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Abstract

We introduce Bernoulli-Dunkl and Apostol-Euler-Dunkl polynomials as general-
izations of Bernoulli and Apostol-Euler polynomials, where the role of the derivative
is now played by the Dunkl operator on the real line. We use them to find the sum
of many different series involving the zeros of Bessel functions.
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1 Introduction

Along the middle years of the XVIII-th century, Euler proved that
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where By, and FEsj, are the Bernoulli and Euler numbers, respectively. Bernoulli and Euler
numbers are the particular values By = Boy(0) and Ea = Fai(1/2), where {B,,(x)}, and
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{E,(x)}, are, respectively, the Bernoulli and Euler polynomials defined by the generating
functions

te™ O t 2™ & tn
= B, (z)—, — = Ey(r)—.
et —1 o () n! et +1 nz:% () n!

The sum can be seen as an identity for the sum of the reciprocals of the zeros of sin(x)
while in the sum the zeros of cos(x) are modified by an alternating sign. The sine and
cosine functions can be expressed in terms of Bessel functions: sin(z) = (wz/2)'/2J; /()
and cos(z) = (mz/2)Y/2J_1/5(x), respectively. So a natural generalization of is to
use Bessel functions J, (x) (see, for instance, [26] [I7, [19]) and to compute the series

1
> (1.3)
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where {s; o }; are the zeros of a Bessel function. This question, which has both mathemati-
cal and physical interest, has a somehow classical flavour and goes back to Lord Rayleigh in
1874 [21] (in fact, the sum as a function of « is usually called the Rayleigh function).
Since then, many papers have been published which study, with different approaches,
these and many other series along with identities and other properties; see, for instance,
[24, 16, 15, [3, [10] or |20, formula 11 in §5.7.33] (and the list is by no means exhaustive).

However, identities relating or any other sum involving the zeros of Bessel func-
tions with some kind of “Bernoulli” or “Euler numbers” seem to be unknown. Such
identities could be considered a true generalization of and .

The purpose of this paper is to introduce what we have called Bernoulli-Dunkl and
Apostol-Euler-Dunkl polynomials. We will use them to sum many series involving the
zeros of Bessel functions, among which are the analogous to the series and .

Our approach is the following. Bernoulli and Euler polynomials are particular cases of
the so-called Appell sequences. An Appell sequence { P, ()}, is a sequence of polyno-
mials defined by a Taylor generating expansion

At =3 Pn(x)%, (1.4)
n=0 :

where A(t) is a function analytic at ¢ = 0 with A(0) # 0. Since the exponential function
€® is invariant under the differential operator d/dz, it is easy to show that P,(z) is a
polynomial of degree n and P, (x) = nP,_1(x). Typical examples of Appell sequences
are the Bernoulli and Euler polynomials above, or the probabilistic Hermite polynomials
{Hen(x)};z.o=0'

For a € C\ {—1,—2,...}, we consider the entire functions

To(2) = 2°T(a + 1) ﬁg?
Ba() = 7a() + 5y Zani (3)

where J,, is the Bessel function of order . A simple computation gives
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with
) 2%EN (o + 1), if n = 2k,
M) 22K (a4 1)y, if =2k + 1.

The entire function F, is invariant under the Dunkl operator

2a2+ 1 (f(l‘) —ﬁf(—@)

Maf(2) = L pa) +

(see [13, 22]). Let us note that, when o = —1/2, we have v, _1/2 = n!, E_y/5(x) = €*
and A_;/, = d/dx. Hence Appell sequences can be generalized by replacing et by Eq(xt)
in (T.4): given a function A(t) analytic at ¢ = 0 such that A(0) # 0, we can associate to it
an Appell-Dunkl sequence {A,,}52, by the generating function

tn
Yr,a

A(t)Eo(at) =Y An(z) (1.5)

It is not difficult to check that A, is a polynomial of degree n which satisfies A, A, =
(n+ (@ +1/2)(1 — (~1)")) An_1.

Appell-Dunkl polynomials have already appeared in the literature as generalizations
of the Hermite polynomials (see, for instance, [I, 22]). But, as far as we know, no gener-
alizations of Bernoulli or Euler polynomials have been considered using this approach.

This paper is organized as follows. In Section we introduce our generalizations
of Bernoulli and Euler polynomials. More precisely, the Bernoulli-Dunkl polynomials
{Bn,a}2, are associated as in to the generating function

1

At) = 0

On the other hand, the Apostol-Euler-Dunkl polynomials {&,, . ., }>2, are associated as
in (1.5) to the generating function

B uZo41(w)
A) = (t+u)Zosa(t+u)’

where the parameter u is a complex number which is neither 0 nor a zero of Z,41. In
particular, we will show that B, 1,22z — 1) = 2"B,(x) and €, _1/3r/2(20 — 1) =
2"E,(x), where B,, and E,, are the Bernoulli and Euler polynomials, respectively.

In Section [3] we consider some partial fraction decompositions related to the functions
T,. Using them and the polynomials introduced in Section [2 we sum in Section [4 a lot
of series involving the zeros of Bessel functions, among which are the following examples.
For any complex value of a (except for the negative integers), we can order the zeros
Sja, J € Z\ {0}, of the Bessel function Ju41(z)/z*"! (notice that we have shifted the
parameter « by 1) so that, s; o = —5_j o and 0 < Res; o <Resjt1.4,J > 1 ([26, §15.41,
p. 497]). The case a > —2 is particularly relevant because then s, ., j > 1, are positive
numbers ([26, §15.27, p. 483]). We then prove (Theorem {4.1J)

i L _ )™ Bog.o(1) (1.6)
= S?Ifx 92k (a0 +2)5_1 2k,a\l), .

which can be considered a genuine generalization of (1.1).



We also sum a variant of this series with “alternating signs” (Theorem 4.1)): for Rear <
2k —3/2,

i L = g B0 (1.7)
; Ia(iSj,a)SQk - 922k [.| (a+2)k—1 2k, . )

j=1 Ja

Indeed, in this context the factor Z,(is; o), which multiplies each zero of the Bessel func-
tion, provides a generalization of the sign sequence (—1)7 in because for a = —1/2 we
have Z_y/5(is;,_1/2) = (—1)7. Using the Bernoulli-Dunkl polynomials one can explicitly
compute the sum . For instance, for £ = 1 and 2, one gets

> 1 a4l > 1 (a1 (a+2)
,Zza(is],a)sZ " 4(a+2) Zza(isj,a)s‘% T 32(a+3)(a+2)?
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These series were considered in [24] for o > —3/2.
We also prove (Theorem that, for Rea < k —1/2,

1 —1)" in )
- — 2(1 + Ot) ( ) _ (3 @n,a,?u(O) ,
Zo(i85,0) (85,0 — u)"*! untl uZ o 41 (10)Yn

JEZ\{0}

which can be considered a generalization of the Euler’s sums , because for « = —1/2
and u = 7/2, this series reduces to . Although we will insist again on this, throughout
this paper any doubly infinite series of the form jez Must be understood as the principal
value, that is, the limit of 3, v as N goes to infinity.

