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Abstract In this paper, an algorithm computing the terms E' and E? of the
Bousfield-Kan spectral sequence of a 1-reduced simplicial set X is defined. In order
to compute the ordinary description of the first level E!, some elementary operations
of Homological Algebra are sufficient. On the contrary, to compute the stage E? it
is necessary to know more information about the previous groups, in particular with
respect to the generators. This additional information can be reached by computing
the effective homology of RX, RX being the free simplicial Abelian group generated
by X. The algorithm to get the effective homology of R X from the effective homology
of X can be considered the main result in our paper. Moreover, we include a combi-
natorial proof of the convergence of the Bousfield-Kan spectral sequence, based on
the tapered nature of the stage E'.

Keywords Constructive algebraic topology - Bousfield-Kan spectral sequence -
Computation of homotopy groups - Symbolic computation
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1 Introduction

The Bousfield-Kan spectral sequence first appeared in [5]. It presents the Adams
spectral sequence [2] in the setting of combinatorial topology and makes its
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228 A. Romero

algebraic properties more accessible. The Adams spectral sequence and its satellite
spectral sequences are the main tools to compute homotopy groups, in particular
stable and unstable sphere homotopy groups. The Adams spectral sequence and the
others did allow topologists to compute many homotopy groups, but no construc-
tive version of this spectral sequence is yet available; in other words no rou-
tine translation work allows a programmer to implement this spectral sequence on
a theoretical or concrete machine to produce an algorithm computing homotopy
groups.

A spectral sequence is a family of “pages” (E",d") of differential bigraded
modules, each page being made of the homology groups of the preceding one. In
many cases, only the first levels are given, and then some extra information is nec-
essary to determine the successive differential maps. This implies that a spectral
sequence can only be computed in some simple situations and in general it is not an
algorithm.

The effective homology method [17] provides on the contrary real algorithms for
the computation of homology and homotopy groups of complicated spaces, and it
has been concretely implemented in the Kenzo system [9], a Common Lisp program
devoted to Symbolic Computation in Algebraic Topology. In some cases, this tech-
nique replaces some common spectral sequences such as those of Serre or Eilenberg-
Moore: when the usual inputs of these spectral sequences are organized as objects
with effective homology, general algorithms are produced computing for example the
homology groups of the total space of a fibration, of an arbitrarily iterated loop space
(Adams’ problem), of a classifying space, etc. Furthermore, we have shown in a pre-
vious paper [16] that the effective homology technique can also be used to obtain as
a by-product the different components of spectral sequences associated with filtered
complexes (which include those of Serre and Eilenberg-Moore), obtaining in this way
real algorithms.

In this work we try to use the effective homology method to construct algorithms
for computing the Bousfield-Kan spectral sequence, which is not defined by means of
filtered complexes. As a first step, we have developed an effective homology version
of the constructor R associating to every simplicial set X the free simplicial Abe-
lian group RX. This construction can then be used to obtain the first two levels of
the Bousfield-Kan spectral sequence, the “pages” E! and E2. The general algorithm
computing the higher levels is not finished yet.

This paper is organized as follows. Section 2 begins with some elementary ideas
about spectral sequences and then a brief description of the construction of the Bous-
field-Kan spectral sequence is given, including some necessary definitions and results.
In Sect. 3 we present a proof of the convergence of the spectral sequence based on
elementary operations of Homological Algebra, which can also be used to compute
the first level E', as explained in Sect. 4. In order to determine the second page E2,
these results are not sufficient and the effective homology method is necessary; we
introduce it in Sect. 5 and then we compute in particular the effective homology of
the free simplicial Abelian group RX. This is the main result of the paper and we use
it in Sect. 6 to construct an algorithm computing effective versions of the levels E!
and E? of the spectral sequence. The paper ends with a section of conclusions and
further work.
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Computing the first stages of the Bousfield-Kan spectral sequence 229

2 Definition of the Bousfield-Kan spectral sequence

For later reference, we begin this section with some elementary facts about spectral
sequences, mainly extracted from [12] and [14].

