OLD AND NEW IDENTITIES FOR BERNOULLI POLYNOMIALS
VIA FOURIER SERIES
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ABSTRACT. The Bernoulli polynomials By, restricted to [0,1) and extended by
periodicity have nth sine and cosine Fourier coefficients of the form Cy/n*.
In general, the Fourier coefficients of any polynomial restricted to [0,1) are
linear combinations of terms of the form 1/nF. If we can make this linear
combination explicit for a specific family of polynomials then by uniqueness
of Fourier series, we get a relation between the given family and the Bernoulli
polynomials.

Using this idea, we give new and simpler proofs of some known identities
involving Bernoulli, Euler and Legendre polynomials. The method can also be
applied to certain families of Gegenbauer polynomials. As a result, we obtain
new identities for Bernoulli polynomials and Bernoulli numbers.

1. INTRODUCTION

The Bernoulli polynomials By (z) (with & € NU{0}) are defined via the gener-
ating function

oo

etz k
=Y B (L1)

et —1
k=0

from which one also obtains the Bernoulli numbers as the values By, = By (0). Al-
though it does not immediately yield their explicit form, the manipulation of ,
along with the uniqueness theorem for power series expansions, leads to many
properties of these polynomials. For instance, the following properties concerning
derivation and symmetry are easily obtained in this way:

Bj(z) = kBy—1(z),  k>1, (1.2)
Bi(1 —z) = (=1)*By (), k> 0. (1.3)

These two properties are all that is needed to obtain the Fourier series of the
1-periodic functions which coincide with By (z) on the interval [0, 1),

2 k 1 (2k)! > cos( 27mac
Bop(z) = (-1 % zk Z kE>1, (1.4)
2(—1)F"1(2k 4+ 1)! = sin(27mnz)
sz+1($) = (271_ 2k+1 E n2k+1 y k Z 0. (15)
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In fact, (1.4) and (1.5 are equivalent to the statements that the sine and cosine
Fourier coefficients of the polynomials

R o1 2k
Boi(z) = (—)F! ((2]3)1 Boy(z), k>1,
R B 2r 2k+1
Bopr () = (~1)F 15%)_’_1), Baky1(x), k=0,
are
1 1 2k
/ Boy(z) cos(2rma) dx = { fm*, m >0, (1.6)
0 0, m =0,
1 o
/ By (x) sin(2rmaz) dz =0, m >0, (1.7)
0
1 1
/0 Boj11(x) sin(2mrme) de = T M 0, (1.8)
1
/ Bojy1(z) cos(2rma) dz =0, m >0, (1.9)
0

and properties ([1.6)—(1.9) can be deduced easily using only induction and (L.2]), (L.3]).

On the other hand, as we show in the following lemma, the sine and cosine
coefficients on [0,1) of any polynomial of degree n are a linear combination of the
terms 1/m¥, k < n. Therefore, every polynomial of degree n is a linear combination
of the normalized polynomials ék, k < n. Of course, this last assertion is also
obvious without the use of Fourier series. The point here is that in many cases
we can obtain the coefficients of the linear combination more quickly and easily by
computing the Fourier coefficients of the polynomial.

We will illustrate the method with a very simple example: the monomial z".
First, we compute its Fourier coefficients.

Lemma 1.1. Let n,m € N. Then,

1 [n/2] |
n _ k=1 n! 1
/0 x" cos(2mma) de = E_l( 1) 2k 1)l @)

1 (n/2] ol 1
/ z" sin(2rmax) dx = Z (—1)k-1 :
0

— (n — 2k + 2)! (2rm)2k—1"

Proof. This is a straightforward computation using integration by parts and induc-
tion. O

Now, as an application of the method, we give a proof of a well-known theorem.
Theorem 1.2. Forn € N, we have
n n+1 .
Z ( , )Bj(x) =(n+1)z".
=0\ J
Proof. Let us suppose that n is even (the odd case is entirely similar), and use 2n
instead. We define
(2n)! 1
(2n — 2k 4+ 1)! (2m)2k

égk (1’)

RN (2n)!
=2 @n =2+ 1)1 @y D2 @)
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and

2n)! 1 o
Walw) =3 (=1 (2n —( 213 +2)! (2m)2k—1 Bate-1(2)

k=1
N\ (2n)!

By the lemma and formulas (L.6)—(1.9), it is immediate that V,, + W, and 2"
have the same sine and cosine Fourier coefficients, except for the constant term,

which is 0 for the first polynomial and 1/(2n + 1) for the second one. Therefore,
by uniqueness of Fourier series,

1
_ 2n
Vo(z) + Wy(z) =2 i

Finally, observe that

2n

(2n)!
V() + W () = : i (z)

= (2n —j+1)!y!

hence the result follows now from a couple of simple manipulations. O

Remark. The identities extend from [0,1) to C by analytic continuation.