Using our approach, we also sum some other relevant series such as (see Theorem
and Theorem [4.4])

1
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for k > 0. For instance,
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The sum (1.8) is the Calogero series [7].
For @ > —1, the Dunkl operator has associated the following orthonormal system:

29T (a+ 1)1/2

€a,j(T) = - Eq(ts;r), j€Z\{0}, re|-1,1],
J( |Ia(715j,a)| ( J ) \{ } [ ]

and e, o(r) = 2@TD/2T (o + 2)1/2. In the last section of this paper we find the following
expansion of the Bernoulli-Dunkl polynomials with respect to this system (Theorem [5.4)):

—(=9)"m (-1)
Bal®) = 577 Y o eay(@),
’ a/2 1/2 n »J
2 (a+ DT (a+1) jentoy She

2a+1
where the convergence is in L2 ([—1, 1], $(04+1) dx). This can be considered as a gen-

eralization of the Hurwitz expansion for Bernoulli polynomials in Fourier series
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2 Bernoulli-Dunkl and Apostol-Euler-Dunkl polyno-
mials
As explained in the introduction, we will define Bernoulli-Dunkl and Apostol-Euler-Dunkl

polynomials as particular cases of Appell-Dunkl polynomials. To introduce Appell-Dunkl
polynomials we need some preliminary notations.

2.1 The Dunkl transform on the real line and the Appell-Dunkl
polynomials

For a > —1, let J, denote the Bessel function of order o and, for complex values of the
variable z, let

To(2) = 2°T(a + 1) J(;Sz) =T(a+1) Z T% =oFi(a+1,2%/4)
n=0 "

where ¢F} is a hypergeometric function, see [14], Chapter IV] (the function Z, is a slight
variation of the so-called modified Bessel function of the first kind and order «, usually
denoted by I, see |26l 17, [19]). Moreover, let us take

z

Ea(z) = Ia(Z) + m

Ioz-‘rl(z)v zeC.

The Dunkl operator A, in the real line (with reflection group Zs) is defined as

2a + 1 (f(x)—f(—x)) (2.1)

Aaf () = 0 (o) + 22 .

acting on suitable functions f on R (see [I3] for a« > —1/2 and [22] for the extension to
a > —1). It is easy to check that, for any A € C, we have

Ao Eo(Az) = AE,(Ax).



Let us note that A_y /o = d/dx and E_; j5(\x) = e,

The function F,(z) is known as the Dunkl kernel because, in a similar way to the
Fourier transform (which is the particular case &« = —1/2), we can define the Dunkl
transform on the real line

Fal )= [ Eal=ian)f@)duale). v <R (22
where du,, denotes the measure
dpe () = m |z|2*F dx
(in particular, dpu_y/2(z) = (2r)~%/?dz). The Dunkl transform can be extended to

an isometric isomorphism on L?(R, i) and fulfils ;1 f(y) = Fuf(—y).
From the definition, it is easy to check that

z
Eu(2) = Z
oo In.a
with
225k (a4 1)y, if n = 2k,
Tn.a = 2k+1( : e (2.3)
2 El(a+4+1)gy1, fn=2k+1,
and where (a),, denotes the Pochhammer symbol
(@)n =ala+1)(a+2) - (a+n—1)= [atn)
" ~ T(a)

(with n a non-negative integer). Notice that v, _1/2 = n!. From (2.3), one easily has

Oy = j& =n+(a+1/2)1 - (-1)"). (2.4)
n—1,«
We also define
(n> _ e
3o VieTn—ia
that becomes the ordinary binomial numbers in the case « = —1/2. To simplify the

notation we sometimes write v, o = v, and 0, o = 0,,.
To every function A(t) analytic in a neighbourhood of ¢ = 0 with A(0) # 0, we associate
a sequence of Appell-Dunkl polynomials A, (z) by the generating function

AW Ealat) = 3 Anfa) = (25)
n=0 n

(in addition to the papers [Il 22] cited in the introduction, Appell-Dunkl sequences have
been considered also, for instance, in [4, [6, [12]). From this definition, it is not difficult
to prove that Ay () is a polynomial of degree n and AgAn(z) = 722 An_1(x) (when
a = —1/2, this becomes the classical A/ (z) = nA,_1(z) of Appell sequences).

We straightforwardly have the following;:




Lemma 2.1. The Appell-Dunkl polynomials A, (x), n > 0, defined by (2.5) satisfy the

recurrence relations
n

n Aj(z
x :’Y"Z{y(.)a'"—j’

j=0 "

where
1
o Z ant"

Moreover,
Aa(An) = (n+ (a+1/2)(1 = (=1)"))An-1.

2.2 Bernoulli-Dunkl polynomials
We define the Bernoulli-Dunkl polynomials {8, }22, by the generating function

Eq(xt) i B.alx) i

= 2.6
Zata(t) o Ina (26)
To simplify the notation we sometimes write B,, = B,, 4.
Since
& x2n
Z T) = ,
(X-‘rl( ) ; Y2n,a+1
the first few Bernoulli-Dunkl polynomials are
Bo(z) =1, B (z) =z,
1
%2(37)2332—312, Bs(z) =2° —x
+4)(a+1) a+3 a+4
% — ot 92 (a % — 25 _9 23
1@) = v +(a+3)(a+2)’ s@) == a+2’ Tat2”

Proposition 2.2. The Bernoulli-Dunkl polynomials satisfy the recurrence relations

- EBQJ( )
n( 1) —_— 2.
= Bon(z) + (a + 2}( ) P (2.7)
il _ 3 —~ (2n+1\  Byjii(z)
x = Bon41(2) + (a + z_:o( 1) atn—j+1
Moreover,
Aa(Br) =+ (a+1/2)(1 - (-1)"))B,_1 (2.8)
and

