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ABSTRACT. We show that the decreasing rearrangement of the Fourier
series with respect to the Jacobi polynomials for functions in L, does
not converge unless p = 2. As a by-product of our work on quasi-greedy
bases in Ly (1), we show that no normalized unconditional basis in Ly,
p # 2, can be semi-normalized in Lg for ¢ # p, thus extending a classical
theorem of Kadets and Pelczynski from 1962.

1. INTRODUCTION AND BACKGROUND

A fundamental and total biorthogonal system for an infinite-dimensional
(real or complex) separable Banach space (X, || - ||) is a family (x;,x}) e in
X x X* verifying

(i) X =span{x;: j € J},
(i) X* = span{x}:j € J}w*, and
(iii) x}(xk) = 1 if j = k and x}(xx) = 0 otherwise.

The family B = (x;);e. is called a Markushevich basis (see [14]). For brevity,
we will refer to B as a basis and to the unequivocally determined collection
of bounded linear functionals B* = (X;‘»)je J as its orthogonal family. If the
basis verifies the additional condition

(iv) supje [Ix;[[[Ix]| < o0
we say that it is bounded in the sense of Markushevich, or M-bounded for
short. Finally, if we have

(v) 0 < infjes [[x;] < supje [ < oo

we say that the basis is semi-normalized (normalized if ||x;|| = 1 for all
j € J). Notice that a basis verifies simultaneously (iv) and (v) if and only if

sup max{|[x;]], [[xj/[} < oc.
JjeJ
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Suppose B = (x;);jes is a semi-normalized M-bounded basis in a Banach
space X with orthogonal family B* = (x;)je 7- Each f € X is uniquely
determined by its formal series expansion in terms of the basis,

(1.1) = %)%
jeJ

In order to try to make sense of the infinite sum in (1.1), one can fix a
bijective mapping 7: N — J and study the convergence of the formal series
Yo X;‘T(n)( f)Xxr(n)- If this series converges to f for every f € X then B is a
Schauder basis for the bijection 7. Schauder bases are very well-known and
have been widely studied. They are characterized as those bases for which
the partial sum operators Sy ,,: X — X, given by

m

n=1

are uniformly bounded. The property that > >° x;"r(n)( f)Xr(n) converges
for any f € X and any bijection 7 yields the more restrictive class of uncon-
ditional bases. Recall that, equivalently, a basis is unconditional if and only
if for every choice of signs € = (g;)jes € {—1,1} the multiplier

P:X =X, fe ) exi(f)x;
jeJ
is well defined and the family of operators (F:).c 41}~ is uniformly bounded.

An ordering for an element f € X (with respect to a basis B) is a one-
to-one map p: N — .J such that supp(f) := {j € J : xj(f) # 0} C p(N).
From the point of view of approximation theory, given a function f in X
and an ordering p for f, the sequence (S, (f))m—; constructed as in (1.2)
defines an algorithm to approximate f. The minimal requirement we must
impose to p is that (S, m(f))m—1 converges to f. In case B is a Schauder
basis for some bijection 7, the algorithm based on « fulfils this requirement
for any f € X. The independence of the ordering from the vector determines
both the goodness and the limitations of this approximation algorithm for
Schauder bases. The operators Sy, are linear and uniformly bounded,
but it is natural to wonder if by allowing the ordering to depend on each
particular vector we can attain a higher rate of convergence.

The most important algorithm based on letting the ordering depend on
the vector is the greedy algorithm, also known as the thresholding algorithm.
Since for each f € X the sequence (x(f));jes belongs to co(J), there is an
ordering p for f such that

(1.3) %00 (N 2 X (S ik <n.

If the family (x}(f));jes contains several terms with the same absolute value
then such an ordering for f is not uniquely determined. In order to get
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uniqueness, we fix a “natural” bijection 7: J — N, and we impose the
additional condition

(14)  (p(k) < 7(p(n)) whenever [xy ()] = x5 ()]

If f is infinitely supported, there is a unique ordering p for f that fulfils
(1.3) and (1.4), and such an ordering verifies p(N) = supp(f). In case that
f is finitely supported, there is a unique ordering p for f that verifies (1.3),
(1.4), and the extra property p(N) = J. In any case, we will refer to such a
unique ordering as the greedy ordering for f. For each m € N, the m-term
greedy approrimation to f is given by

Gl B X](f) := G (f) = Span(f) = D Xy (/) Xpm)»
n=1

where p is the greedy ordering for f, and the sequence (G, (f))>_; is called
the greedy algorithm for f with respect to the basis B.