The classical proof of this theorem uses the formulas
Bn(l + 1‘) - nl‘n71 + Bn(aj)

and

" /n
B,(1+1z)= ’;0 (k)Bk(x),
which can be easily deduced from the defining relation .

In this specific case, the difficulties of the above proof and the classical one are
comparable. However, in more complicated situations, we believe that our method
is simpler. It is the purpose of this paper to provide evidence for this claim, by
obtaining, via the use of Fourier series, identities between polynomial families, some
of which are new while others are well-known, but are given simpler proofs.

In addition, properties of one family are carried over to another and hence we
obtain new recurrence relations for Bernoulli polynomials and Bernoulli numbers. It
should be mentioned that new relations between classical and generalized Bernoulli
polynomials and numbers are still obtainable through the use of different types of
expansions (see [2, [, [7, [II] and the references cited within). These identities are
similar in appearance to ours but not identical to them. Power series expansions
are the most often used, due to the natural starting point given by the generating
series , but it is not the only one, for instance the related power series for the
cosecant is used in [3]. We believe that, for the purpose of proving these types of
identities, Fourier expansion is also a useful tool, and one that is not typically used
in the mainstream. The authors have previously employed this method to prove
some facts about Bernoulli and Euler polynomials in [5], and for Apostol-Bernoulli
polynomials in [6].

The organization of the paper is as follows. In Section 2] we obtain a relationship
between Legendre and Bernoulli polynomials, which was already proved in [9] [10],
but with longer and more complicated proofs. In Section[3] which we have separated
from the previous one for the sake of clarity, we extend the results to Gegenbauer
polynomials with polynomial weight; the results here are new and lead us also to
some new identities for Bernoulli polynomials which are developed in Section[d In



4 LUIS M. NAVAS, FRANCISCO J. RUIZ, AND JUAN L. VARONA
Section [5, we show how to use the Fourier coefficients to obtain a known formula
relating Euler and Bernoulli polynomials in a very simple way.

Remark. The formulas appearing in this paper were checked with Maple to avoid
possible mistakes in their transcription, especially the longer ones.

2. BERNOULLI AND LEGENDRE POLYNOMIALS

We denote the classical Legendre polynomials by P, (z). Recall that they are
orthogonal on the interval [—1, 1] and have the same parity as n. It is straightforward
to prove, by substituting 2z — 1 = y, that

1
/ Py, (22 — 1) sin(2mrmz) dz = 0, n,m € N,
0
and
1
/ Pon(2c —1)dz =0, neN.
0

The key point here is that it is also possible to explicitly find the cosine coefficients
by applying classical integral formulas.

Lemma 2.1. Let n,m € N. Then

i (—1)*—1 (2n + 2k — 1)! 1

1
Py, (22 — 1) cos(2 — :
/0 2n (2 = 1) cos(2mma) dx 22k=1 (2k — 1)1 (2n — 2k + 1)! (xm)2*

k=1

Proof. By substituting 2z — 1 = y, the proof is immediate if we take into account
the two following classical formulas relating Bessel functions:

| Postw costrmp) dy = (1" 5T em)

(see [8, formula 2.17.7-1, p. 433]) and

n—1
1 1 (2n + 2k + 1)! 1
- S _ _1)
om 2n+§(ﬂ'm) . COS(W(m TL)) kz:%( ) (Zk ¥ 1)| (2n — 9k — 1)| (27rm)2k+1
(see [I, formula 10.1.8, p. 437]). O

This lemma and the uniqueness of Fourier series is all that we need to state the
following theorem.

Theorem 2.2. Let n € N. Then

1 KN (2n + 2k — 1)!
5 Pen (20 =1) = ,; (2k — 1)1 (2k)! (2n — 2k + 1) Bai(@)- (2.1)

Proof. The previous lemma and (1.6), (1.7)) show that the polynomials on both
sides of (2.1)) have the same sine and cosine Fourier coefficients on [0, 1]. Therefore,
the formula is true on [0,1) and, by analytic continuation, on R. O

In the odd case the same references, [I] and [§], serve to show the following result.

Lemma 2.3. Let n,m € N. Then
E”: (=%  (2n+2k+1)! 1

1
(i): / Pypi1(22—1) sin(2rma) de = —
0 k=0

1 1
(ii): / Pypi1(22 — 1) cos(2mma) do = / Pypt1(2z —1)dx = 0.
0 0

We then have the corresponding consequence.