Definition 1 Let R be a ring. A bigraded R-module is a family of R-modules E =
{Ep.g)p.gez- A differential d : E — E of bidegree (—r,r — 1) is a family of mor-
phisms of R-modules dy, : Ep 4 — Ep—yg4r—1 for each p,q € Z, such that
dp_rqir—10dp 4 =0.The pair (E, d) is called a differential bigraded module.

The relations dp_ g+r—1 0 dp 4 = 0 allow us to define the homology of E as the
bigraded R-module H(E,d) = H(E) = {H} 4(E)}, 4ez With

Kerd, 4
Hy (E)= —— 21
Imdp+r,q—r+l
Definition 2 A spectral sequence E = (E",d"),>1 is a sequence of bigraded

R-modules E" = {E}, /}) 4e7, each provided with a differential d" = {d), ;}) 4z of
bidegree (—r, r — 1) and with isomorphisms H(E”,d") = E"*! for every r > 1.

In some situations, only the first levels of a spectral sequence are given; in other
words, only (E”, d")1<,<k are known (very frequently k = 1 or 2). Since each E"*!
in the spectral sequence is (up to isomorphism) the bigraded homology module of the
preceding differential bigraded module (E”, d"), the stage k in the spectral sequence,
given by EX = {E% } and d* = {d}, ,}, allows us to build the bigraded module at
the level k + 1, EFt! = {Egj;] }. But then our information is not sufficient to define
the next differential 4!, which therefore must be independently defined too. In this
way, a finite number of stages of the spectral sequence does not allow us to compute
the whole spectral sequence, some extra information is necessary to determine the
successive differential maps.

Definition 3 A spectral sequence £ = (E",d"),>1 is a first quadrant spectral
sequence if for all r > 1 one has E’ pg = 0when p < Oorg < 0. A second
quadrant spectral sequence E is one with E =0ifp>0o0rqg <0.

From now on in this paper we will deal w1th second quadrant spectral sequences,
but we will represent them in the first quadrant by changing the sign of the first
degree p. In other words, we put the module E; g With p < 0 and g > 0 at the
point (—p, g) (which is in the first quadrant), and denote it by E” ~ p.q- The differential
maps dp,q : E; — E;_H g4r—1 have then shift (r, » — 1). Furthermore, we consider
only the particular case R = Z, the most important for the aimed applications; yet we
continue to denote it by R, a traditional notation in this context.

Definition 4 A (second quadrant) spectral sequence £ = (E”, d"),>1 is said to be
convergentif forevery p, g € Zthereexistsr, , > 1 suchthat d’ =0=4d
forallr >rp 4.

p—r,q—r+1

If E = (E",d"),> is convergent, one has E”, E;‘fé’ forall r > r, 4, and one

P-4
can define the groups E°° g =E p” 4 » which are called the final groups of the spectral

sequence.
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230 A. Romero

Definition 5 Let H, = {H,},cnN be a graded module. A (decreasing) filtration F is a
family of sub-graded modules F, H, C H, for each p € Z such that

2 F, \Hy 2 FyH, 2 Fpy1Hy 2 -+ foralln e N

Definition 6 Let H, = {H,},cN be a graded module. A spectral sequence (E”, d"),>1
is said to converge to H, (denoted by E LN H,) if there exists a filtration F of H,
and for each pair (p, g) one has isomorphisms

E® ~ FpHy—p
P4 FpyiHyp

The collection Hy = {H,},cN is called the abutment of the spectral sequence.

The Bousfield-Kan spectral sequence was introduced in [5] trying to generalize
the Adams spectral sequence, related with the computation of the homotopy groups
of a simplicial set X, denoted m,(X). Different constructions have been considered
to obtain the Bousfield-Kan spectral sequence, all of them based on the following
definitions and results, which can be found in [4].

