie ™2 F(—x,1 — s)) , xeR.

The Hurwitz-Dunkl formula gives us an expression for (,(s,z) and = € R free of
the intricate integrals. With that, we can easily prove a “reflection formula” (but
in this case that isn’t a suitable name) for {,(s) in a Dunkl sense that can be seen
as a generalization of the reflection formula for ((s).

Using the notation ((s) = ((s, 1), the reflection formulas of the classical zeta
function (also known as “Riemann’s functional equation”)

C(1— ) = 2(2m)~°T'(s) cos (g)((s), seC,

¢(s) = 2(27)°~'T(1 — s) sin (%S)gu —5), seC,

can be proved by taking = 1 in the Hurwitz formula (5.5) (see, for instance, [4,
§12.8, Theorem 12.7]); for the first formula, the result is clear for Re(s) > 1, and
is then valid for s € C by analytic continuation. Actually, many properties of {(s)
and ((s,x) can be seen as consequences of (5.5).

In our case, taking z = +1 in (5.7), we get F(£1l,s) = > o, 1/s5,
Eo(£ism) = Zo(ism). Thus, we can define, for Re(s) > 1,

(5.10) (ol —5) = (a1 — s, 1),

where (,(1 — s,1) is given in (5.9); of course, the same can be done for (,(s) with
Re(s) < 0 (with this notation, (_1/2(s) = C_1/2(s,1) = ((s,1)/2° = ((s)/2°).
Then, we have the following:

since

Theorem 5.5. Let o > —1 and {sn}5_; be the positive zeros of Joi1. For
Re(s) > 1 we have

(5.11) Cal1 =) = T(s)os () i é

or equivalently, for Re(s) <0,

(5.12) Ca(s) = T(1 — s)sin (%‘S) i 53,1:5'

When o = —1/2, we get > °_ 1/s8, =7 > > _ 1/m* = 7 5((s) so, in fact,
oo, 1/s%, is playing the role of ((s). Hence, when o = —1/2, Theorem 5.5
provides a generalization in a Dunkl sense of classical reflection formulas. However,
there is an important difference if we compare Theorem 5.5 with the classical case:
the sums > °_, in (5.11) and (5.12) are not the functions (,(1 — s) and (.(s),
respectively.

Finally, by taking s =n + 1 in (5.9) we have

! . ,
Cal(—n,2) = % (e‘”(”“)’ﬁ}'(:ﬂ,n +1) 4 ™D E (g 4 1)) , T €eR;

and, on the other hand, by Theorem 5.3,

o) = —Bas (1) 0D ey,
’YnJrl,oz

Then, for x € (—1,1),

a+1
B () 2D
TYn+1,a

(e‘”("+1)i/2.7:(9c, n4 1)+ ™2 E( g on 4 1)) .

N =
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Since the above function is a polynomial, the limit as z — 1~ exists and we have

_%nﬂ(l)M = cos (W(n; D) i n1+1

Tn+1,a m—1 Sm

Letting n = 2k — 1, we have the following;:
Corollary 5.6. Let a > —1 and {s,,}2°_, be the positive zeros of Joy1. Then,

1 Bo(1)(—1)F !

— = k=1,2,3,...
s2k 22kl (o 4+ 2) 4 T

m=1

oo

The previous expression for > _, 1/s2* in terms of Boy(1) was proved in [13,

Theorem 4.1] by other methods.

Corollary 5.7. The function (,(s) defined in Theorem 5.5 satisfies

(5.13) Colen) = — B ()DL

'7n+1,a
Proof. Taking s =n = 2k, k = 1,2,..., in (5.11) and using Corollary 5.6 we get
(5.13) for n odd. Taking s = n =2k—1, k = 1,2,... in (5.11) we then get
cos (ms/2) = 0 and hence (,(1—n). Since —B,,+1(1) = 0 for n even, this completes
the proof. O

5.2. Theorems for (g .(s,z) and (g (s). Here, we are going state some results
for (g(s,x), that will be similar to the results for (g(s,z) in Subsection 5.1. Let us
recall that jn, = jm.a, m € Z\ {0}, are the zeros of the Bessel function J,(z)/z?,
and that they can be ordered so that jm, .o = —j—m,o and 0 < jm.a < Jm+1,0, m > 1.
Moreover, ijm,o, m € Z\ {0}, are the zeros of Z,(x) and for a = —1/2, j,,, _1 /9 are
the zeros of 7_; /5(it), namely the zeros of the cosine. Hence, jn, _1/2 = (m—1/2)7
for m > 1.
We begin with a result that is similar to Theorem 5.1:

Theorem 5.8. Let v € (—1,1) and

1 B 1 E, (xt) _
I =— [ )ttt = — | ——————t"lat
(s, ) 27”./0 () d 27 Jo Ea(—t) + Eo(t) B

where C is again the contour shown in Figure 1 of Theorem 5.1. Then Ig(s,x) is
an entire function of s and satisfies

CBal(s,2) =T(1 —s)Ig(s,x) if Re(s) >0,
where (g.o(s,x) is the function defined in (4.22).