22k (2k)! (2n — 2k + 1)! (rm)2k+1°



BERNOULLI POLYNOMIALS VIA FOURIER SERIES 5

Theorem 2.4. Letn € N. Then

1 < (2n + 2k + 1)!
5 Pen1 (20 = 1) = kz:% Rk 1) (20— 2k + 1)1 Do @) (22)

As we said in Section [I} the same formulas for Legendre polynomials were ob-
tained in [9, [10] by much more complicated techniques.

3. BERNOULLI AND GEGENBAUER POLYNOMIALS

We now consider the classical Gegenbauer polynomials G\ (), which are orthog-
onal on [—1, 1] with respect to the weight wy(z) = (1 — 22)*~1/2, when A — 1/2 €
NuU {0}, with G,ll/z(x) = P, () being a particular case. We recall that G} (z) also
has the same parity as n. The following identities are straightforward to prove by
substituting 2x — 1 =y. For n,m € N,

/l(x(l — )MV 2z — 1) dz =0,

0

/1(95(1 — )26y (20 — 1) sin(2rma) dz = 0,
0

1
/ (z(1 —z))* 12 G2yt (22 — 1) cos(2mma) da = 0.
0

We can extend the results of the Section [2] since there are also classical formulas
which permit us to compute the remaining Fourier coefficients of such polynomials.
The formulas are slightly different according to whether A is of the form 2j + % or
2j — %, with j € N, and whether the degree of the polynomial is odd or even. Thus
we present them separately.

3.1. The case 2j + % and even degree. The cosine Fourier coefficients of the
polynomial (z(1 — z))% G2, (22 — 1) are given by following lemma.

Lemma 3.1. Let A =2j + %, j € NU{0}. Then for n,m € N, we have

1 " B ‘ (=7 m (45 +2n)!
/0 (2(1 —2))™ Gan (2 — 1) cos(2mma) dr = L@2j+3) (@)

(=Rt (204 2j + 2k — 1)) 1
22k=1 2k — 1)! (2n + 25 — 2k + 1)! (wm)2k+23°

k=1

Proof. We apply [8 formula 2.21.7-1, p. 534] and [I, formula 10.1.8, p. 437] in the
same way as in Lemma [2.1 O

This is enough to prove the next relation.

Theorem 3.2. Let A\ =25 + %, j € NUA{0}. Forn € N, we have

j I VT (45 + 2n)!
(w1 = 2)) Gop (20 = 1) = 5 r(2j+3) (2n)

n+j .
(2n+2j+2k—1)!
B (). 1
% ; Ok DTk + ) @n 1 2j — 2k 1) (@) (D)

The same references cited in the last lemma contain the formulas necessary for
the remaining cases, which we present without further comments.
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3.2. The case 2j — % and even degree.

Lemma 3.3. Let A =25 — %, j € N. Then for n,m € N, we have

! 2j-1 (-1 VA (4 +2n—2)
/O (2(1 = 2))% 71 G3, (22 — 1) cos(2rma) do = S Fo=1) )
. ntj—1 (-DF (20 +2j + 2k —1)! 1

22k (2k)! (2n + 2j — 2k — 1)! (wm)2k+27"
Theorem 3.4. Let A =25 — %, 7 € N. For n € N, we have

1 Voo (45 +2n —2)!

(z(1—2)¥ Gy, (22— 1) = T 243 (25 — 1) (2n)!

It (2n + 25 + 2k — 1)!

’ kZ:O (2k)!(2k+2j)!(2n+2j—2k_1)!B2k+2j($)- (3.2)

3.3. The case 2j + % and odd degree.
Lemma 3.5. Let A\=2j+ 1, j € NU{0}. Then for n,m € N, we have

1
/0 (2(1 — )% G5, 1 (22 — 1) sin(2mrmz) dz

(- r (4 +2n+ 1)
T 2% T(2j+1) (2n+1)
H(—1)F (@n+2j+2k+1)! 1
22k (2K)! (2n + 27 — 2k + 1)! (wm)2k+25+1°

Theorem 3.6. Let A=2j+ %, j € NU{0}. For n € N, we have

1 VT (45 +2n+1)!
C2U7IT(25+4)  (2n+1)!

(2(1 = 2))¥ G3,1(22 — 1)

] 2n + 2j + 2k + 1)!
Z(Qk)!( ( J )

Bokia; :
2k +2j + 1)! (2n + 2j — 2k + 1)! 2et25+1(7)

(3.3)
k=0

3.4. The case 2j — % and odd degree.
Lemma 3.7. Let A =25 — %, j € N. Then, for n,m € N, we have
1
/ (z(1 — )% 71 G, (22 — 1) sin(2rma) do
0

(=17 ym (4j+2n—1)!
S 29325 - 4) (2n+1)!