1. Bo, is an even polynomial, n > 0;
2. Bop1 is an odd polynomial, n > 0, and vanishes at 1 (and hence at —1) for n > 1.

Proof. 1t is an easy consequence of Lemma O



Remark 1. One of the reasons why we call the family {%8,,}52, Bernoulli-Dunkl polyno-
mials is the following. From its generating function one gets

%7L,—1/2(2x B 1)

= = B (2), (2.9)

where {B,}>2, are the Bernoulli polynomials (for the definition and properties of the
Bernoulli polynomials one can see, for instance, [14] [1T]).
Indeed, taking into account that
. sin(iz)
E—l/Z(x) =€, 11/2(33) = ; )

1

and replacing = by 2z — 1, t by ¢/2, and « by —1/2 in the definition (2.6)) yields

ert=t/2 o B, 1222 — 1) 7

sin(it/2) Z on nl

it/2 n=0
An easy computation gives
e:rtft/Q text
sin(it/2) ot _ 1’
it/2

from where follows. We note that the change x — 2z — 1 in is very natural in
the Dunkl context, because it is very much related to the reflection group Zs (see )
For this group, the points +1 are essential, and thus the role of x = 0 and z = 1 for the
classical Bernoulli polynomials must be translated to —1 and 1.

The other reason to call them Bernoulli-Dunkl is that they play in the sums the
same role played by Bernoulli polynomials in the Euler sums (|1.1)).

One might expect that Bernoulli-Dunkl polynomials would satisfy many identities and
formulas corresponding to known properties of Bernoulli polynomials. Although the scope
of this paper is not to look for these identities, we display here just one of them to taste
their flavour.

The Dunkl translation operator of a function f is defined by

Ty f(x) = Z

n=0

Vy ALf(@),  a> 1,

where A9 is the identity operator and A"*! = A,(A7). For the Dunkl transform, the
translation 7, plays the same role as the classical translation for the Fourier transform
(that is, 7, f(z) = f(z + y) for the case & = —1/2). Some properties of the translation
operator, including an integral expression, can be found in [22], [23], and [25]. For our
purposes, we only need the identity [22 formula (4.2.2)]

7y(Ea(t))(z) = Eo(tz)Ea(ty).
Then, we have the following result:

Proposition 2.3. For a > —1, the Bernoulli-Dunkl polynomials satisfy

k
(B (@) =3 (’“) B, (e)yt . (2.10)

i=o \J



Proof. We prove that a certain generating function is equal for both sides of (2.10]). Indeed,

oo

BB @) L Bali)
g% PR = s Bt (@) = £ Ealty)

(& Bi@) g (= & [ Byla) y

B ] tk k k ' b
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In the classical case a = —1/2, (2.10]) becomes the well known translation formula

Brw+y) = Zk: (lj) Bj(w)y"~

J=0

for Bernoulli polynomials.

2.3 Apostol-Euler-Dunkl polynomials
We define the Apostol-Euler-Dunkl polynomials {&,, . }22, by the generating function

uZoy1(u)Eq(xt) — Cnau(T)
= —— 2.11
(t + U)Ia+1(t + U) 'r;) Yn, o ( )

where u is a complex number which is neither 0 nor a root of Z,,;. To simplify the
notation we sometimes write &, = €, , .

Proposition 2.4. The Apostol-Euler-Dunkl polynomials satisfy the recurrence relation

o= 20+ )y N E(@) i .
uZot1(u) JZ::O v (n—j)! Lo (u)- (2.12)

Moreover,

Aa(€,) = (n+ (@ +1/2)(1 = (~1)"))€,_1.

Proof. 1t is an easy consequence of Lemma[2.1] taking into account that 2(1 + &)Z},(z) =
Z‘Ia_i,_l (37) . ]

The computation of Apostol-Euler-Dunkl polynomials can be simplified using the fol-
lowing lemma.

Lemma 2.5. Given a« € C\ {—1,-2,...} and a nonnegative integer k, we have
I (2) = To(2) Pe(2) + Tas1(2)Qx(2), (2.13)

where Py(z) and Q(z) are rational functions satisfying Po(z) = 1, Qo(z) = 0, and the
recurrence relations

Pen(®) = o) + 200 Qu(e)
and
A (2) = Qi) + 5 Al - 2 )



Proof. The result is obvious for £k = 0. Let us assume that the result is true for some k
and prove it for k + 1.

Let us write Z,(z) = 2°T (a4 1)14(2) /2%, where I, is the modified Bessel function of
the first kind and order «, see [20] [I7, [19]. We will use the identities (see, for instance,
[19, formulas 10.29.2])

I,(2) = La1(2) + = La(2) (2.14)
and
I(2) = Io_1(2) — %Ia(z). (2.15)
By we have
Zo) =2 (2 ca B8 ) - L 2T

and by (2.15) (with « + 1 instead of «) we deduce that

I;H(z)
Za—l—l

Thia(2) = 207 (e + 2) (

_ (a + 1) Ia+1(z)>

Zoc+2

= 20+ (a +2) (ii(ff — 2+ 1)%2%?)

= @(Ia(z) —Zat1(2)).

Then,
T (2) = T/ (2) Pi(2) + Za(2) Ph(2) + Th 11 (2)Qk(2) + Tat1 (2)Q4(2)
= mza+1 (Z)Pk(z) —|—Ia(Z)P;2(Z)
+ @(fa(z) = Zo+1(2))Qk(2) + Za+1(2)Q(2)

= T.(2) (P,g(z) + MQW))

z

+ Zat1(2) <Q§c(z) +
and ([2.13) follows. O

The identities in the previous lemma become much simpler when z = ui and u is a
zero of the Bessel function J, or Jo4+1. Indeed, if s, o is a non-null zero of Ju41(z) and
(as usual in the literature) j, .o = S5 a—1, then:

Corollary 2.6. Given a € C\ {—1,-2,...} and a nonnegative integer k, we have
I (isy) = Ta(isi) Py(isy)
where the first values for Py(z) are Py(z) =1, Pi(2) =0, Pa(z) =1,

2 1
Ps(z) = — ot , and Py(z) =

z z

(2a+ 1)(2a + 3)

+ 1.

Moreover,
I (i51) = Lot (i) Qr(if)

10



where the first values for Qx(z) are Qo(2) =0, Q1(2) = c

2(a+1)’
o 2a+1 B z (2a+1)
Q2(2) = *mv Qs3(z) = 2a+1) + . , and
dey:-«1+2a)<1ia-%3tfa).