Of course, this theorem again allows us to give the analytic extension for (g (s, x)
to the entire s-plane, valid for —1 < x < 1.
Now, the “Hurwitz-Dunkl formula of Euler type” is the following:

Theorem 5.9. Let o > —1 and {jm }2°_; be the positive zeros of Jo. ForRe(s) > 1,
the function

Z ijl‘ 1
Zo1(igm) o

converges for every x € R. Moreover, for x € (-1, ) and Re(s) > 1 we have

(5.14) (pa(l—s,2) = —(a+ 1)I(s) (e*%“ﬁl)fE(x,s)+e%<s+1>fE( z,s)).
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In the particular case « = —1/2, we get j,, = (m — 1/2)7 for m > 1. Also,
Ji2(z) = /2/(mz) sin (), which leads to Z; j2(ijm) = (—=1)™! /jn,. That means,
when taking x — 2z — 1, we have that

9s e e(2m71)i7rx 928
Fe@r—18)=—iy ——— =i
E( € 78) Wszﬂ; (2m_1)8 7-(-57“ E(S7x)a

where the notation £z (s, ) for the above series has already been used in [22, (7.1)].
Furthermore, with these changes, and noticing that Fg(—z,s) = —Fgr(1l — z,s),
(5.14) transforms into

1 2°T'(s
FCE(l—S’l") = (g -1/2(1-s,22-1) = (s)
which is just [22, (7.2)].

As in the case of (,, we can use (5.14) to define (,(1 — s,z) for Re(s) > 1 and
x € R, as well as (,(s, ) for Re(s) < 0 and = € R. In particular, taking 2 = 1 and
defining (g (s) = (g,a(s, 1), we have the following:

(ef%ZE(s,x) - eigséE(s, 1-— x)) ,

’]TS

Theorem 5.10. Let o > —1 and {j,}35_; be the positive zeros of J,. For Re(s) >
1 we have

TS\ o= 1
(5.15) CB,a(l—3)=—I(s)cos (—) Z —
or equivalently, for Re(s) <0,
/TS e 1
CEa(s) =—-I'(1—s)sin (7> Z T
When o = —1/2, (5.15) transforms into (see [22, (7.4)]

(o1 = 5) = =2n~"T(s) cos () i ( :

A~ (2m = 1)

~

Finally, the equivalent result of Corollary 5.6 for > °_ 1/ §2F is the following:
Corollary 5.11. Let a > —1 and {j;n}5°_, be the positive zeros of J,. Then,

00 _1)k+1
Z%: fk%fl(l)( 1) ’ k=1,2,3,...
P G ICES

This can be easily proved from (5.15), as in Subsection 5.1. Note that this result
was also proved in [18] in a different way.

Corollary 5.12. The function (g.o(s) defined in Theorem 5.10 satisfies

1 n!
—-¢,(1 ,
( )’yma

CBa(—n) = n=12,...

6. ANALYTIC CONTINUATION OF (n(S) AND (g q(S)

Finally, let us define, for a > —1,

(6.1) Zy(s) =

m=

[
.
So| =

Of course, in a like manner we get

»

lsm

=1
Zat1(s) = Z - Re(s) > 1,
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hence, Z,(s) is related with (g o(s) and Zy4+1(s) with (4(s). This function is
similar to the classical Riemann zeta function Y -_, 1/m® where the positive zeros
{mm}2>_, of the sine have been changed by the zeros of the positive zeros of a
Bessel function. Then, we will call Z,41(s) the “Riemann-Bessel zeta function”.

In his thesis [21], Hawkins provides an analytic continuation of Z,(s). To do
so, he first gets easily the analytic continuation for Re(s) > 0 by integration by
parts, and repeating the process he is able to continue the function to Re(s) > —1.
However, he does not go forward by this method and, instead, uses other tools. He
ends up proving that there exists an analytic continuation of Z,(s) to the entire
s-plane with simple poles at s = 1,—1,—3,—5,... but he didn’t get an explicit
formula. Due to its simplicity, we now show how to continue Z,(s) to the region
Re(s) >0

Theorem 6.1. The function Z,(s)— % extends analytically to the region Re(s) >
0.