Konyagin and Temlyakov [11] defined a basis B to be quasi-greedy if for
f e X, limyo0 G (f) = f, that is, the greedy algorithm with respect to
B converges in the Banach space X. Subsequently, Wojtaszczyk [19] proved
that these are precisely the bases for which the greedy operators (G,,)o0_;
are uniformly bounded, i.e., there exists a constant C' > 1 such that, for all
feXand meN,

(1.5) 1Gm (DI < CIFI-

Notice the similarity between (1.5) and the uniform boundedness of the
partial sum projections that characterizes Schauder bases. However, the
operators G,, are neither linear nor continuous. We emphasize that, as
Wojtaszczyk pointed out in [19], the choice of the bijection 7 with respect
to which we construct the greedy algorithm (G,,)5°_; plays no relevant role
in the theory.

Unconditional bases are a special kind of quasi-greedy bases. Although
the converse is not true in general, quasi-greedy bases always retain a flavor
of unconditionality, in a certain sense. For instance, they are unconditional
for constant coefficients [19], i.e., there is a constant C' such that

1
JjEA JEA jEA

for any finite subset A of J and any choice of signs ¢; € {£1}. To be precise,
the constant given by C' = 2C',, works, where C,, is the least constant in
(1.5).

Before the concept of quasi-greedy basis was introduced in the literature,
Cérdoba and Fernandez [4] had studied the convergence of decreasing rear-
ranged Fourier series. For k € Z let us define 75,: R — C by 73(z) = ™1,

Let 1 < p < oo and denote by ¢ its conjugate exponent, determined by
1/p+1/q = 1. Then, with the usual identification of L}(T) with Ly(T), the
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double sequence (73, 7_)7> _ . is a semi-normalized M-bounded biorthog-
onal system for L,(T). The authors of [4] showed that for each 1 < p < 2
there is a function f € L,(T) whose decreasing rearranged Fourier series
does not converge, which in our language can be stated as saying that the
trigonometric system (73,)3 _ is not a quasi-greedy basis for L,(T). Com-
bining the condition characterizing quasi-greedy bases (1.5) with Remark 2
n [18], the result extends to the whole range of p € [1, 00] \ {2} (for p = o0,
replace Ly(T) with C(T)). Wojtaszczyk gave a different proof of this result
in [19] that relies on (1.6).

A natural way to continue this line of research is to consider Fourier series
with respect to orthonormal bases. Let (X, X, ) be a measure space such
that the Hilbert space Lo(y) is separable. Let (x;);es be an orthonormal
basis of La(p). For 1 < p < oo, let g be its conjugate exponent, so that
Ly () is identified with Ly(u). In case that span{x; : j € J} is dense in
Ly(p) and weak® dense in Lg(p) we have that (x;)jes is a basis for L, ()
with orthogonal family (Xj);jes. It therefore makes sense to investigate the
convergence of the greedy algorithm with respect to the Fourier series of
(x4)jes. Semi-normalized, M-bounded bases provide the natural framework
to study quasi-greedy bases (see [19]). Thus, an early test to discard a basis
(x;)jes from being quasi-greedy (even under a suitable re-scaling) is to check
if it is M-bounded, i.e., if it fulfils the condition

(1.7 sup sl < oc.

JjeJ
Since (x;)jcs need not to be semi-normalized in Ly(p), it is natural to
investigate the greedy algorithm with respect to the L,(u)-normalized basis
(IIxj1l, *%;)jes. This is how the greedy algorithm of the Haar system in L,
is studied, for example.

Notice that if the measure p is finite and the orthonormal basis (x;) e is
uniformly bounded, i.e., sup;¢ s [|X;]|cc < 00, then it is semi-normalized and
M-bounded in Ly(u) for any 1 < p < oo. Nielsen [15] proved that there is
an uniformly bounded orthonormal basis of Ls(T) which is quasi-greedy for
L,(T) for any 1 < p < oo, thus exhibiting a behavior opposite to that of the
trigonometric system.