This gives the first few Apostol-Euler-Dunkl polynomials &, . ;;, as follows:

€o,a,i5 () = 1,

2(1 142
@1,a,ijl($)=$+ ( —l—a.).( + 04)7

[
2(1+2 2c(1 + 2
€2.0.ij, (7) = 22 + M x—2(1+a) (1 + a(;ra)) ,
L1 Ji
2(2 142 2c0(1 + 2
eS,a,ijl(x):$3+ ( +OZ)( + a) 1,2_2(2_’_&) <1+W>x
L Ji
~ 82+ a)(1+a)(1+20) (2+ a(—1 +2a)>
3ij; Jt '

The Apostol-Euler-Dunkl polynomials can be considered as a generalization of the
Apostol-Euler polynomials {&, (z; A)}52, defined by the generating function

Le:ﬂt:ig (m/\)ﬁ
et +1 = Y

(see, for instance, [I8]). Indeed, one can recover the Apostol-Euler polynomials replacing
x by 2z — 1 and t by #/2, and taking & = —1/2 and A = —e?" in the definition ([2.11)) of
the Apostol-Euler-Dunkl polynomials:

Qn,fl/Q,log(f)\)/Q(2x - 1)
2 1A+ 1)

We omit the computation of because it is similar to the one in Remark [1] in the
previous section. (We do not consider any Dunkl version of the Apostol-Bernoulli polyno-
mials [2] because they are very close relatives of the Apostol-Euler polynomials, see [I8]
Lemma 2].)

Taking A =1 (or w = im/2) in (2.16]) gives
(’fn,fl/zmﬂ(zx - 1)
271
where {E,,}52 , are the Euler polynomials.

Bernoulli-Dunkl polynomials can be obtained from the Apostol-Euler-Dunkl polyno-
mials by taking limit when u goes to 0. Indeed, the generating function (2.11]) can be

written as
Zat1(u)Eq(tz) < t) — Cnau()
e F R e e
Tot1 (t + u) Tn

=En(z; N). (2.16)

= En(2),

n=0

An easy computation gives

Lo (WEa(tz) g § (Srexle) | Ermtonle))

IOH-l(t + u) Tn UYn—1

_|_

n=1



Taking limit when u goes to 0 and using the generating function ([2.6)) proves that

nen— o,u
%n,a(‘r) - hm (€n7a7u(1‘) —+ ’yl”(x)) .
u—0 UYp—1

Remark 2. It is not obvious which Appell-Dunkl polynomials should be called “Euler-
Dunkl polynomials” (which should admit the Apostol-Euler-Dunkl polynomials as a gen-
eralization). For instance, if we define

E,(xt) _ i EhalT) in

Ia (t) n—0 Tn,a

we again have €, _;/5(22—1) = 2" E,,(x). This could justify the definition of Euler-Dunkl
polynomials as {&, o}>2,. However, defining the Apostol-Euler-Dunkl polynomials by
allows to add more series, which is the goal of this paper, and this definition of
Euler-Dunkl polynomials cannot be extended to (2.11]).

2.4 Calogero-Dunkl numbers

We finally introduce what we have called Calogero-Dunkl numbers; later in this paper, we
will use them to add the Calogero type series (1.8]) that appear in [7]. The Calogero-Dunkl
numbers {a, o, 152, are defined by the generating function

To(t+ u) =
=Y an0ut” 2.17
(EEE A ;J e (2.17)
where the parameter u is neither 0 nor a zero of the entire function Z,,1. This gives the
following recurrence for the Calogero-Dunkl numbers:

n I(”*jJFl)
IV (u) = 2(1+ a)n! Y aj,a,u"‘i(“) (2.18)

2 e )

with a4 = Za(v)/(uZa+1(w)).
Lemma [2.5] can be used to compute the Calogero-Dunkl numbers. In particular, from
Corollary [2.6] we get the first few Calogero-Dunkl numbers ay, o, i, :

1
aO,a,ijz = 07 al,a,ijl = m7 (219)
1+ 2 1 1 —4a?
Qi = T @i = — —. 2.20
a2,a,ij; 20+ )i, a3,0,ij; 6(1+a) + B+ a)? (2.20)

The Calogero-Dunkl numbers can be used to define the associated Calogero-Dunkl
polynomials by setting
(t+u)Zay1(t +u)

Zo(t +u)
in the definition of the Appell-Dunkl polynomials (but we do not study these poly-
nomials here).

A(t) =
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3 Partial fraction decomposition for the Bessel func-
tions

We will use the polynomials defined in the previous section to find the sum of some series
(see Section . To this end we need a couple of partial fraction decompositions for the
Bessel functions.

The first one is the following. For each complex number «, except for the negative
integers,

Jot)  2(a+1) = 2t
= + (3.1)
Jot1(t) t ; t2 — s
if t # 0,4+s1,+59,..., where the right-hand side converges uniformly on compact sets

of C\ {0,%s1,%s9,...}. The proof is essentially the same as for the well-known partial

fraction decomposition of J;:Et()t) (see [26] §15.41, p. 497-498]). The expansion (3.1]) can

be rewritten as

Ll 1, 1 ] > L (3.2)

tZos1(it)  t 2(a+1 ez} t—s;

here, let us recall that any series of the form ) ._, must be understood as the limit of
Z| jl<n 8 N goes to infinity, and hence the right-hand side in (13.2) converges uniformly
on compact sets of C\ {0, £s1,+so,...}.

We will also need a partial fraction decomposition for The same argument

1
tTor1 (i)
of [26, §15.41, p. 497-498] produces this partial fraction decomposition. The proof goes as
follows: assume t # 0,481, £s9,... and take a large rectangle D = D(A, B) with vertices

+A +iB, where A and B are positive, and consider

1 1
— d
2mi /aD (w — t)wlyy1(tw) “

0D meaning the border of D (none of the points 0,41, %s9,... must lie in dD). The

poles of WM in D, all of them simple, are ¢, 0, and those s; € D. The residue
at t is, obviously,
1
1T (it)’

and the residue at 0 is 1 1

a1
Finally, the residue at each s; € D is

w— 8, 1 1

wlgrslj (w = wTapa(iw) — (s; = 05 T04 () (55— 02+ DIa(is;)

Thus, the calculus of residues gives

1 o ™ T it 2 1 9
R w = — — . .
2mi Jop (w — t)wZaqr (iw) tLota(it) ¢t = (s5—1)2(a+1)Ta(is;)

Using arguments similar to those of [26] §15.41, p. 498], the values of A and B can be
chosen arbitrarily large and such that