Proof. We start from (6.1), valid for Re(s) > 1, and decompose

T8 =1 °°7T_de Oo m+1
o Sa LS 2
oo m+1 oo
SG- L w)nl G m>s)d“”

again valid for Re(s) > 1. Now, let us denote

fuls) = [ " (+- =)

If we prove that Y °_; fm(s) is analytic in Re(s) > 0, we will have the analytic
extension of Z,(s) — 77 %/(s — 1).

Every function f,,(s) is analytic in Re(s) > 0, so it is enough to see that the
series converges uniformly on compacts in that region. Now, let us recall that the
7€r08 {Jm }o0_; of J,(t) satisty jm, ~ (m+a/2—1/4)m+0(1/m) (see [28, 10.21.19]),
som™m—c < j,, < mm+c for a positive constant ¢ independent of m. Then, because

™ 1/1 1
/ U7871 du T s ( - ) ’
Gm S \Jm (mx)*
we have

m—+1 1 1 m—+1 T du
‘/ < — ) dx| = / / T dx
]m 7T(E) m Jm u
m—+1 Tm-+cao m—+1 Tm-—+ca d’U,
<||/ / |s+1| “f:|5|/ / uReG) 42
Tm—ci m Tm—cy

m—+1 Tm—ca
< / / dudr = — (2 +1)ls| .
(Sm —Cy — Cl 1+Re (s) " (]m —Ccy — Cl)lJrRe(s)

m—cy
Consequently,
s m+1 -
- Cls|
— dz| < Bl il I for R, >0,
n@z::l /m (j;fn (7Tsc)3> x' - mz::l j71n+Re(g) oo for Re(s)

and the Weierstrass M-test ensures the uniform convergence on compacts in Re(s) >
0. O

Using the analytic continuation in the entire s-plane [21], some of the above
identities can also be analytically continued to the entire s-plane; see also [32].
Since Hawkins didn’t get any explicit formula for Z,(s), we won’t get an explicit
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formula for (,(s) either. Furthermore, in this way we do not obtain (,(s) as our
Ca(s,1), because (,(s,x) does not exist for x = 1 in the half-plane Re(s) > 1 (see
Definition 4.4). In the same way, contrary to what happen in the classical case, we
do not have (,(s,1) = Zo41(s) for s > 1.

Hawkins also computed the residues of Z,,(s) at s =1, —1,—3,... and the values
of Z,(—2k) for k=0,1,2,... They are given by (see [21, Theorem 3.5])

g oy = e 2w =G

C2k—1,
where cj, := cj, o are given by the identity

(-1 > ¢ = (—=1)F
(62 (Z G k>) (Z ) =" (b

k=0 k=0 k=0

E

with (o, k) =T(a+k+1/2)/(K'T(ac — k+1/2)) (see [21, Lemma 3.4]). To extend
Ca(s), we need to change o — o+ 1 in order to correspond the coefficients ¢; with
our Z,+1(s). Finally, Hawkins proved that ¢ are polynomials of o which vanish
at « = —1/2 and o = 1/2 (see, for instance, [21, Proposition 4.2]).

With all this, we can now study the poles of (,(s) with s € C and —1/2 # a >
—1.

Theorem 6.2. We get

TS

(6.3) Ca(1 — ) = T'(s) cos (7

5 )Za+1(s), s e C,

or equivalently
(6.4) Ca(s) =T(1 — s)sin (g)ZaH(l —3), seC.

In particular, (4(s) can be analytically continued to the entire s-plane with simple
poles at s =n=1,2,3,... (for a # —1/2) whose residues are equal to d,,_1/(2n!),
where dy, 1= dp,o = Cp,a+1 With the notation of (6.2). Moreover, (,(0) = —1/2.