In this paper we focus on Jacobi polynomials. Recall that, for scalars «,
B > —1, the La(jiq,p)-normalized Jacobi polynomials (p%a’ﬁ ))ff:o appear as
the orthonormal polynomials associated to the measure p, g given by

(1.8) dpia,p(z) = (1 —2)*(1+ 2)’x(_11)(2) da.

Since polynomials are dense in L,(jq g) for any 1 < p < oo, Jacobi polyno-
mials of indices o and 3 constitute an orthonormal basis of La(pqa,g). Our
main result on Jacobi polynomials establishes that the greedy algorithm for
this kind of orthogonal polynomials follows the same pattern as the greedy
algorithm for the trigonometric system.
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Theorem 1.1. Let 1 < p < oo and min{a, S} > —1/2. The Ly(uqg)-
normalized Jacobi polynomials of indices o and B8 form a quasi-greedy basis
for Ly(pa,p) if and only if p = 2.

Section 3 is devoted to proving Theorem 1.1. Before, in Section 2, we
develop the functional analysis machinery that we will need in order to do
that and we show the following result on unconditional bases in Ly, (1)-spaces.

Theorem 1.2. Let y1 be a finite measure and p € (1,00)\ {2}. Suppose that
(x5)jes s a semi-normalized unconditional basis of a non-Hilbertian Banach
space X C Ly(p). Suppose also that X is complemented in Ly(p). Then

(i) lim SUpjc.; |x;llq = 0o for any p < q, and

(ii) liminf;e ||x;]|q = 0 whenever max{q,2} < p.

Notice that, since the basis need not be unconditional in the Lg-norm,
part (ii) in the above theorem cannot be deduced from part (i). We em-
phasize that Theorem 1.2 is relevant for its own intrinsic importance within
the theory of bases. Firstly, it extends to any ¢ a result that Kadets and
Petezyniski proved only for ¢ = 2 (see Corollary 9 in [9]). Secondly, it gener-
alizes the main result of Gaposkin in [7], where he shows that no normalized
unconditional basis in Ly[0,1] can be uniformly bounded. Lastly, for finite
measures, Theorem 1.2 overrides a recent result of the first two authors that
says that if p is a nonpurely atomic measure then there is no basis B that
is simultaneously greedy (see the definition below) in two different L, (1)
spaces, 1 < p < oo (see Theorem 4.4 in [1]).

We end this preliminary section by singling out some notation and ter-
minology that will be used heavily throughout. Given families of positive
real numbers («;);er and (f5;)ier, the symbol o; < f; for i € I means that
sup;es i/ B; < oo, while o; ~ §; for ¢ € I means that o; < f; and 3; < a;
fori € 1.

A basis B = (x;)jes in a Banach space X is said to be democratic if there
is a constant D > 1 such that

ZX]' SD ZX]'

jEA j€EB
whenever A and B are finite subsets of J with |A| = |B|. To quantify the

democracy of a basis B we consider the upper democracy function of B (also
known as the fundamental function of B) given by

ou[B, X](N) = sup ij , N e N,
and the lower democracy function of B in X, defined as

X|(N) = inf ; N .
PIB.X(N) = inf jezAx] : €N
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A quasi-greedy basis B is democratic if and only if ¢, [B, X](N) =~ ¢;[B, X]|(N)
for N € N.
A basis (x5,)2% is said to be almost greedy if there is a constant C' > 1

such that for all m € N and all x € X we have

|z — Gm(z)|| < Cinf < ||z — Zx;(a:)xj (Al =m
JjEA

Dilworth et al. [5] characterized almost greedy basis as those bases that are
simultaneously quasi-greedy and democratic.

Finally, the best one can hope for in regards to the greedy algorithm is
the existence of a constant C' > 1 such that for all m € N and all x € X

|z = Gm(z)|| < C'inf 3 ||z = ajx;|[ : |[A] =m, (a;)jea scalars
jEA
If this is the case, the basis is called greedy. Konyagin and Temlyakov
[11] characterized greedy bases as those bases that are unconditional and
democratic.
If necessary, the reader will find more background on Banach space theory
and greedy bases in [2], and on orthogonal polynomials in [17].

2. QUASI-GREEDY AND UNCONDITIONAL BASES IN Ly (u)-SPACES

We get started by generalizing to quasi-greedy bases a fact that is stan-
dard for unconditional bases in Ly (u)-spaces.