[Jar1(w)] > Clw|~'/2 (3.4)
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on 0D for some constant C' > 0 independent of A and B. We sketch here the proof for the
sake of completeness. The starting point is the equality 2J,41(w) = Hél_gl(w) + Héz_gl(w),

where the Bessel functions of the third kind satisfy the estimates

2 1z i(w—1(a T—
Hih (w) = <m> T 4 e ()} (3.5)
@) 2\ it
Hop(w)=(—| e 2 HL+n2a+1(w)} (3.6)

M at1(w) and Nz o4+1(w) being O(1/w) for large |w| [26, §15.4, p. 496]. Then, outside the
horizontal strip |Im(w — 1(a + 1) — Z)| < log2 we have either |eiw=3(atDm=3)| < :
or |eilw=z(a+Dm=5)| 5 9 5o that either H((Xl_zl or H(g?_zl dominates the other and
follows. The whole 9D is thus covered, except for two vertical lines of length 2log2
with Rew = +A. On these two pieces, according to and the problem reduces
essentially to get a lower estimate for |cos(w — 1(a + 1) — Z)|, which can be done by

simply choosing A so that to avoid the zeros of the cosine function.
Since |w|® < Clw|Re, it follows from (3.4) that

sup
weID

Then, the left-hand side of (3.3)) goes to 0 as A and B go to infinity, provided that
Rea + % < 0, and this proves the partial fraction decomposition

< C—l‘w|Rea+1/2.

w1 (1w) ‘

1 1 1 1 1
— = — + E —, for Rea+ = <0,
tZos1(it)  t 2(a+1) it} (t — s;)Za(is;) 2
valid for ¢ # 0, +s1, £s2,... If we consider, for a fixed positive integer m, the integral

1 1
— d
2mi /aD (w— )" w41 (tw) “

then the same arguments work with the only difference that the integrand now has a pole
of order m + 1 at ¢, so the residue at ¢ is

1 dm 1
m! dw™ \ wlyi1(iw)

w=t
The residues at 0 and those s; € D are, respectively,

1
o

and
1

(s; — ) H12(a + 1) I, (is;)

This gives the expansion

1 (m) B (_1)mm! (_1)mm! 1
<tIa+1(Zt)> ~ o T 2(a+1) jelz:\{o} (t = ;)™ 1T, (is5) 37

which is valid ifRea—m—&—% < 0andt#0,+sq,£s9,...

14



4 Sums involving the zeros of the Bessel functions

In this section, we will use the Bernoulli-Dunkl, Apostol-Euler-Dunkl polynomials and the
Calogero-Dunkl numbers to sum a lot of series involving the zeros of Bessel functions.

For any complex value of « (except for the negative integers), we can order the zeros s; o
of the Bessel function Ju41(z)/z*T! so that s;, = —s_j and 0 < Resj o < Resji1,a,
j > 1 (26, §15.41, p. 497]). To simplify the notation, we write s; = s; o. The case o > —2
is particularly relevant because then s;, j > 1, are positive numbers; but complex zeros
appear when o < —2 ([26], §15.27, p. 483]). However, their imaginary parts are bounded
for each (bounded set of) «, see [26, §15.4, p. 497].

Let us consider the sums (depending on the parameter «, some of them might be
divergent)

(4.1)

b[\)‘

(4.2)

ZSJ

X
N

Nkeu = Z ﬁ, (4.3)

JEZ\{0}

. 1

IR DR o
jeingoay (%5~ 51

1
= D i) -

. Lo
JeZ\{0}

1 _ 1
KD DR e ey 23 (40

_ T
JEZ\{0,l}

where u € C\ {£s1,£s2,... }. It has been already mentioned that series like >, , or
similar refer to the limit of ZI jl<n 88 N goes to infinity.

Notice that for & = —1/2 we have s; = jm and Z,(is;) = (—1)?, so we can think of g,
Wk, and w,gl} as a kind of “alternating” series.

Let us start with the two first sums, which are computed using the Bernoulli-Dunkl

polynomials.

Theorem 4.1. Let o be a complex number which is not a negative integer and k > 1.
Then

SO ) P (47)
22k [ (a —+ 2)k—1
If, in addition, Rea < 2k — 3/2, then
-1 k+1

22k (v + 2) 1

Proof. Let us begin with (4.7). The starting point is the partial fraction decomposi-
tion (3.2), which can be written as

T, (it) 1 I = t
T~ 1 Tati e
ar1(it) t onrlj:lt 87

15



if t # 0,%s1,+89,..., where, for a € C\ {—1,-2,...}, the right-hand side converges
absolutely (and uniformly on compact sets of C\ {0, +s1,£s3,...}).

Using the geometric series and changing the order of the sums (the absolute convergence
allows the use of Fubini’s theorem), we get

T, (it) 1 I St
tIaH(z't)_?_aJrlZ??Zs?"
1 - 1\ op 1
_ — 4.
e () (49)

valid if 0 < |t| < |s;| for every j. On the other hand, evaluating the generating function
(2.6) for the Bernoulli-Dunkl polynomials at z = 1 gives

To(t) t = Bra(l)
Tos1(t) +2(a+1) Z Tk, !

k=0

in a neighbourhood of 0. Taking into account that B¢ = 1,81 (x) = x and that Bap11(x)
vanishes at x = 1 for k > 1, we get

Ia(t) 1 - Boy a(l) 2k—1
=_ 1 ZeRerT g . 4.10
tZa-i—l(t) t kZ:l V2k,a ( )

Now, the identity (4.7) follows easily by comparing (4.9) and (4.10).

The proof of (4.8)) proceeds in a similar way, but using now the partial fraction decom-
position (3.7) with m =2k — 1, i.e.,

( 1 )(2’“‘”  @k-nr 1 (2k — 1)!
(it)

tTor1 B t2k 2(a +1) T, (isj)(t — s5)2F’

JEZ\{0}

valid for ¢t # 0,+s1,+s9,..., where, for « € C\ {—1,-2,...} with Rea < 2k — 3/2, the
series converges absolutely. Putting together the terms with j and —j, using the power

series expansion
LR SR > 2(2n - 1) t2n—2k
(t—s;)%F  (t+s;)2k = 2k—1) s’

valid if [t| < |s;| for every j, and applying Fubini’s theorem to change the order of the
sums give

1 @D (o — 1)
tTo1 1 (it) N t2k

- a—li—l > (ZW)@F 1)(2n —2)...(2n+ 1 —2k)¢>" 2% (4.11)
n>k j>1 7%\

Now, taking = 0 in (2.6) gives

1 1 Bon.(0) om—1
tIoH»l (Zt> t 7; Y2n, o ( )

in a punctured neighbourhood of 0. After differentiating (2k—1) times, we can compare the
constant term in the resulting expansion with the constant term in (4.11)) to obtain (4.8).
O
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Notice that for « = —1/2, Theorem4.1|gives the corresponding formulas for Z]Oil 1/5%F
and Y70 (= 1)7 /5% (the first one is (1.1)) and the second one is closely related by sepa-
rating even and odd values of j) in terms of Bernoulli polynomials (recall that, by (2.9),
B, 1/2(2) = 2" Ba((@ +1)/2)).