Definition 7 Let X be a simplicial set with a base point x € X, then RX is defined
as the simplicial Abelian group

_ R[X]
T R[*]

RX

where R[X] denotes the simplicial Z-module freely generated by the simplices of X,
and R[] is the simplicial submodule generated by the base point » and its degeneracies
(which are also represented by x).

The most important property which RX satisfies is the following one.

Proposition 1 Given X a pointed simplicial set, there exists a canonical isomorphism
7.(RX) = H (X: 7)
where H, (X; Z) denotes the reduced homology groups of X with coefficients in Z.

Definition 8 A cosimplicial space X consists of

— for every integer n > 0, a simplicial set X”;

— for every pair of integers (i, n) such that 0 < i < n, coface and codegeneracy
operators ' : X"~ — X" and n' : X"*! — X" (both of them simplicial maps)
satisfying the cosimplicial identities:
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Computing the first stages of the Bousfield-Kan spectral sequence 231

09" =9’/ if i<

nin =n'"tpl ifi>

/ot =9inim! ifi<j

ol =1d  ifi=j,j+1
ol =0yt ifi>j4+1

Definition 9 An augmentation of a cosimplicial space X consists of a simplicial set
X~ and a morphism 9° : X¥~! — X0 such that 8'9% = 9°9° : 1 — X1

In other words, a cosimplicial space X consists of a bigraded family X =
{X,f }p.qeN with face, coface, degeneracy and codegeneracy maps 9; : qu - X qp 1

97 - qu_l — qu,m : X" — XqH,andnj : quH — qu,forO <i <gqand
0 < j < p. The face and degeneracy operators 9; and 7; must satisfy the simplicial
identities (see [13]), while for 8/ and n/ the cosimplicial identities of Definition 8
hold. Furthermore, d; and ; commute with both coface and codegeneracy maps 9/
and /.

Every cosimplicial space has an associated spectral sequence, as explained in the
following theorem.

Theorem 1 [4] Given a cosimplicial space X, a second quadrant spectral sequence
= (E",d"),=1 is canonically defined, whose first level E U satisfies

E,l,’q = rré()('p) =74 (XP) NKern®N---NKern?™!

where the maps 1/ = Ty ') : Ty (Xp) — g (XPT Y are induced by the codegen-

eracy operators n/ : XP — XP~1 and where the differential map d L E, 1
EIIH_1 is given by the coboundary map 55‘“ = Zfié(—l)l 3 If X is augmented,

and under some favorable conditions, this spectral sequence converges to the homot-
opy groups (X ~1).
An important example of a cosimplicial space is the cosimplicial resolution of a

simplicial set, which plays an essential role in the definition of the Bousfield-Kan
spectral sequence.

Definition 10 Let X be a pointed simplicial set, the cosimplicial resolution of X (with
respect to the ring R = Z) is the augmented cosimplicial space RX given by

— for each cosimplicial degree p, the column RX? is the simplicial Abelian group
RP*T1X obtained by applying p + 1 times the functor R (Definition 7) to the
simplicial set X (with the corresponding face and degeneracy maps);

— the coface and codegeneracy operators are defined as

3/ RXP' = RPX — RXP = RPT'X, 9/ = RI®ORP™/
n/  RXPH = RPT2X — RXP = RPHX, p/ = RIWRP/
where the maps ® : X — RX and ¥ : R>X — RX are given by ®(x) = 1 % x

forallx € X and W(1 xy) = yforall y € RX;
— the augmentation is given by the map ® : X — RX.
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232 A. Romero

It is worth emphasizing that each column RX” = RPT!X is a simplicial Abelian
group, which implies that for each ¢ > 0 the set RX 5 is an Abelian group, and the
face operators 9; : RX(I; — RX 5_1 and the degeneracies n; : RXf; — RX 5 4 are
group morphisms. On the other hand, one can observe that the codegeneracy maps
n RX,‘;Jrl — R XY are also morphisms of groups forall j > 0, but 8/ : RX,‘;’_1 —
RXY is a group morphism only if j > 1. For j = 0, the coface 3° : RXf;*l — RXY
is not a morphism of groups. For this reason, the cosimplicial space R X is said to be
grouplike.

