Effective homotopy of the fiber of a Kan
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1 Introduction

Inspired by the fundamental ideas of the effective homology method (see [5]
and [4]), which makes it possible to determine homology groups of compli-
cated spaces, in [3] we started to develop a new effective homotopy theory, a
technique which could allow the computation of homotopy groups of spaces.
The spaces we work with in our paper [3] must be encoded as constructive
Kan simplicial sets (that is, simplicial sets which satisfy the Kan extension
property [1] in a constructive way, see [3] for details). The most important
notion introduced in [3] is that of a solution for the homotopical problem of
a constructive Kan simplicial set.

Definition 1.1. [3] A solution for the homotopical problem (SHmtP) posed
by a constructive Kan simplicial set K is a graded 4-tuple (7, fn, Gny Pn)n>1
where:

e The component 7, is a standard presentation of a finitely generated
Abelian group (that is to say, each m, is a direct sum of several copies
of the infinite cyclic group Z and some finite cyclic groups Zyy, 7, =

7 @ Zgg BB Zg{? . The component 7, is therefore a well-known

group which is given and where computations can be done). This group
will be isomorphic to the homotopy group 7,(K) = S,,(K)/(~), which
is in principle unkonwn.

e The component g, is an algorithm g, : m, — S,(K) giving for ev-
ery “abstract” homotopy class a € m, a sphere z = g,(a) € S,(K)
representing this homotopy class.
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e The component f, is an algorithm f, : S,(K) — =, computing for
every sphere z € S,(K) “its” homotopy class a = f,(x) € m,. This
algorithm f,, must satisfy the following properties. First of all, the
composition f,g, must be the identity of m,,. Moreover, given z € K,
such that 0;z = « for all 0 < ¢ < n, then f,(0,4+12) = 0; in other words,
fo(z) = 0 for all z € S,(K) with  ~ % Furthermore, f must be
a “group” morphism, in the following sense: given z,y € S,(K) and
w =“x + y” representant of the homotopy class [z] 4 [y] (computed
by using the Kan property of K as explained in [1]), then f,(w) =
fa(@) + fu(y).

e The component h, is an algorithm h, : ker f, — K, satisfying
Oihy, = for all 0 < i < n and Opy1hy, = Idiery,. This algorithm
produces a certificate for a sphere x € S, (K) claimed having a null
homotopy class by the algorithm f,,.

If K is a Kan simpicial set and a solution for its homotopical problem is
given, we say the K is an object with effective homotopy. The interesting point
of this definition is the fact that, if K has effective homotopy, one can easily
construct an algorithm computing the homotopy groups m,,(K) = S, (K)/(~)
(with the corresponding generators). In this way, the effective homotopy
technique can make it possible to determine homotopy groups of complicated
spaces.

The problem now is how one can determine the effective homotopy of
a given Kan simplicial set K. Similarly as done in the effective homology
framework [4], we consider first some spaces whose effective homotopy can be
directly determined (for example, the standard simplex K = A or Eilenberg-
MacLane spaces K (m,n)’s for finitely generated Abelian groups = and n > 1,
see [3] for details). Then, different constructors of Algebraic Topology should
produce new spaces with effective homotopy.

As a first work in this research, we presented in [3] the following re-
sult allowing one to compute the effective homotopy of the total space of a
constructive Kan fibration if the base and the fiber spaces are objects with
effective homotopy.



Theorem 1.2. /3] An algorithm can be written down.:

o Input:

— A constructive Kan fibration p : E — B where B is a constructive
Kan complex (which implies F' and E are also constructive Kan
simplicial sets), and F' or B are simply connected.

— Respective SHmtPr and SHmtPg for the simplicial sets F' and B.

e Output: A SHmtPg for the Kan simplicial set E.

The proof of this theorem is a bit tedious; it follows from successive
applications of the Kan properties of ', B, E and p and the solutions for the
homotopical problems of B and F'. A sketch is included in [3]; the complete
proof can be found in [2].