Of course, an important question is what happens with the series and for
odd values of the exponents. We cannot expect to find a closed formula for these series,
since it is not known even in the classical cases >-7%, 1/j2*! and 3772 (—=1)7 /721, The
fact that (4.9) and l-j contain only even powers of s; is the reason why no information
can be obtalned fo and with odd exponents. The Fourier-Dunkl series we
will consider later in Theorem give no information either: for n odd, even assuming
pointwise convergence, taking x = 0 or = 1 simply produces 0 = 0.

As explained above7 the series o and g have already been studied in the literature,
but the expressions (4.7) and (4.8 in terms of the Bernoulli-Dunkl polynomials are new.

The recurrence relatlon r the Bernoulli-Dunkl polynomials gives the correspond-
ing recurrence relation for the sums (4.1] ) and .

Corollary 4.2. Under the hypothesis of Theorem[].1]
=3 (1 (= j+ 1)l +n—j+2)05

=1
n

—a—1=) (1" (n—j+1);(a+n—j+2);0
J=1

The first relation can be found in [24, p. 149], or in [16] identity (14)]; the second one
in [24, p. 151].

The Calogero-Dunkl numbers can be used to find the sum of the series
and (4.4).

Theorem 4.3. Fora € C\ {-1,-2,...}, k=0,1,2,..., and u € C\ {0,+s1,+s9,...},
the sum of the series ny ., defined in (4.3)) is

—1)k )
Mew = 2(1 4 a) ((uk+)1 - z’““ak,a,m> : (4.12)
Moreover, the series ny ., (4.3)) and n,il} (4.4) satisfy the recurrence relations

E g(k=i+D) 1y o (8) (i,
Z AIOY PG (LN w13)

M uitl R
: I&’H* )(isl) o (D20 +40)) I8 Pas) I8 Gs) (414)
S Ik -\ st (k+1)! K '

In particular,

3+ 2a 0 B+20)(7T+2a) 1
=-_" =— —. 4.1
o 2 0 M 1252 3 (4.15)
Proof. The starting point is again the partial fraction decomposition (3.2)), i.e.,
7, (it) 1 1 = 1 1
—_— == . 4.16

Jj=1
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Writing

t—u
t—s; = (u—s;) (1_sju)’

t—u
t—l—sj:(u—i—sj)(l— )7

753'711,

inserting it in (4.16) and using the geometric series leads to

To(it)y 1 1 2 = 1 1
mwmw‘t‘2m+n§32ﬂ‘”kﬁ%—wﬂf+e%—wﬂo'

Jj=1k=0

It is easy to check that

1 1
(sj =Mt (=sj —u)ht!

1
BRREE

for every k and j, with some constant C' depending on u, and then deduce that the double
series above converges absolutely if |t —u| < 1. This allows the use of Fubini’s theorem to
get

T, (it) 1 1 = L 1
T = T gy Ot~ ) s
tIa+1(’Lt) t 2(& + ].) kZ:O jEZz\%O} (Sj — u)k+1
if |t — u| < 1. Changing ¢ to t + u gives
o (i(t +u)) 1 = o Z 1
(t+ulata(ilt+u) t+u 2(a+1) = iy (85 — u)ktl

for |t|] < 1. Comparing with the generating function (2.17)) for the Calogero-Dunkl num-
bers, we easily get

A -k 1 1

U et = ST T a1 1) .ezz\;o}(sju)kﬂ’
J

from where (4.12]) follows.
The recurrence relation (2.18)) for the Calogero-Dunkl numbers gives then the recur-

rence (4.13)). Now consider the sums
0y 1 1
Meu = Z R e T T N
seintony (17 S
Using (4.13) we get

7Y () < o (1)J'2(1+a))

ik =) dau wit

B 2’“: T Gw) 1 I (i)
B = Ik —4) (s; —u)itt ko
Taking now limit when u — s; proves (4.14)) after an easy computation.

Finally, the identities (4.15)) follow by taking k¥ = 1 and k£ = 2 and using then Corol-
lary O
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The first series in ([.15) is the Calogero series ([T]).
Using the identities (2.19) and (2.20)) for the first few Calogero-Dunkl numbers a,, o 45, ,

where j; is a non-null zero of the Bessel function J,(z), from (4.12)) we get

21+ «) 2(1+«) 1+2a  2(1+a)
Nojy = ——— Mj=1———5—"5 N4 = — + - .
Ju 7 Ju jl2 Ju 2][ -]lg

We finally use the Apostol-Euler-Dunkl polynomials (2.11) to sum the series (4.5))
and (4.6).

Theorem 4.4. For « € C\ {-1,-2,...}, k = 0,1,2,... with Rea < k —1/2, and
u € C\ {0, £s1,+£s2,...}, the sum of the series wy ., defined in (4.5)) is

(_1)k ikek a zu(o)
— 921 - < ‘ 4'1
Wk u (1+a) ( wk+l UL 41 (1) Y o

Moreover, the series wy ., (4.5) and w}gl} (4.6) satisfy the recurrence relations

ko (k—j+1) - ;
oy 2(1 —1)7
i=0 I
SIS ) (o 20t e)()T | I8 () (4.19)
o v k=t Y s (kD Ta(is)” '
In particular,
{l}_2(1+a)_ 14+ 2a 19
Wo o = S 281.'[&(7;81)7 ( ' O)
{0y 214+ «) 1 (14 2a)(2a —3)
= — — 1 . 4.21
! s? 6Z,(is;) + 2s? (4.21)

Proof. We proceed as in the proof of Theorem but using now the partial fraction
decomposition (3.7)), i.e.,

< 1 ><’“> (DR 1 (—1)*!
(it)

tZos1 thtl 2(a+1) To(isj)(t — sj)ktt’