Proof. We can analytically continue equations (5.11) and (5.12) by considering
the analytic continuation of Z,y;(s). From the equation (6.3) the only possible
poles are the ones of I'(s), at s = 0,—1,—2,..., and the ones of Z,(s), at
s=1,—-1,-3,... It is straighforward to see that when s = =2k =0,—-2,—4,... we
get cos(—7k)Za11(—2k) # 0 and T'(—2k) has a pole. Hence, at those values there

are simple poles. The residue at s = —2k is
. s - (71)k . dgk_l
Tim (s + 2)T(s) cos (?)ZQH(S) =y e (20 = 50

When s = —(2k+ 1) = —1, -3, =5, ... we prove that (,(1 — s) has a pole at those
values by a little trick and the L’Hopital rule as follows:

. s
e () 29

= lm (54 2k 4+ D0(s)(s + 2k + 1) Zata(s) (s+ 2k +1)2

B . —1TT sin (%)
=, Res () Res (Zanls)) lim  —=——r
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Hence, there is a pole at those values. To calculate its residues we compute

lim (s + 2k + 1)I(s) cos (?)Zw(s)

s——2k—1
cos (E)
= 1l nyr 1 — 2
S_>_112r]1€_1(s +2k+ 1T(s)(s+ 2k + 1) Za41(s) Py
= Res (I(s) Res (Zasi(s) lim = Tsin ()
o s:—2el§—1 5 s:—2el§—1 a+118 s—>—1121k—1 2 s 2
(_1)k+1 T do,
= —_—— Za = -
Ok 1)1 2 o0, Zar1(9) = 5507
Finally, we consider the case s = 1. We use Res;=1(Zn+1(s)) = 1/m. So,
lim T'(s) cos (E)ZQH(S) — lim (s — 1)Za+1(s)r(s)m
s—1 2 s—1 s—1
_ L cos(F)
= Res(Za+1(s)) lim 1 - -1/2. 0

Once we have extended (,(s) to the entire s-plane (with simple poles at s =
1,2,3,...), we use the continuations of equations (6.3) and (6.4), both valid for
s € C, in order to get

Ca(l = 8)Ca(s)
(1 — s)T'(s) sin(ms/2) cos(ms/2)

From that, a simple verification leads us to the following functional equation.
Corollary 6.3. The function

_ /2 Cals)
2(e) = ﬁzaH(s)

satisfies the functional equation ®(s) =1/P(1 — s).

(65) Za+1(S)Za+1(]_ — s) =

= %Ca(l —5)Ca(9).

Next we study the analytic continuation of (g o(s) which is rather similar to
Cals)-
Theorem 6.4. We get

(6.6) Cra(l —s)=—-T(s)cos (%)Za(s)7 seC,
or equivalently
(6.7) Ce.a(s) =-TI'(1—s)sin (%)Za(l —3), seC.

In particular, (g o(s) can be analytically continued to the entire s-plane with simple
poles at s =n=1,2,3,... (fora # £1/2) whose residues are equal to —c,_1/(2n!).
Moreover, (g, (0) = —1/2.

Finally, let us mention that, having Z,(s) defined in 0 < Re(s) < 1 (Theorem 6.1,
whose proof provides a convergent series to evaluate Z,(s) in this region), one can
wonder where the zeros of these functions are. Hawkins did an analysis of the zeros
of Z,(s) and provided some results involving zero free regions [21, Section 2] (see
also [1]). In addition, many of the graphical or numerical methods for finding the
zeros of ((s) in the critical strip (see, for instance, [6, 7] and the references therein)
can be adapted to the case of Z,(s). It is then easy to find zeros of Z,(s) that do
not satisfy Re(s) = 1/2. However, as far as we know, a further analysis of the zeros
of Z,(s) is yet to be done, but doesn’t seem to be straighforward at first glance. Is
there a deeper theory behind this problem?
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7. PROOFS OF THE RESULTS OF SECTION 5

In this section we prove the theorems of Subsections 5.1 and 5.2. In Subsec-
tion 7.1, we begin by proving results concerning the Hurwitz-Dunkl zeta function
Ca(s, ) stated in Subsection 5.1; in Subsection 7.2, and with less details, we prove
the corresponding results for (g o (s, z) stated in Subsection 5.2.

7.1. The Dunkl zeta function case. Our goal is to prove Theorem 5.1, and then
use it to prove Theorems 5.2, 5.4 and 5.5. For that, some preliminary results are
needed.

Lemma 7.1. Let {s,,}5°_; be the positive zeros of Jo11(t) and let S = C\{0, tisy,
+is9,...} denote the region that remains when we remove from the t-plane the
origin and all zeros of To41(t), as in Figure 2. Then for x € [—1,1] \ {0}, the
function

g(t) = EE¢

a(_t) — Eq (t)

is bounded on compact subsets of S and compact subsets of x € [—1,1]\ {0}. Fur-
thermore, if « < 1+ 1/2, then for x = 0 the function g(t) is bounded on compact
subsets of S.