Lemma 2.1. Let (X,3, ) be a finite measure space. Let 1 < p < oo and
(x5)jes be a quasi-greedy basis for a separable subspace of Ly(p). Then for
A C J finite,
1/2

doxgll =~ DDl

iea |, JEA ,
Proof. Let (gj)jes be a Rademacher family defined on some probability
space (2, P), and let A C J finite. Combining (1.6), Fubini’s theorem,
and Khintchine’s inequalities yields

PBES

JEA

1/p

/ H Zé‘ijHp dP
Q7 jea P

Q

p

= //‘Zejxj)ded,u
xJe !

1/p
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1/2

> 1 : O

p

Q

Our next auxiliary result displays an estimate that is implied when a
family of functions is simultaneously seminormalized in two different L,
spaces.

Lemma 2.2. Let 1 < p < q < 2 (respectively, 2 < ¢ < p < o0) and
let (fj)jes be a family of measurable functions defined on a finite measure
space (X, %, ). Suppose that || f;ll, = ||fillq = 1 for j € J. Then, for AC J
finite,

1/2
A2 <151 < |AfVa
JEA
P
(respectively,
1/2
AT S5 < 1A1Y2).
JEA
P

Proof. Assume 1 < p < ¢ < 2. Using the embeddings ¢, C ¢ and Lg(p) C
LP(M)7

1/2 1/q 1/q

DI S 11 =D InlE] =AM

JEA JEA JEA
P q
Let r = p/2 < 1. Using that ||f + g[l» = [|f|l» + [lg|l- whenever f and g are
positive measurable functions,
1/2 1/2

> Ifl =D 1A

jEA jEA

p T

1/2

MR

jeA

=[S

JEA
~ A2,

Vv

1/2

The case 2 < g < p < oo follows from a “dual” argument. O
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Lemma 2.3. Let (X, X, p) be a finite measure space. Suppose1 <p < q <2
(respectively, 2 < q¢ < p < 00). Let (xj)jes be a quasi-greedy basis for a
separable subspace X of L,(u) such that ||xj|lq = 1 for j € J. Then, for
N e N,

N2 < [B,X](N) < ¢u[B,X](N) S NV
(respectively,

NY1 < @[B,X|(N) < 0u[B, X)(N) S N'/?).

Proof. Quasi-greedy bases are semi-normalized, i.e., ||x;]|, = 1 for j € J.
Now we just need to put together Lemma 2.1 and Lemma 2.2. O

The next two propositions are on-the-spot corollaries of Lemmas 2.2 and
2.3, respectively. We point out that a similar statement to Proposition 2.5
with the stronger assumption that the basis be uniformly bounded was ob-
tained by Dilworth et al. in Proposition 2.17 of [6].

Proposition 2.4. Let 1 < p < oo. Suppose (fj)jcs is a family of measur-
able functions defined on a finite measure space (X, %, 1) such that || f;||p, =~
| filla =1 for j € J. Then for A C J finite,

1/2

S oIAP ~ | A2,
JEA
P
Proposition 2.5. Let (X, X, p) be a finite measure space and let 1 < p < oo.
Suppose B = (x;)jes is a quasi-greedy basis for a separable subspace X of
Ly(p) with ||x;]|2 = 1 for j € J. Then B is democratic, hence almost greedy,
and its democracy functions verify

0B, X](N) ~ N2 ~ ¢,[B,X](N), N eN.

We are now en route to completing the proof of Theorem 1.2. Before
we do so, we write down two classical results in the isomorphic theory of
Banach spaces that are well known to the specialists. In order to make the
paper as self-contained as possible we sketch their proofs.

Theorem 2.6. Let (X,X, u) be a measure space. Suppose that B is a semi-
normalized unconditional basis of a non-Hilbertian Banach space X C Ly(p),
1 < p < oo. Suppose also that X is complemented in L,(p). Then B has a
subbasis that is equivalent to the unit vector basis of €.

Proof. Without loss of generality we may and do assume that L,(p) is sep-
arable. Then L,(u) is isomorphic either to L,[0,1] or to ¢, (see [8]). In
the former case, the same argument used by Kadec and Pelczyniski to prove
Theorem 4 of [9] leads to our goal. In the latter, by the Bessaga-Pelczynski
selection principle (see p. 214 of [3]), B has a subbasis equivalent to a block
basic sequence of the unit vector basis of £,. Since the unit vector basis of

£, is perfectly homogeneous, this subbasis is equivalent to the unit vector
basis of £,,. O
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Lemma 2.7. Let (X, 3, u) be a finite measure space and let 0 < p < q < 0.