Let us remark that given a Kan fibration p : £ — B, in general it is
not possible to determine the homotopy groups of the total space, m.(FE),
from the groups 7. (F') and 7.(B). However, the effective homotopy theory
makes it possible to compute 7, (FE) if the fibration and the simplicial sets
involved are constructive and in addition both F' and B are provided with
a solution for the homotopical problem, thanks to our Theorem 1.2. In
this way, starting with objects B and F with trivial effective homotopy we
compute the effective homotopy of the total space E; then, we can use E as
base of fiber space of a different fibration, and repeating the process we can
compute the homotopy groups of total spaces of complicated fibrations.

Let us consider now a similar situation, where E and B have effective
homotopy, and one wants to determine the homotopy groups of the fiber of
the fibration, F.

2 Solution for the homotopical problem of
the fiber in a Kan fibration

Let p: E — B be a Kan fibration, with fiber F'. It is necessary to remark
here that the homotopy groups m,(F) and m,(B) are not sufficient in general
to deduce 7, (F'), but the effective homotopy method allows one to determine
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7(F) if E and B are objects with effective homotopy, as explained by the
following new result.

Theorem 2.1. An algorithm can be written down:

o Input:

— A constructive Kan fibration p : E — B where B is a constructive
Kan complex (which implies F' and E are also constructive Kan
simplicial sets), and F or B are simply connected.

— Respective SHmtPg and SHmtPg for the simplicial sets E and B.

o QOutput: A SHmtPr for the Kan simplicial set F'.

Proof. The Kan fibration p : F — B produces a long exact sequence of
homotopy [1]:

O i (B) 25 1 (B) -5 m(F) 25 ) (B) 25 10(B) -2 -

From this one can deduce a short exact sequence

0 — Coker[mps1(E) 2 mpir(B)] == m0(F) = Ker[ma(E) 2 m(B)] — 0

~

which implies the looked-for group m,(F) can be expressed as m,(F)
Coker x, Ker for a cohomology class y € H?(Ker, Coker) classifying the ex-
tension. This cohomology class is in principle unknown, but can be deter-
mined if the short exact sequence is constructive [6]. The most important
part of the proof consists in defining a section ¢ : Ker — m,(F') and a re-
traction p : m,(F) — Coker such that pi = Idcoker, ip + 0§ = Idg,(r) and
jo = ldke. From them, we will give a constructive definition of the co-
homology class which will allow us to compute the homotopy group m,(F).
Furthermore the algorithms g, and f, will be immediately deduced from
1,7,0 and p. We will end the proof with the computation of h,,.

Let us consider the long exact sequence of homotopy [1] of the fibration:

O 1 (B) 25 1 (B) -5 m(F) 25 ) (B) 25 10(B) -2 -

where the maps p, and inc, are the morphisms between the corresponding
homotopy groups induced respectively by the fibration p : E — B and
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the inclusion inc : F — E, and 0 : m.(B) — m._1(F) is the connection
morphism [1].

The previous long exact sequence produces a short exact sequence:

0 — Coker[mps1(E) 2 mpiy(B)] == m0(F) = Ker[ma(E) 2 m(B)] — 0

Let us emphasize here that the groups m,(F) and 7, (B) with the corre-
sponding generators can be computed thanks to the SHmtP for both simpli-
cial sets £ and B. Since they are finite type groups and the morphism p, :
T«(F) — m.(B) is induced by p : E — B (so that one can easily determine
the definition of p, on the generators of m.(FE)), it is possible to determine
by means of elementary operations the groups Ker = Ker[m,(E) % m,(B)]
and Coker = Coker[m,41(E) 2 mp1(B)] = 7yt (B)/ Im p,.

The group m,(F) is on the contrary unknown, its computation is in fact
the goal of our work. In order to represent the elements of 7, (F), instead of
homotopy classes inside an unknown group, we will use n-spheres in S,,(F)
representing these homotopy classes.

The previous short exact sequence implies the looked-for 7, (F) is an
extension of Ker by Coker, and then 7, (F) = Coker x, Ker for a cohomology
class xy € H?*(Ker, Coker) classifying the extension. But let us remark that
for the moment this cohomology class is not known!