Proof. We use arguments similar to those of [18, § 2], and reproduce most of them
for the sake of completeness (actually, here it is somewhat simpler because [18] uses
a € C and here we have the standard o > —1 of the Dunkl context). To get started,
let us take a large circle D = {z € C: |z| = A} of radius A with the condition that
none of the points is,,, m € Z\ {0}, must lie on D. The poles of g(¢) inside D are
iSm, with |s;,| < A, and all of them are simple. Now, we prove that the value of
A can be chosen arbitrarily large and such that there exists some constant ¢ > 0
independent of A (but depending on «) satisfying

(7.1) Ta(t)] = ce™® |1/
for t € D. For that, we proceed based on what is done in [35, § 15.41, p. 498]. First,

we denote H&l)(t) and H? (t) as the Bessel functions of the third kind. We use
the equality

(7.2) 2Ja(t) = HV(t) + HO (1),

and, in addition, the fact that the Bessel functions of the third kind satisfy the
estimates

2\
(7.3) H(gl) (t) — (ﬂ) eit—gam—3m) (1 + nl,a(t))a
oNYE
(7.4) HP(t) = <m> et(t-zam—gqm) (1 + nz,a(t)),
‘ «— iSQ
‘ «— i51
(0
‘ «— 7’L'51
‘ «— —ng

FIGURE 2. A compact subset of the region S from Lemma 7.1.
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were 11 o(t) and 72 o (t) are functions of order O(1/t) for large [¢| (see [35, §15.4,
p. 496]). Therefore,

1/2 1/2
L B S YO ’Hu)(t)‘ <o 2\ mm
2 \ mlt| e RN ’

1/2 1/2
% ( 2 ) eIm(t) < ’Hég)(t)‘ <2 <2> eIm(t)7

lt] |t
for |t| large enough. This, together with (7.2), gives

1/2 1/2
o Ju(t)] > 2 (2] eml _g (2} i)
=2\t |t|

1/2
L2 m) (1 _ 4efz|1m<t>\)
2 \ 7|t]

for |t| large enough, which proves (7.1) if |Im(¢)| > 1. On the two arcs of D with
|Im(t)| < 1, according to (7.2), (7.3) and (7.4), the problem reduces essentially to
get a lower bound for | cos(t— %om— iﬂ)|, which can be done by simply choosing A so
that to avoid the zeros of the cosine function. This proves (7.1). Furthermore, (7.2),
(7.3) and (7.4) also give
| a(t)] < C el jg1/2

for |t| large enough, with a constant C' > 0 depending only on «. Therefore, for
any compact set K C [—1,1] \ {0} the radius A can be chosen with the additional
property that there exists C' > 0 such that, for any ¢t € D and any = € K,

(7.5) | o (tz)] < C el /| |1/2,
(7.6) | Ja1(tz)| < C MU0 /jgg|1/2,
Using (7.1), (7.5) and (7.6), we get, for x € K and ¢t € D,
E,(xt) | Ea(tz) (a+1) (a+ DT, (tx)  a1Zaq1(tz)
’Ea(t) - Ea(t)’ B ’ Lot | | Zama()t 2Za41(t)
Jo(ita)i + Joqq(itz)| _ _ el@D/|zi)/2 ellel=DIRe(®)]
20 T (it) | Jafrel GO [t[172 T € [g]a12

for some constant ¢ depending only on o and K. This proves the result for z €
[-1,1] \ {0}. Finally, let us study the particular case z = 0. As E,(0) = 1, it
follows that

a+1 _ |t|a7171/2
lg(t)] = Ia+1(t)t‘ ol Re(0)]

Since we can choose ¢ such as |t| — oo and Re(t) is constant, to ensure that g(t) is
bounded at © = 0 on compact subsets of S we have to consider that « < 1+1/2. O

We now have the tools for the next step:

Proof of Theorem 5.1. For simplicity, let us denote

E,(xt)
Eo(=t) = Ea(t)’
The contour C' in Figure 1 is composed of three parts, Cq, Cy and C5. We take
(5 as a positively oriented circle of radius 0 < ¢ < s; (where s; is the first zero of
Jat+1(z)/z*T1) about the origin. This avoids Cy passing through a zero of g(t). On
the other hand, C; and C3 are the lower and upper edges of a “cut” in the t-plane
along the negative real axis, traversed as shown in Figure 1. Then,

(7.7) 2mil(s, ) = </Cl +/CQ +/CS) g(t)t* "t dt.

g(t) =
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We consider an arbitrary compact disk |s| < M and prove that the integrals along
C; and C3 converge uniformly on every such disk. Since the integrand is an entire
function of s, this will prove that I(s,z) is entire.