Consider a subset S C L,(p) such that || fll, = ||fllq for f € S. Then, for
any 0 < 1 < q we have |l ~ |fllp | flly for f in'S.

Proof. The result is obvious for p < r < ¢, so we assume that r < p. Then, it
is also obvious that || f||, < ||f||, for f € S. To prove the reverse inequality,
consider 0 < a < p such that a/q¢+ (p —a)/r = 1. For f € S, by Holder’s
inequality,

12 = /X 1P dp

a/q (p—a)/r
< (/errqdu) (/Xm du)

= Il I
S IR

After simplifying we get || fI[5~* < || fIIF7% O

Proof of Theorem 1.2. Let (x;);es be a semi-normalized unconditional basis
of a non-Hilbertian Banach space X C L, (1), where p € (1,00) \ {2} and g
is finite. We divide the proof in three cases.

CAsE 1: 1 <p <2 and p < q. Assume that limsup;, ||z, < co. Without
loss of generality we can suppose that p < ¢ < 2. Put Jy = {j : ||x;||4 < o0},
let By = (x;)je.,, and then define X as the closed subspace spanned by By
in L,(p). We have that J \ Jy is finite and that ||x;||; = 1 for j € Jo.
By Lemma 2.3, ¢,[Bo, Xo](N) < N4, Furthermore, by Theorem 2.6, By
has a subbasis equivalent to the unit vector basis of ¢,. Therefore, N /r <
©u[Bo, Xo](N). Combining, we obtain N'/? < N1/4. This absurdity proves
the result.

CASE 2: 2 < p < oo and g < p. This case is the “dual” of the previous one.
Since its proof is similar we leave it for the reader.

CASE 3: 2 < p < ¢. Suppose that limsup; ||z, < co. Removing a finite set
of terms from B we get ||x;||; = 1. By Lemma 2.7, ||x;||2 = 1, contradicting
the already proven Case 2. (]

Remark 2.8. The proof of Theorem 1.2 reinforces the role of democracy as
a hinge property in the study of unconditional bases in Banach spaces. This
idea was already inferred from the work of Zippin [20], where he character-
ized perfectly homogeneous bases.

Remark 2.9. The subspace spanned by the Rademacher functions in Ly (u)
serves as an example to show that the assumption “non-Hilbertian” cannot
be dropped from Theorem 1.2.
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3. THE GREEDY ALGORITHM FOR JACOBI POLYNOMIALS

In this section, besides the orthonormal polynomials (p,(la’ﬁ ));”:0 defined

in Section 1, we consider the polynomials (R(la’ﬂ ))20:0, which are orthogonal

for the measure p, g defined in (1.8) and verify the normalization condition

(3.1) Pl (1) = (” * 0‘), neNuU{0}.
n
Of course, there are positive scalars d,, such that pq(f‘ﬁ ) = anT(La’B ), n > 0.

It is well known that the normalization sequence (d,, )52, verifies

_(Cnt+a+B+DnIln+a+B+1N\/2 )
(32) d”_< 2a+5+1P(n+a+1)F(n+ﬂ+1)) e nel.

In what follows, with the aim to avoid cumbrous notations, we will de-
note by (nl/zP,(la’ﬁ))zozo the extension of (n1/2P7§“’B));°:1 whose 0-term is
the constant function 1. In the light of (3.2), it is reasonable to expect
that the sequences (p%a’ﬁ ));?LOZO and (n'/ 2ples ))OO behave similarly. Woj-

n=0
taszczyk [19] confirmed this fact by showing that quasi-greedy bases verify
the following perturbation principle.

Theorem 3.1 ([Proposition 3 in [19]). Suppose (x;)jes is a quasi-greedy
basis for a Banach space X. Let (\;)jer be a family of scalars such that

0 < inf |A;| < sup |Aj] < oo.
jed jeJ
Then (\jx;)jer 5 a quasi-greedy basis for X.
A powerful tool to carry out estimates involving Jacobi polynomials is
the so-called Darboux formula. The next theorem establishes an expression

for the error term associated to this formula that is accurate enough for our
purposes.