JjeZ\{0}

for « € C\ {-1,-2,...} with Rea < k — 1/2. Using again that

t—u
t—s;j=(u—s;)(1-
8j (u 5])( sj—u)’

the k-th derivative of the geometric series, Fubini’s theorem to permute the order of the
sums, changing ¢ to t+u and, finally, comparing with the k-th derivative of the generating
function for the Apostol-Euler-Dunkl polynomials evaluated at = = 0, we get (4.17)).
The recurrence for the polynomials &, 4 i, gives for £ > 1 the recurrence
for the sums wy, 4.
Consider now the sums

1
U= D TG, W 422)

) La(is;
JEZ\{0,1}
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Since )
_ {l}

we get the recurrence relation

k(e J+1) Y k FAGREARD
Z Lo ) Wi 2(1+ Q)( 1) Z (iu) (4.23)
Jou ui+1 o (181) W(sp —u)itl’

j=0 Jj=

From (4.22) and (4.6)), one easily gets lim,_, w,ﬁll}t = w,gl} Taking now limit when u goes
4.23

to s; in (4.23)) proves that

Pz (g (w{l} 2(1 + ) (— 1)j> I8 sy

dt k=t \ 7 st (k) Za(isy)

j=0 51

which is the identity (4.19).
Finally, the identities (4.20) and (4.21]) follow by taking £k = 1 and k¥ = 2 and using
Corollary O

For a = —1/2 and u = 7/2, the identity (4.17) reduces to the Euler identity (1.2)).

5 Fourier-Dunkl series for the Bernoulli-Dunkl poly-
nomials

Along this section, we assume that o > —1. Hence, the Bessel function J,41(z) has
an increasing sequence of positive zeros {s;};>1, and the real function Im(FE, (iz)) =
or ) Zo+1(iz) is odd and has an infinite sequence of zeros {s;};ez (with s_; = —s; and
so = 0). We associate to each « an orthonormal system called Fourier-Dunkl system and
compute the corresponding Fourier expansions of the Bernoulli-Dunkl polynomials.

5.1 The Fourier-Dunkl orthogonal system

The Fourier-Dunkl orthonormal system is formed by the functions

202 (o + 1)1/?
a,j(r) = ————7—Ealis;r), Jj€Z\{0}, €[-1,1], 5.1
coslr) = TR B i), jeZVOL e[l G
and e, o(r) = 2(eTYD/2T(a + 2)1/2 (notice the difference of a constant factor (2a + 2)1/2
with respect to (5.1))). To simplify the notation we sometimes write ey ; = ;.
From the definition, and taking into account that E,(0) = 1, E,(ix) = E4(—iz), and
Ao 2 Eo(Ax) = AE,(Az), it is easy to prove the following:

a0(1) = eqo(—1) = 2HD/2D (o 4 2)1/2,

Caj(l) = eaj(=1) = (=1) - 2**T(a+ 1)'2, jeZ\ {0}, (5.2)

€a,j (37) = €a,—j ($)7

Aeq j(x) =isjeq, () (5.3)
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(the last identity is trivial for j = 0 because A, vanishes on constant functions and sg = 0);
notice that the factor (—1)7 in follows from this fact: if 7, 1,7,2,... are the positive
zeros of J,(x) (all of them are simple) arranged in ascending order of magnitude, then, if
v>—1,

0<ry1 <rug11 <Tpo <Tpg12<---,

a result that is usually expressed by saying that the positive zeros of J,(x) interlace with
those of J,41(x) (see, for instance, |26, §15.22, p. 479]).
Evaluating (5.1]) on » = 0, we also have

2a/2F 1 1/2 ) 2a/2F 1 1/2
ag(0) = PO DT (i, y(0) = 2T T U
’ |Za(is5)] ’ Za(iss)

With this notation and recalling that
diie(r) = 2T T (o + 1)) |z [>T du,

j € Z\{0}.

the following result was proved in [9):

Theorem 5.1. Let « > —1. Then, the sequence of functions {eq ;}jcz is a complete
orthonormal system in L*([—1,1],dpq)-

The LP-convergence of these series was studied in [§].
The case v = —1/2 corresponds to the classical trigonometric Fourier setting: Z_; /5(2) =
cos(iz), Iy j2(2) = %, s; =mj, E_1/5(isjx) = €™ and {e;}jez is the trigonometric
system with the appropriate multiplicative constant so that it is orthonormal on [—1, 1]
with respect to the normalized Lebesgue measure dyi_1o(z) = (2m)~1/2 dx.

An important property that will be very useful in what follows is the following (the

proof is straightforward, so it is omitted).
Lemma 5.2. Let f and g be two differentiable functions on the interval [—1,1]. Then,

f(M)g(1) — f(-1
201D (o +

[ Aat@ata) dua(o) = WED - [ @hasle) duale). (50

In our context, the identity (5.4) plays the role of integration by parts.

5.2 The Fourier-Dunkl series for the Bernoulli-Dunkl polynomials

Let @« > —1 and n > 1 be fixed. Our aim now is to compute the Fourier-Dunkl expansion of
the Bernoulli-Dunkl polynomial 9B,, , (x) with respect to the orthonormal system {eq,;} ez,
ie.,
1 —_—
Ba0) = SeiBaei@). )= [ B0)60 dialy)
jez -1

where, as usual, we are dropping « in the notation. As we will see in the proof of the
next lemma, the key facts for computing the Fourier-Dunkl coefficients ¢;(8,,) are the
properties of the Bernoulli-Dunkl polynomials (namely (2.8)), their parity and their values

in £1) as well as the formula (5.4)).
To simplify the notation, let us recall that v, /vn—1 = 6, (see (2.4)), so can rewrite

as
Aa(B,) = (n+ (a+1/2)(1 — (=1)")) By = 0,B 1. (5.5)

Moreover, instead of computing ¢;(98,) we are computing c_;(B,) because, using that
e—;(y) = e;(y), the formulas become clearer.
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Lemma 5.3. Forj€Z andn=1,2,..., let us denote

c_;(B /‘B y)e;(y) dpa(y)-

Then,
Co(%n) = 0.
For j #0, .
i (W
C*j(%l) - g 2a/2F(Oé I 1)1/2)
and the recurrence relation
0,1
c—j(Bp) = o c—j(Bn-1), n>2
J
holds. Therefore,
—i"% -1 J .
c—j(Bn) = (=) for j # 0.

st 21He2(a + )T (a + 1)1/2
Proof. Using (5.4]) we have

/% Jeo(y) dpa(y)

"0 / AaBi1 ()2 (@ + 2)Y2 dpua (y)
n+1

Brr1(1) = Brya(=1)
2(a+1)/2F 2 1/2 2n+l n+
(a+2) 201D (o + 1)0, 11

9(a+1)/21 a+2 1/2
9( / B1(y)Aal dpa(y)
n+1

 D(a+2)Y? Byq(1) =By (1)
—20+D/2(a + 1) 01 '

Since B,+1(z) is odd if n is even, and even if n is odd, we have

co(Bn) = Ta+2)2  B,1(1)

20-D20(a+1)  Opyg
But B9,,+1(1) = 0 for m > 1, so we obtain ([5.6).