In order to obtain the cohomology class x which will allow us to compute
T (F'), we are going to make our exact sequence constructive (6], defining
a section o : Ker — m,(F) and a retraction p : m,(F) — Coker such that
pt = Idcoker, 1p + 0 = Id,, (r), and jo = Idke,. Before this, we describe the
way the maps ¢ and j will be represented.

The map ¢ of the diagram is obtained by following the diagram chasing
path:

Coker — T 1(B) 2 Syt (B) <% S (F)

where the map g, is produced by SHmtPg, the map Coker — m,1(B)
consists in choosing a representant of an element of the cokernel (which can be
elementary done since 7,,1(B) is of finite type), and 0 : S, 41(B) — S, (F) is
the connection homomorphism, in our case constructively defined as follows:
given b € S,,1(B), we consider x; = * € E, for i = 1,...,n + 1; this



is a set of (n + 1) n-simplices such that 0;x; = 0;_12; = * and such that
0;b = * = p(x;) for all 7. Since p is a constructive Kan fibration, one has
an algorithm o, which provides us an element z € E,; with 0,z = z; = *,
1 <i<n+1,and p(x) = b. Then Oyz satisfies p(Fyz) = dop(x) = b = *,
which implies Oyx € F},, and 0;0px = 0y0;411x = * for all 0 < i < n; therefore
Oox € S,(F). The connection morphism 0 : S,;1(B) — S,(F) is defined
then by d(b) = Jpz (the definition of 0 over the corresponding homotopy
groups, 0 : m,11(B) — m,(F), is given by 9(8) = [Oox] € m,—1(F) where b is
any generator of a class § € m,41(B); as explained in [1], a different choice
for the representant b of the class 3 would lead to the same homotopy class
in 7,(F")). The morphism i : Coker — 7, (F') is therefore implemented as a
map i : Coker — S, (F).

The map j of the diagram is implemented as a map j : S,(F) — Ker,
obtained from the path:

Su(F) 2% S, (E) L Ker C m,(E)

The map f, (the third component in the effective homotopy of F) is in fact
defined as f,, : S, (F) — m,(F), but given an element x € S, (F) which is in
Sn(F'), then p(z) = 0 and then its homotopy class is necessarily in Ker.

The desired section o : Ker — 7,(F'), which will be implemented as a
map o : Ker — S,(F), is constructed as follows: let o € Ker C m,(FE), we
choose a representant e € « produced by g,, in SHmtP of E. Since a € Ker p,,
one has f,(p(e)) = 0 € m,(B) and then the algorithm h,, of SHmtP for B
returns a € B, such that d;a = x for 0 < i < n and J,,1a = p(e). The
Kan property algorithm for B allows us then to obtain b € B,,;; such that
01b = p(e) and 0;b = * for i # 1 (it suffices to take the n+2 (n+ 1)-simplices
of B x,a,*,...,%x, —). We consider then the n+ 1 n-simplices —, e, x, ..., * of
E which are compatible, and b € B, such that 0;b = p(z;). The algorithm
o, returns x € E, 11 such that 0z = x forall2 <i <n+1, oz = e, p(x) = b,
and dyx € S,,(F) since p(dox) = dop(x) = Ogb = * and 9;00r = DpOj110 = *
for all 0 < i <n. We define o(a) = 0oz € S, (F).

The section o : Ker — 7, (F) is well-defined on Ker since the election of
a representant for o € Ker C 7, (E) is uniquely done by g,. Moreover, one
can easily observe that jo = Idke: given a € Ker C m,(FE), let e € « the
representant produced by g,, then jo(a) = f,(0pr) where z is obtained as
explained in the previous paragraph. The element x € F,, . satifies O;x = e
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and 0;z = * for all 2 < i < n+ 1 and therefore (thanks to Lemma 1.6 in [2])
le] = [Ovx] in T, (E), so that jo(a) = a.