We have t = re~™ on Oy, t = re™ on Cs (with 7 varying from ¢ > 0 to oo) and
g(t) = g(—r). Also, let us denote o = Re(s). Along C; and Cs, for r > 1,

|ts—1| — ,],,U—1|ei7ri(o'—1+iy)‘ _ ,,,a—leiﬂy < ,rM—leﬂ'M.

Hence on either Cy or Cs, for r > 1,
lg(O)t = < r e g(—r)].
Following the proof of Lemma 7.1, we find that g(—r) is bounded by

ellal=1yr
¢ |z]e—1/2"

That means |g(t)t* =1 < ArMe(=I=DIl for some constant A depending on M and z.
Since the integral fcoo rMe21=17 @ converges when ¢ > 0 and —1 < x < 1, this
shows the convergence along C; and C3 and hence, I(s, ) is entire.

Now, we compute I(s,x) by (7.7), taking into account that ¢ = ce? (with —7 <
6 <) on Cs. Let us take

(&

2m'I(s7x):/ ri e ™S g(—r) dr

o0
™ oo
—|—/ csflew(sfl)g(cew)icew do —|—/ ro e S g(—r) dr.
—T (&
The sum of the integrals along C; and Cj is equal to

/ Tsflg(_r)(em's _ efm'S) dr =21 Sin(Sﬂ')/ 7"5719(_7’) dr
=: 2isin(sm)I (s, c),

and the integral along C is equal to

s
ics/ e g(ce®®) df =: ic*Iy(s, c).
—T

Dividing by 2, we get
S

wl(s,x) = sin(sm)I; (s, c) + %Ig(s, c).

If we take ¢ — 0, we notice that I;(s,¢) — ['(s)(a(s,z) if ¢ > 1, where (4(s, z)
is the function defined in (4.13), so it only remains to prove that Is(s,c) — 0 as
c— 0.

Notice that g(t) is analytic in |[¢t| < s; except on the simple pole at t = 0. Hence
g(t)t is analytic everywhere on |t| < s; and so it is bounded here, say g(t) < A/|t|
for some constant A > 0 and [¢| = ¢ > 0. Therefore we have

|I5(s,¢)] < % /7; e Y0 é do < AemWleo 1,
If 0 > 1 and ¢ — 0, we find Is(s,c¢) — 0. In conclusion, for o > 1,

wl(s,x) = sin(sm)T'(s)la (s, x),
and finally, using that I'(s)I'(1 — s) = 7/ sin(ns), we get (5.2). O

Let us give the proof of Theorem 5.2, where we show that the unique singularity
of (n(s,z), such as defined in (5.3), is a simple pole at s = 1.
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Proof of Theorem 5.2. Since I(s, x) is entire, the only possible singularities of (4 (s, x)
are the poles of I'(1 — s), that is, the points s = 1,2,3,... But (,(s, ) is analytic
for s > 1, so s =1 is the only possible pole of (. (s, ).

If s is any integer, say s = n, the integrand in the contour integral for I(s,x)
takes the same values on C; as on Cj, and hence the integrals along Cy and Cj
cancel, leaving, by Cauchy’s residue theorem,

1 E,(zt)
27 ¢, Eo(—t) — Eq(t)
In particular, when s = 1 we have
E,(xt) . tEy(xt)(a+ 1)
I(1,z) =R (—):—1 _—
(1,2) = Res Euo(—t) — Ba(?) 150 Tap (00
To find the residue of {,(s,x) at s =1 we compute the limit

li_IH(s — D¢a(s,2) = — li_)rr%(l —s)I'(1—9)I(s,z) = —I(1,z) h_>rr{ N2-s)=a+1.

E,(xt)

I(n,x) = mtn 1).

t" 1 dt = Res (
t=0

—(a+1).