To prove (5.7)), let us apply (5.3)), (5.4) and (5.5). Thus,

c_;(By) = / By )es () dias) = 1 / B ()0 (1) dpa )

— islj%1(1)egé(jl;ili—11))ej(—1) B Z;/ AaB1(y)e; (y) dpa(y)
1 %1(1)%(1) 7%1( 1)(3]

sy 20+ T (a + 1) s, 91/ Bo(y)e; (y) dpa(y)
1By (e (1) = Bi(=1)e; (1)

is; 20+ (a + 1)

if n is even.

{O, if n is odd,
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where the last integral vanishes due to the orthogonality of {e;};ez:

1 1
1
| Botw)es ) dho ) = srarrapia s | coWes W) dnaly) = .
Then, using that B1(1) = 1 and B1(—1) = —1, together with (5.2), we get (5.7).
To prove the recurrence relation, let us start looking what happens if n is even, say

n = 2m. From (5.3)), (5.4) and (5.5)), and taking into account that Bs,,(1) = B, (—1)
and e;(1) = e;(—1), it follows that

e~ am) = /_1 Bam y)es (y) dpialy) = Z; /_1 B (y)Aae; () dhia(y)
_ 1 Bom()e;(1) — Bom(—1)e;(—1)
= iSj 2a+11"(a + 1)
_ L AaBom (y)e; (y) dia(y)

'LSj —1

I i
- _02m o / %27n—1(y)ej (Z/) d#a(y) - 02m fc—j (%2m—1)~
is; J_q s

J

In the case n = 2m + 1, we can use (5.3), (5.4) and (5.5) again, and the fact that
Bom+1(1) = Bamq1(—1) = 0. Then,

c—j(Bami1) = [1 Bom+1(y)e;(y) dpa(y) = 1] [1 Bom+1(y)Aaej(y) dpaly)

18
1 Bopi(Dej (1) — Bamyi(—1e;(—1)
s 25 (o + 1)
1t
—— | AaDBonii(y)e;(y) dualy)
ZSJ 1

I i
= —bami1 — / Bom (y)e; (y) dia(y) = O2m+1 —c—j(Bam).
is; J_4 s;

Finally, the recurrence relation, together with 6,0,,_1---02 = v,,/71, 11 = 2(a + 1)

and (5.7)), gives

0n0p—1 -0y . 1 _in7n (_1)j
—J %n = — 4" _i(%B) =
C J( ) S?_l 7 & ]( 1) sgz 21+a/2(a + I)F(a + 1)1/2
and the proof is finished. O
A direct consequence of the previous lemma is the following (recall that s_; = —s;):

Theorem 5.4. For every a > —1 and n > 1,

_ —(=0)" R
Bu(@) = S o + )T £ 1172 jEZZ\%O} ¢j(@), (5.8)

where the convergence is in L*([—1,1],dus ).
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Notice that Theorem would follow also by evaluating the series at =1 and
x = 0, provided that this series were proved to converge pointwisely at those points. Some
kind of Dirichlet theorem about pointwise convergence of these Fourier series would be
reasonable, for piecewisely smooth functions. However, the pointwise behaviour of these
Fourier series is out of the scope of this paper, and such a result does not seem to be
obvious or, at least, easy to prove in a few lines.

In the case @« = —1/2, Theorem becomes the Hurwitz expansion

n! e27r7,'j93

Bu®) =~y 2

JjezZ\{0}

7 — )

jn

for the classical Bernoulli polynomials.
For the sake of completeness, we include here other relevant Fourier-Dunkl series.

Theorem 5.5. For every a > —1 and t € C\ {0,+s1,£s2,...},

E,(itx) 2(+1) (—1)7e;i(x)
2 1)2%/21 1)1/2 = P .
(et 1) (at-1) tZo+1(it) e oy LT o
J

where the convergence is in L*([—1,1],dus)-

Proof. The proof is a consequence of the identity

[ B it = g BB ) = Bl

(5.10)

(see |5, Lemma 1]), which holds for o > —1, x,y € C, and z # y (the proof in [5] is given
for « > —1/2 and z,y € R but the result can be extended to a > —1 and z,y € C without
any problem).

By 7 the Fourier-Dunkl coefficients of the function E, (itx) are, for j # 0,

3 (Bufita) = [ Ealita)e;(2) dia(o)

204/211 1 1/2
- e az;: / Ea(ite) Ea(—is;z) dua()

) B (it)Ea(—is;) — Ea(=it)Ea(is;)
92721 (o 4 1)1/2|Ia(25j)| i(t — s;) .

Now, from the definition of F,, we have

Falit)Ba(—is) = Bal=it) Ba(is;) = — Ty (i/Zalis;)
and
o T, (is;) {1 (it)
¢;j(Eq(itx)) = 20/2H1 (o + )T (a + 1)1/2[Zo (is;)| (¢ i )

90/241 (o + )T (a + 1)/2 (t—s;)
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For j = 0, using again (5.10) and the identity E,(0) = 1 gives

1
co(Eqlizt)) = 200TV/2D (o 4 2)1/2 / E,(itz) dug ()
—1

2at1)  Ea(it) — Eo(—it)

20/2+1 (o 4 1)1/2 it
2+ 1) |
= 2a/2+1 (a + 1)1‘\(a + 1)1/2 Ioz-&-l(Zt)' (5.12)
Finally, from (5.11]) and (5.12)), we conclude (5.9). O

The partial fraction decompositions (3.2]) and (3.7) (for m = 0) are very much related
to the Fourier-Dunkl series (5.9)). Indeed, (3.7)) (for m = 0) would follow evaluating the

Fourier-Dunkl series at x = 0. At x = 1, the Fourier-Dunkl series ([5.9) converges to

2(a+1)292T (o + 1)1/2 E, (it) + Eo(—it)
) 2

N T, (it
=2(a+1)2*’I(a + 1)1/2ﬂ+(1(2t)

(the mean value of side limits), which gives (3.2]). But, as commented above, the pointwise
convergence of the Fourier-Dunkl series ([5.9) does not seem to be easy to prove.
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