It is now necessary to construct a retraction p : m,(F) — Coker that we
will implement as a map p : S, (F) — Coker. First of all, we define p over
the elements e € S, (F') such that e € Ker j, that is, f,(e) =0 € 7,(F). The
algorithm h,, of SHmtP for F returns y € F, 1 such that 0;y = x for 0 <14 <
n and 0,41y = e. Then, by Lemma 1.5 in [2], one obtains x € F, ;1 such that
Oix = % for 1 <i<n+1and dyxr = e. We consider now b = p(z) € B,1,
which satisfies 9pb = 9pp(z) = p(dox) = p(e) = * (since e € S, (F) C F},)
and 9;b = O;p(x) = p(Osx) = p(x) = % for ¢ > 1, that is, b € S, 1(B). We
define p(e) = [fus1(B)] = [fus (p(r))] € Coker = mass(B)/ Tmp,.

First of all we should prove that p is well defined on Ker 7, that is, given
e, € S,(F) such that f,(e) = f.(e) =0 (that is, [¢] = [¢/] = 0 in 7,(E))
and e ~ ¢ in F, then p(e) and p(¢’) are the same element in the quotient
group Coker = m,1(B)/Imp,. Since e ~ €' in F, there exists an (n + 1)-
simplex z € F,, ;1 such that 0;z =xfor0 <i<n—1,0,z=eand 0,412 = ¢
(let us remark that, since F' is not yet an object with effective homotopy,
this element z can not be constructively determined; however, in this case
it is sufficient to know that it exists, since we only want to prove that the
map is well defined). On the other hand, since [e] = [¢/]| = 0 in E, one has
x, o' € E,1 such that 0,z = 0;2’ = x for all i > 1, Jyxr = e and Oy’ = ¢
(the algorithm h,, of E returns y,y € F, 1 such that d;y = 9;y' = « for all
0<i<n, 01y =-eand J,,1y = €, and then a simple game with the Kan
property allows one to determine the desired = and 2’).

We consider now the n + 2 (n + 1)-simplices z, —, *,..., %, z, 2" of E,
which satisfy the compatibility conditions:

* = 0j_17; ifi >0 (i#1)and then j > 1
N 80%':*:(9]-,11’0 leZO,j#n—l—l,n—l—Z
v 8013n+1:80.23':€:8n$0 le:O,j:n+1

OoTnia = 0o’ = €' = Op1zg ifi=0,j=n+2

The algorithm o (which makes the simplicial set £ a constructive Kan
complex) returns an (n + 2)-simplex w € E such that dyw = z, dw = « for
2<i<n, 0ppyw =z and J,,ow = 2’. Then the n + 1-simplex dyw is an



(n + 1)-sphere of E:

(908011}:802:* ifi=0

010; 1w = * forl1<i<n-1
0 Op 1w =0 =% ifi=n

018n+2w = 811‘, =% ifi=n+1

@alw =

In particular, this implies that [p(01w)] € m,4+1(B) is a class contained Im p,.

Moreover, p(w) satifies:

p(z) = * ifi=0
p(Ow) € Imp, ifi=1
Oip(w) = p(Qw) = * for2<i<n
p(x ifi=n+1
p(x') ifi =n+2

This proves the classes [p(x)], p[a'] € m,+1(B) correspond to the same
element in the quotient Coker = 7,1 (B)/ Im p., and this implies the desired
result ple] = ple’], so that p is well defined on Ker j.

Furthermore, one can see that p : Ker j — Coker is a morphism of groups.
Let e, ¢’ € S,(F)NKerj and €¢” such that ¢” = e + ¢/. Then we have to
prove ple”] = ple] + ple/]. The proof is completely similar to the previous
construction demonstrating that p is well-defined on Kerj (that one is in
fact a particular case of this, where e = %), so that the detailed descriptions
of the necessary compatibility properties are skipped.

Let ¢” = e+¢€' in S, (F'), that is, there exists an (n+ 1)-simplex z € F, 1
such that 0z =xfor0<i<n—2,0, 1z2=¢€,0,z=¢" and 9,412 =¢€'. On
the other hand, since [e] = [¢/] = [¢”] =0 in E, one has x,2', 2" € E, ;1 such
that O;x = 0,2’ = O;2”" = x for all i > 1, Jpx = e, Ogx’ = €’ and Jpx” = €.