This proves that (,(s,z) has a simple pole at s = 1 with residue « + 1. O

Now that Theorem 5.1 is proved, we can obtain the expression of {,(—n, ), for
n=0,1,2,... related to the Bernoulli-Dunkl polynomials:

Proof of Theorem 5.3. Evaluating at s = —n in (5.1) we get (o (—n,x) = n! I(—n, ).
Applying Cauchy’s residue theorem, we have

B E, (xt) o1 Eo(zt) s
tona) =8 (mp o gt ) = (e 022G

= —(a+ Res(t”QZ :a )

= (a—l—lhm(t‘”lz m.al >:_(a+1)%”+1!0‘(x)' 0O

Tm,« Tn+1,a

Now we are ready to prove the convergence of the Lerch-Dunkl zeta function
F(x,s) defined in (5.7), and the Hurwitz-Dunkl formula:

Proof of Theorem 5.4. We begin by proving the convergence of (5.7), with Re(s) >
1, for x € R. For real values of the variable, we have

Tt + Jua (0 = (14 o(1)), # oo,

so lim,, si/ Q\Ja (sn)| = \/2/7, and consequently
Zo(i5m)| ~ Cs;.27 Y2t — 0.
Moreover, |Eq(xisy,)| < Clasm,| /2 by (4.2). Then,
‘Ea(m'sm) 1
Zo(iSm) S35,

and this guarantees the absolute convergence of (5.7).
To prove (5.8), let us consider the contour integral

1 E,(xt) .
(7.8) In(s,z) = o /C(N) mt Lat,

where C'(N) is the loop shown in Figure 3. We now denote o = Re(s).
First we prove that impy_yo0 In(s,2) = I(s,z) if 0 < 0. For this it suffices to
show that the integral along the outer circle tends to 0 as N — oo.

<C‘ | a— 1/2 —5
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®ISNt1

L] —’iSN+1
FIGURE 3. The contour C(N) from (7.8).

On the outer circle we have t = Re*?, —1 < § < 7, hence
‘t871| — |Ra'71677i(0'+72y)| — Raflefyﬂ < Ro'fleﬂ'\y|'

Since the outer circle lies in the set S of Lemma 7.1, the integrand is bounded
by AR~ 'e™l¥!| where A is the bound for g(t) implied by Lemma 7.1; hence, the
integral is bounded by 27 AR e™¥!. This tends to 0 as R — oo if o < 0. Therefore,
replacing s by 1 — s, we see that

lim Iny(1—s,2)=1(1-s,z), ifo>1.
N— 00

Since
E.(xt) e _ Ea(at)(a+ 1)257571
Ea(_t) - E, (t) IaJrl(t) ,
the poles of g(t)t—* are just the zeros of Z,1(t), say iSm, m € Z \ {0} (we don’t
take into account the pole at ¢ = 0 because C'(N) doesn’t contain it). We compute

In(1 — s, ) explicitely by Cauchy’s residue theorem. We have

S Remy=— S Res (o Falet)
(7.9) IN(l—s,x)——m;Nmm)——m? il (Ea(—t)—Ea(t)t )
m#0 m#0

Now, if m > 0,
E,(xt)(a+1)

_ = i o —s—1
R(m) t—lgl,,,,(t iSm) oo

t—ism)
=FE,(xi 18, ) 5L 1) 1 (77"
o(aisn)(is) ™M+ 1) lim =T

= Eo (i) (ism) " Ha+ 1) m——.

Tl 41 (ism)

Now, we compute Z/, (isp) as follows. First, let us write Zo(2) = 2°T(a +

1)I4(z)/z%, where I, is the modified Bessel function of the first kind and order «,
see [35, 28]. We will use the identities (see, for instance, [28, 10.29.2])

(7.10) I(2) = Lot (2) + 5 La(2)
and
(7.11) I,(2) = La1(2) = = La(2).

By (7.10) we have

/() — o L(z)  Ta(2)\ _ _ =z
(7.12) Z.(2) =2°T (a+ 1) ( ol zaﬂ) = ot D) Zot1(2),
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and by (7.11) (with « 4 1 instead of o) we deduce that

Z,(2) = 2+ +2) (2228 o P

a+1 a+2

— 2% (a + 2) (IG(H) —2(a+ 1)1221(j)>
2(a+1)

= 7(Ia(z) —Zat1(2)).

Hence, Z), 1 (ism) = Aot 7 (i8m ). Therefore we get, for m =1,2,...,

1Sm

1 Eo(zism),. _

7.13 -R = —————2(i8,) " "%
(7.13) (m) = 3 T (i5m) (ism)
Analogously, for m = —1,—2,..., we can compute —R(m) the same way as before,
but taking into account that s_,,, = —s,, and knowing that Z,(¢) is an even function
of t. In this case, we get

1 Eo(—xism), . _
7.14 -R = —————(—isy) " °.
(7.14) (m) = 575 o (i)

By (7.13) and (7.14) we are able to compute (7.9). Indeed,

N

In(l— 5,2) o (T18m) (—i)*S Ea(.—xism).
o (i8m)ss, 2 = La(ism)ss,

Writing i ~* = e~™%/2 and (—i)_s = ¢™/2 and taking N — oo we get

_ I —Tsi/2 xZSm 71—52/2 I"LSm
I(1=s2) = ( Z To(i8m)85, Z I (i8m)ss, |

m=1
Since (o (1 —s,2) = (s)I(1 —s,z), if we call F(z,s) => % we finally

get the Hurwitz-Dunkl formula (5.8). O

The Hurwitz-Dunkl formula gives us an expression for {, (s, ) free of the intricate
integrals. With it, we can easily prove Theorem 5.5.