Theorem 3.2 (Theorem 8.21.13 in [17]). Let o, > —1 and 6 > 0. Then
n2P{B) (cos 0) = k(0) cos(nb + ¢(0)) + E,(0)
with
o0)=(a++1)0/2 — (2a+ 1)7/4,
k(0) = 7 /% (sin g)_a_1/2(cos g)—5—1/2,
and the error term E,(0) verifies
k(6)
n sin 6
forn € N, where the O(1) holds uniformly in the interval 6/n < 0 < 7—¢§/n.

En(0) =

o)

Darboux formula provides tight estimates for Jacobi polynomials when
the variable is not too close to the endpoints —1 and 1. The technique
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to estimate Jacobi polynomials near 1 is also well-known for experts. It is
based on the formula

/
(3.3) (P}ﬁﬁ)) = (1+ a+ B +n)PltlBtD

and the behavior of the roots of Jacobi polynomials. In the following lemma
we reproduce this standard argument for the sake of completeness.

Lemma 3.3. Let a > —1 and § > —1. There is d > 0 such that
PR (1) m n®

forneNand1—d/n?> <z <1.
Proof. Let z, denote the largest root of P,Ef“ﬁ ) and let T € (0,7) be such
that cos(y,) = zn. It is known (see Theorem 8.9.1 in [17]) that 7, ~ 1/n,
hence 1 — z, =~ 1/n?. Moreover, it is easy to deduce from (3.1) and (3.3)
that

PP (1)~ n® and (P@H)Y(1) = not2,
Choosing d > 0 small enough we get z, <1 — d/n? and

d

n® S Pe(1) - —
n

(PP (1),

Let 1 —d/n? <2 <1. Since 0 < (PT(LD"B))’(t) < (P,ga’ﬁ))’(l) for any ¢ € [z, 1],
P (@) = PO (1) - (P (0 de = PO (1) — L (P (1),

For the reverse inequality we note that pieP) (z) < pi™P )(1) ~ n. O

Darboux formula allows us to compute the Ly (pq, g)-norms of Jacobi poly-
nomials. Let «, 8 be such that min{a, 8} > —1/2 and put
4 1 4 1
pla) = 5 ) = G where o = maxfa, ).
Notice that p(a, 8) and ¢(«, B) are conjugate exponents. We have (see [12])
that, for n > 2,

1SN L 1) = 22PN L )
(3.4) 1, if 1 <p<q(a,p),
~ < (log n)l/p, if p=q(o, B),

n2HD/2=2040/p 0 if g(a, B) < p < oo

Lemma 3.4. Let 1 < p < co and suppose min{c, B} > —1/2. Then
(a) The Jacobi polynomials of indices o and [ form a M -bounded basis
for Ly(pa,p) if and only if p(c, 5) < p < q(a, B).
(b) If plev, B) < p < q(ev,B), then both (pi*™)ozy and (n'/2R™7)z
form a semi-normalized M -bounded basis for Ly(pia,g)-



12 F. ALBIAC, J. L. ANSORENA, O. CIAURRI, AND J. L. VARONA

Proof. Let g be the conjugate exponent of p. Equation (3.4) yields

n(27+1)/2_2(7+1)/q, lf 1 S p < p(a”B),
(logn)l/q7 lfp:p(CV?ﬁ)?
“pgza’ﬂ)HpHngaﬁ)Hq ~ 17 lfp(Oé,ﬁ) <p < q(aaﬁ)a
(logn)'/7, if p = q(a, B),
n(2’7+1)/2_2(7+1)/p’ lf q(a7 ﬁ) < p
Appealing to (1.7), the proof is over. O

Remark 3.5. Notice that the range of indices p for which the Jacobi polyno-
mials with min{c, 8} > —1/2 form a bounded basis for L,(u, ) coincides
with the range of indices for which they are a Schauder basis of Ly (fq,3)
with the natural order (see [16]).

Remark 3.6. Lemma 3.4, combined with either Theorem 1.2 or Corollary 9
in [9], gives that Jacobi polynomials with min{a, 8} > —1/2 are not an un-
conditional basis for Ly(pta,g) unless p = 2. This result can also be obtained
from Proposition 4 in [10].