We consider now the compatible n+2 (n+1)-simplices z, —, %, ..., x, z, 2", 2’
of E,11. The algorithm op returns an (n + 2)-simplex w € E such that
Oow =z, dyw =% for2<i<n-—1, 0,w=ux, dpyyw=21", and 9, 2w = 2’
Then the n + 1-simplex dyw is an (n + 1)-sphere of F (that is, 0;(01w) =
for all 0 < ¢ <n+1), and p(w) € B, 4o satisfies:



p(z) = * ifi=0
p(Oiw) € Imp, ifi=1
* for2<i<n-—1
dip(w) = p(diw) = p(x ifi=n
p(z") ifi=n+1
[ p(a’ ifi=n+2

which implies that ple”] = [p(z")] = [p(x)] + [p(z’)] = ple] + ple/] in the
quotient Coker = 7, 41(B)/ Im p,, so that we have proved p is a morphism of
groups over Ker j.

We have therefore defined p over the elements in Ker j, which provides
us a map p' : S,(F)NKerj — Coker which is a group morphism over the
homotopy classes of 7,(F). One can easily observe that ip’ = Idr, (F)nKer j:
given e € S,(F) N Keryj, we have defined p'(e) = [p(z)] € Coker where
x € E,41 is an element (constructively determined) such that dyxr = e and
Oix =« for all 1 < i <n+1. Then ip'(e) = [Op(z)] € Ker C 7,(F) where
0 is the connecting homomorphism. Since dp(z) = Jyz = e is one possible
definition for 0 and one knows that it is well defined, we have ip'[e] = [e] €
n(F).

On the other hand, let a € Coker = m,,1(B)/Imp., with a (uniquely
determined) representant b € S,,11(B). Theni(a) = dyxr € F wherex € E,
satisfies 0;x = % for i > 1 and p(x) = b. Then p'i(a)) = b since all the possible
elections are unique.

We have defined therefore p' : m,(F) N Kerj — Coker satisfying ip’ =
Id,, (F)nker; and p'i = Idceker- The following step consists in defining p over
all elements of m,(F). Let e € S,(F) such that e ¢ Kerj. We consider
oj(e) € Su(F) and the “difference” z = e — oj(e) which satisfies [z] =
le] = [oj(e)] € mn(F). Then

32) = il = ai(e)) = 3(e) = jojle) = j(e) — i(e) =0
Since j(z) = 0 then z € S,,(F) NKer j and one can determine p/(z) € Coker.
We define then p(e) = p/(2). This new map p : m,(F) — Coker implemented
as p 1 Sp(F) — Coker satisfies pi = Idcoker and ip + oj = Id,, (p). This
last equation is directly deduced of the definition of p in terms of p’ and the
property ip" = Idx, (r)nKer j:

ip([e]) + aj([e]) = ip'([e] — oj([e])) + a([e]) = [e] = aii([e]) + osi([e]) = [e]
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From the previous identities, one can easily deduce that po = 0.

The section o : Ker — 7,(F) and the retraction p : m,(F) — Coker
satisfying pi = Idcoker, ©p + 0j = Id,, (7) and jo = Idke allow one to define
the 2-cocycle y € H?*(Ker, Coker) which classifies the extension. Given o, 3 €
Ker two homotopy classes, x(«, (3) is defined as:

X(a, B) = p(o(a) + 0(8) — o(a+ 3)) = p'(o(a) + o(B) — o(a + B))

It is not difficult to observe, using the facts that p’ : Kerj — Coker
is a group morphism and po = 0, that with this definition y satisfies the
necessary properties of a 2-cocycle:

X(O&, O) =0= X(Ov a)
x(a+B8,7) = x(8,7) — x(a,8) + x(a, B +7)

The standard extension theory proves then that m, (F) = Coker x, Ker
and an elementary calculation can produce the unique possible isomorphism
class m, € M of this group and also some explicit isomorphism m, <«
Coker x, Ker. In this way the first element 7,, of the 4-tuple in dimension n
of the solution for the homotopic problem of F' has been reached.

We need also the three components g,, f, and h, to achieve the con-
struction of SHmtPr. We define ¢g,, and f,, firstly with respect to the model
Coker x, Ker of m, (F). It is easy to justify g,(c, 8) = i(a)+0(8) € Sy (E) if
a € Coker and [ € Ker. In the same way, f,(x) = (p(z),j(x)) is the unique
possible definition of f,,.