X’ij (1Rt (2425 + 2k —1)! 1
= 22kl (2 — 1120 +2j — 2k + 1)1 (om) 2R+ - 10

Theorem 3.8. Let A\ =25 — %, 7 € N. Forn € N, we have

-1 VT (454 2n—1)!

(x(1 — x))2j—1 G§n+1(2x -1)= 24-3 (25 — %) (2n +1)!

n+j

(2n 4 2j + 2k — 1)!
B i . 4
X;(Qk—1)!(2k+2j—1)!(2n+2j—2k+1)! 2i2j 1) (34)
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4. NEW IDENTITIES FOR BERNOULLI POLYNOMIALS AND NUMBERS

Using the results of the previous sections we can transfer formulas for various
orthogonal polynomials to the Bernoulli polynomials and vice versa. We are mainly
interested in the first direction. For example, a simple (and very easy to prove)
property which relates Legendre and Gegenbauer polynomials is

n—m

(;Lpn(x):1-3-.-(2m—1)Gm+1/2(x), m<n (4.1)
xm

(see, for instance, [Il, formula 22.5.37, p. 779]). Now, if we differentiate in formu-

las (2.1) or (2.2) and use (4.1) and Theorems we obtain some identities

between Bernoulli polynomials. Let us carry out the details in the case of even
Legendre polynomials and an even number of derivatives.
From (4.1) we have, for n,j € N,

d27 ) .
T Pansaj (1) = 13- (45 = 1) G311 (@), (4.2)

Differentiating (2.1) 2j times and applying (4.2), we get

_ . . .
277113 (45 = 1) Ggffl/z(?% -1)=2 ﬁp%wj(?m -1
_nif (2n + 25 + 2k — 1)! d2 o). (13)
T2 @E - IR (20t 2 -2k e e

We multiply both sides of (4.3)) by 2%/ (1 — )2/ and use (3.1]), along with the (easily
proved) formula

22j_1-1~3-~-(4j—1)¢:1, jeN
241-17(25 + 1)

Next we recall the expression for the derivative of a Bernoulli polynomial,

i (2k)!
325 P2 ) = G o

Bok—2j(x), k> 3.

Denoting
(2n+2j + 2k —1)!
2k —1)'(2n+2j — 2k + 1)

a(k, j,n) =
we have then proved the identity:

Proposition 4.1. Let n,j € N. Then

n+j n+j

(2n + 45)! a(k,j,n) B
(2n)! ; Ok + 2j)1 w2 (@) = ;

a(k, j,n)
(2k — 2j)!

(E2‘7(1 — l’)szQk,Qj ((E)

In the same way, if we repeat the above argument with even polynomials and an
odd number of derivatives (using now (2.2)) and (3.2))), and we denote

(2n +2j + 2k — 1)!

B(k,j,n) = (2k)! (2n + 25 — 2k — 1)!7

then we obtain
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Proposition 4.2. Letn,j € N. Then

. +j—1 )
B . .
(2n)! kzzo (2k + 2j)! 24-+2; (%)
n+j—1 ]
_ k,J, 2-11 - n\2-1B,, .. )
2 G 1 0 By a(o)

By differentiating odd Legendre polynomials an even number of times, and using
the notation

(2n+2j + 2k + 1)!
(2k)! (2n + 25 — 2k + 1)V

v(k,j,n) =

we get the following.
Proposition 4.3. Let n,j € N. Then

@n+45+ DL ~(k,j,n)
B .
(2n+1)! ;(2k+2j+1)! 2ie+2)1(7)

n-+j

v(k, j,n 22 2j
= E 1— J Bop_2; .
2]€ . 2] + ) ( 1‘) 2k 23+1($)

Finally, with odd Legendre polynomials and an odd number of derivatives, we
have the following proposition:

Proposition 4.4. Let n,j € N. Then

(2n+4j - D! alk,j,n)
(2n+ 1)! Z(2k+2j 1)! Bok+2j-1()

n+
- ZJ ol n F 27 (1= @)% 7 Boy_gja ().
(2k — 25 + 1 J

As a consequence of these results, we also obtain some identities for Bernoulli
numbers. For instance:

Corollary 4.5. Let j,n € N. Then

”ij i 1N (42 F 2%k =1\,
£\ 2k +2) 2%k — 1 vz =

’ij 242\ (24 2+ 2%k =1\,
2k — 1 2k + 2 2k+25 =

k=1
”*zj:” <2n+4j—1)(2n+2j+2k—1)3 .
) 2k+25 = U,
2o\ 2k +2 2%k
"*zjfl 21\ (M2 2%k -1\
P 2k 2% + 25 btz

Proof. Taking z = 0 in Proposition we obtain

i atkgin) 5
o k2l
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(2n+4j+1)!