Proof of Theorem 5.5. Taking x = 1 in the Hurwitz-Dunkl formula (5.8), we get
F(l,s)=>>"_, 1/sm, since Eq(Eism) = Zo(ism). Hence,

Call5) = G151 = " D" o (77 4 ) =T eos (3) >+

S s
m=1 "™ m=1

Changing 1 — s for s we get the equivalent expression in terms of sin(x). O

7.2. The Euler-type Dunkl zeta function case. Now we prove the analogous
results for (g (s, ) and (g q(s).

Lemma 7.2. Let {jm,}>_, be the positive zeros of J,(t) and let S = C\ {0, £ij,
+ija,... }. Then for x € [-1,1]\ {0}, the function

B E,(xt)
"= 5T B

is bounded on compact subsets of S and compact subsets of x € [—1,1]\ {0}. Fur-
thermore, if a < 1/2, then for x = 0 the function h(t) is bounded on compact
subsets of S.
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Proof. We start again by taking a large circle D = {z € C : |z| = A} of radius
A with the only condition that none of the points j,, m € Z\ {0}, must lie
on D. The poles of h(t) inside D are j,, with [j,| < A, and all of them are
simple. For any compact set K C [—1,1]\ {0} the radius A can be chosen with the
additional property that there exist ¢, C > 0 such that, for any t € D and = € K,
equations (7.1), (7.5) and (7.6) are satisfied. Hence, we have

E,(xt) | Ealtr)|  |Za(tx) 2t Lot (t2)
Eo(—t) + Eo(t)| | 2Za(t) | [|2Za(t)  4(a+ 1)Za(t)
[ Jalita)i+ Jag (ita) | _ellzl=DIRe®)]
- 20 J,,(it) =T gem172

for some constant ¢ depending only on o and K. This proves the result for z €
[-1,1] \ {0}. Finally, we consider the particular case z = 0. As E,(0) = 1, it
follows that

1 _ |t|a+1/2
o= ‘m(t)’ = O

which is bounded, when |t| > A, if & < 1/2. Hence, for = 0, h(t) is bounded on
Sifa<1/2. 0

Proof of Theorem 5.8. The proof is identical to the one of Theorem 5.1 but using
the bound of Lemma 7.2 instead. O

Proof of Theorem 5.9. The convergence of Fg(z,s), for x € R, can be proved as in
the case of Theorem 5.4, this time with [Za41(jm)| ~ Clim|~ /2, s0
E.(ijmz) 1

Lot (igm) ji*

and the converges is again for Re(s) > 1.
To prove (5.14), let us now consider

1 E,(xt) a1
In(s,2) = 55 /C(N) R EY RO
with C'(N) the loop of Figure 3. On the outer circle the integrand is bounded
by AR~ 'e™lvl, where A is the bound for h(t) implied by Lemma 7.2; hence, the
integral is bounded by 2rAR%e™¥. If ¢ < 0 the integral Ix(s,z) — 0 along
the outer circle of C(N) when R — oo. Hence, replacing s for 1 — s, we get
lmy oo IN(1—8,2) = Ig(1—s,x) for ¢ > 1. We compute Ix(1—s,x) by Cauchy’s
residue theorem. Let m = 1,2,... We compute the residue at t = ij,, using (7.12):

=~ (50) -~y -1 (550

< C‘m|fa71/2 ‘—s

-]’NL ’

Ea Z]mx e N— a+1 Ea ijx v N—g—
— _ /(“ )(Z]m) s:_( ) ( )(Z]m) s 1.
2]’.&(1]7?1) Ia+l(2]m)
Also, when m = —1,—2,..., we have
(a + I)Ea(_zjmx) LoN—s—1
—R(m) = — — —1i ST
(m) = ~ S i)
Then,
N N ..
(a+ D)Eo(ijmx) ,. . \_e1q
In(1—s,2)=— R(m) = — — UJm) 7.
m#0 m7#0

Letting N — oo, we get (5.14). O
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