In this way, one has the desired identity f,g, = Idcoker x, Ker:

fagn(, B) = fuli(@) + 0(B)) = (p(i(a) + a(0)), j(i(@) + o(5)))
= (¢'(i(e) + o(B) — aj(i(@) + o(B))), jila) + jo(F))
= (¢'(i(e) + o(B) — o(ji(a) + 5o (), F)
= (¢'(i(a) + o(B) = ajo(p))), B)
= (¢(i(e) + o(B) — o(B))), B) = (¢ (i(@)), ) = (o, B)

Furthermore, f, satisfies the two additional conditions that we have re-
quired. First of all, given z € F}, 1 such that 0;z = x for all 0 < ¢ < n, one
must verify that f,(0,112) = 0. The hypothesis 0;z = x for all 0 < i < n
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means that 0,.12 ~ % in F,, so that j([0,+1]) = [ = 0 € Ker. On
the other hand, since 0,12z € Kerj, then p(0p412) = p'(Ont12), and tak-
ing into account that p’ : Kerj — Coker is a group morphism, one has
p'(Ont12) = [x] € Coker. Therefore f,(On112) = (p(Ont12),j(Oni12)) =
(0,0) = 0 € Coker x, Ker.

On the other hand, one can also prove that f, is a “group morphism”,
that is: given z,y € S, (F) and z = = + y a representant of the class [z] +
ly] € m(F), then f,(z) = fu(z) + fu(y). Let x,y € S,(F), then f,(z) =
(p(x),j(x)) and f.(y) = (p(y),7(y)). We consider the sum of both elements
in the group Coker x, Ker:

fa(x) + fuly) = (p(x) + py) + x(U(2),5(y)), 5(z) +j(y))

The second factor is clearly equal to the desired j(z + y), since j is a
group morphism. For the first factor, we have

p(x) +p(y) + x(U (), j(y) =p'(x—0oj(x)) +p'(y—0oi(y))
+p'(0j(x) +oj(y) —o(i(z) +7(y)))
=p(x—oj(x)+y—ojly) +oj(x)+ojy)
—oj(z+y)) =p(x+y—ojlr+y))
= p(z +y)

In this way we have proved f,,(z)+ f,.(v) = (p(x+y), j(z+y)) = fu(z+y).

The definitions of g, : Coker x, Ker — S,,(F') and f,, : S,,(F) — Coker x, Ker
can then be converted into correspondances with m, thanks to an arbitrary
group isomophism Coker x, Ker = 7,, so that the required properties are
still satisfied.

Constructing the map h,, is a little more complicated, a small game with
the Kan extension properties is again necessary. Let e € S, (F') such that
e € Ker f,, that is, p(e) = 0 € Coker = m,41(B)/Imp, and j(e) = 0 €
Ker C 7,(F). The second property j(e) = 0 implies e ~ x in E. Following
the definition of p, one has © € E,,; such that Jyxr = e and 0;x = « for all
i > 1 and then we define p(e) = [p(z)] € Coker. Since we have supposed
p(e) = 0, this implies p(x) € Imp, C B,11, so that p(z) = p(y) where y is a
sphere inF,, ;1. Let us consider now the element b = nop(x) —mp(z) + n2p(x)
which satisfies 9pb = 03b = p(x) and 9;b = % for ¢ # 0,3, and then the n + 1

11



n-simplices of £/ x, —, %,y,*,...,x. The algorithm o, for the Kan extension
property of the fibration returns z € F, ., such that p(z) = b, 0yz = z,
O3z =y and 0;z = * for © # 0, 1,3. Then the unknown face 0,z satisfies

OOz =0 =€ ifi=0

0012 — 81822’:* ifi=1
101z = 81832:81y:* if1=2
O10i412 = * if3<i<n+1

Since that p(0,2) = 01p(2) = 01b = *, one has that 0,z € F,,;, and therefore
we can define h,(e) = 0,z which satisfies the desired properties.

]
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