If we multiply both sides by the term CESTIN

which is independent of k, we

obtain the first identity. If we multiply by ((22?;2{))1!, we obtain the second one. The
two remaining identities are obtained using Proposition [f.2]and a similar argument.

O

Remarks.

(i) We do not think that Propositions can be easily obtained directly
from formulas for the Bernoulli polynomials. For instance, there can be
no direct relation between 2% (1 — )% Boy_s;(z) and Boj2;(z) because
the even Bernoulli polynomials have no roots at neither 0 nor 1. For the
same reasons, we do not see that formula together with directly
imply (3.1)). For this reason, we believe that our results above for Bernoulli
and Gegenbauer polynomials are new. They are neither an easy conse-
quence nor a generalization of the results in [9, [10].

(ii) Similarly, observe that Propositions and cannot be obtained directly
from Propositions and by differentiation in a simple way, because of
the presence of the factors z"(1 — x)". Thus we believe that these propo-
sitions give new identities for Bernoulli polynomials, which are essentially
different for each j.

(iii) We have seen in the proof that the first two identities in the corollary are
equivalent, in fact proportional. However, we do not see whether the last
two properties are equivalent to the first ones. In any case, they remind
us of other known formulas for Bernoulli numbers which can be obtained
by methods involving hypergeometric functions. For instance, the Gessel-
Viennot identity (see [4]), of which the following is a special case:

i am — 2k +2\ [2n+1\ Bop_ok
— 2m + 2 2k+1/2m -k +1
2n+1 (4m2n+3

Am—2n+3\  2m+2 ) ms s am et

(see also [7] and the references there). We have not gotten around to de-
ducing some of our formulas from others such as these. Anyway, our proofs
via Fourier series are still much easier than those based on hypergeometric
functions.

5. A REMARK ON EULER POLYNOMIALS

The Euler polynomials FE,,(z), which are defined by means of the generating
function

9 etx > tn
g1 ZE"(x)E’ (5.1)
n=0

also have readily handled expressions for their Fourier coefficients. Indeed, from ([5.1))
we can easily get the properties

E,(1—-2z)=(-1)"E,(x), E! (z) =nE,_1(x). (5.2)
Now, from ([5.2)) the proof of the following lemma is straightforward.

Lemma 5.1. Let n,m € N. Then one has the following:

(i): /0 Espn () sin(2rma) dx = 0.

(ii): /OlEzn(x)da::_ 2

— L Fypii(0).
m+1 2 +1(0)
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(2n)! 1
(2n — 2k + 1)! (2rm)2k’

(iii): / Es, () cos(2mma) dax = QZ )X By _or41(0)

Consequently, by uniqueness of the Fourier series, we obtain the following theo-
rem:

Theorem 5.2. Let n € N. Then

Ban() + MQTEQ”“(O) =2 Z Ban—201(0) 57— 253-?!1)! oy P (@)

or, equivalently,

2n)!
Eop(r) = -2 ZEQn 2k+1(0 (2n — 256 +)1)! (2h)! Boy ().

We proceed in the same way for the odd Euler polynomials.

Lemma 5.3. Let n,m € N. Then we have the following:

(i): / Esn—1(x) cos(2rmaz) de = 0.

(ii): l/?l%n 1 =0.

n—1

(2n —1)! 1
: E . 2 = E _ok—1(0 .
(iii): ; on () cos(2mma) 2:: 2n—2k—1(0) (2n — 2k — 1) (2em)2F i1
Theorem 5.4. Forn € N, we have
_ (2n —1)!
Eon-1(z) = —QZEzn—zk 1 (2n—2k—1)!(2k+1)! Bokt1(x).

If we use the identities

E,(0) = — (2" —1)B,11, neEN,

n+1
(which have immediate proofs) and we put together the even and odd cases, we
obtain the following result.

Corollary 5.5. Letn € N and o € {0,1}. Then

E2n—<7(x)
_ 4,1,[, (2n —o0)! (22n—2k+2—20 _

1Bn* 70'B o .
(2n — 2k + 2 — 20)! (2k + o) )Ban 2k +2-20 Bakyo ()

k=0
(5.3)

This formula is also well-known (see, for instance [IJ, formula 23.1.28, p. 806]).
However, we have obtained it in a very simple and natural way.
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