Lemma 2.1 provides a tool for checking if a given basis is a suitable
candidate to be quasi-greedy, and leads us to compare norms of the form
| >=jeaXjllp with norms of the form [|(3_ 1%;|%)!/2||,- In this direction,
we state the following result.

jEA

Proposition 3.7. Let o, 8, and p be such that min{a, S} > —1/2 and
1 <p<q(a,B). Then, for A CN finite,

1/2 1/2
(Zemey) ] |(meey) ] e

ned Ly (tta6) ned Ly (jias)
Proof. Just combine Proposition 2.4 with (3.4). O
Proposition 3.7 says that the expected value of the Ly (iq, g)-norms
Z enn'/2PeP) 7
ned Lp(pa,p)

when (£,,)ne 4 runs over all possible signs {£1}4, is of the order of |A|'/? (see
Theorem 6.2.13 in [2]). In the next proposition we find norms that deviate
significantly from the average value for p # 2.

Proposition 3.8. Let «, 8, and p be such min{a, 8} > —1/2 and p(a, B) <
p < q(a,B). Then

N-1
SN+ 20) V2P, ~N“ NEeN,
n=0 LP(/J'a,B)

where w = max{(2a+3)/2 — 2(a+1)/p, (26 + 3)/2 — 2(5 + 1)/p}.
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Proof. Since Péa’ﬁ)(—m) = (=" {Pe) (x) it suffices to prove the estimate
p

1
Ivim [[| 3 nl2Pe9@)| dyala) ~ N7,
0

’VLEAN

where Ay ={N+2n:0<n <N -1} and 0 = p2a+ 3)/2 — 2(a + 1).
Notice that the hypothesis p(a, 8) < p < g(a, 8) implies 0 < o < p.
Consider d > 0 as in Lemma 3.3 and choose 0y € (0, 7) such that

d
COS(GN) = TN = 1-— m
Write Iy = Jy + Ky, where
1 p
JIN = / Z n'2ples) (g) dpi,g(z), and
TN TLGAN
p
TN
Ky = / Z nt/2pB) () dpia,g(z).
0 neEAN

Since P,(z) ~n® forn € Ay, x € [zy, 1], and N € N,

p
1
JIn ~ Z na+1/2 / (1 N x)a dr =~ Np(oz+3/2)N—2(a+l) — N°.
TN

neEAN

Let k, ¢, and E,, be as is Theorem 3.2. We have Ky < 2°P~Y(Ly + My),
where
p

TN
LN:/ Z E,(arccosz)| dpapg(xr), and
0 neAN
p
TN
MN:/ k(arccos x) Z cos(narccos x + ¢(arccosz))| dpqa ().
0 neEAN

Since Oy ~ N~!, there exists § > 0 such that 6/N < . By Theorem 3.2,
Lo g _ae
a(0)] £ - (sin )=
forn € Ay, 0 € [On,7/2], and N € N. The change of variable x = cos @

yields

p

1 7T/2 . —1—0 o —1—0 1 —0 g
Ly < Z; /9 (sin§)~! dGm/H 0! df = 07 ~ N°.
neAn N N
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Using the change of variable x = cosf and the formula

_ |sin(IN@) cos(2N0 + ¢(0))]
N sin 0

Z cos(nd + ¢(0))

neEAN

)

which is obtained by taking into account that we are adding the real part
of a geometric sum, gives

/2
My ~ / | sin(N @) cos(2N6 + ¢(0))[P(sin §) =7 do
0
w/2
Rﬁ/ | sin(NO) cos(2N6 + ¢(0))‘p9—1—a’ a0
0

N /2
= N? / | sin(u) cos(2u + ¢(u/N))[Pu~' "7 du
0
~ N°.
To deduce the last step in the estimate of My we used that
/ | sin(u)|Pu™"7 du < oo
0

and the Dominated Convergence theorem. U
We are now in a position to complete the proof Theorem 1.1 as advertised.

Proof of Theorem 1.1. Assume that the Ly (f4,5)-normalized sequence of Ja-
cobi polynomials is a quasi-greedy basis for L,(jq3). Then, thanks to
Lemma 3.4(a), we have p(a, 8) < p < q(a, B).

By Theorem 3.1 and Lemma 3.4(b), the basis (nl/QPéa”B));‘f:O is also quasi-
greedy for Ly(iqp). Combining Proposition 2.5 (or Lemma 2.1 together
with Proposition 3.7) with Proposition 3.8 we obtain N“ = N2 for N € N.
Therefore, w = 1/2, i.e., p = 2. O
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