The spectral sequence associated with this particular cosimplicial space is called
the Bousfield-Kan spectral sequence of the simplicial set X.

Theorem 2 (Bousfield-Kan spectral sequence)[4] Let X be a simplicial set with base
point x € Xq. There exists a canonical second quadrant spectral sequence E =
(E",d")r>1, whose term Elis given by

Ell))q =, (RX") = 7y (RPTIX) NKern” N --- N Ker ™!

and with differential map d" induced by the coboundary map 8 = > (—=1)/87. Under
suitable hypotheses (for instance, if X is 1-reduced) this spectral sequence converges
to the homotopy groups mw.(X).

We find it convenient to remark here that this theorem does not allow us to compute
directly the Bousfield-Kan spectral sequence associated with a simplicial set X. The
columns R”T!X have the homotopy type of products of Eilenberg-MacLane spaces,
and Cartan’s algorithm [7] computes the corresponding nq(RP“X ) = Hy(RPX).
But to our knowledge, in our very general framework, so far no effective method
(algorithm!) is known allowing one to determine the coface operators between
these homology groups. We will prove that the methods of effective homology
give such an algorithm. The key point is a version with effective homology of the
functor R.

In the following sections we will develop algorithms for computing the first two
levels E! and E2. As a first step, in the next section we present a proof of the con-
vergence of the spectral sequence, based on the particular nature of the first stage,
which will also be used in Sect. 4 to determine a formal description of the groups E 111, q
(without the corresponding generators).

3 Convergence of the Bousfield-Kan spectral sequence

The initial page of the Bousfield-Kan spectral sequence of a simplicial set X consists
of the homotopy groups of the columns of the cosimplicial space RX, which are
horizontally normalized:

E),=m,(RX") =mg(RP*'X)NKern’ N+ NKern”!

where the maps r;«/" =y, n’): Ty (RPHIX) — w4 (RP X) are induced by the codegen-
eracy operators ) : RX?P = RPTIX — RXP~! = RPX, foreach 0 < j<p-—-1
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Computing the first stages of the Bousfield-Kan spectral sequence 233

We include in this section a theorem which gives a very important property of these
normalized groups: if the initial simplicial set X is 1-reduced, then

7, (RXP) =0 if ¢ <2p+2

This feature implies that the bigraded module E L= (E 11,, q} p.qeZ 18 tapered (that
is, Ell,’ ¢ = 0if g < 2p), which ensures the spectral sequence is convergent. This
property is maybe already known, but we have not been able to find a reference.
The proof that we propose is completely elementary, but a little complex: the com-
plete proof (see [15]) has more than ten pages. For this reason we include in this paper
only the general ideas; the details are then a sequence of elementary lemmas. Although
the convergence of the spectral sequence was one of the initial results by Bousfield
and Kan, our proof has the advantage of describing in a detailed way the structure of
the level E', having this description itself its own interest, as we will see in Sect. 4.

Theorem 3 Let X be a 1-reduced pointed simplicial set, and E = (E",d"),>1 the
associated Bousfield-Kan spectral sequence. Then E' satisfies

1 .
E,,=0ifg<2p+2

Proof (Sketch of the proof) Following the indexation (p, g) of apage E" of the spectral
sequence, we denote

Tpg =7, (RPTIX)

which is the vertical homotopy group in the position (p, g) before the horizontal nor-
malization. In particular mo , = 7, (RX) = H,(X) for ¢ > 1 is an initial group; our
proof of the theorem consists in showing that these groups H,(X) are sufficient to
produce the page E'! of the spectral sequence, following a recursive process which
must be well understood.

We give a description of 7, , of the following form

Tpg = @ (n-G)"G(P)

GeGeny

where

—  Geny is the set of genealogies of degree g, a notion which will be defined later;

— 7 is the Abelian group canonically associated with a genealogy G;

—  ng is the enumeration function describing for each p how many components 7
take part of the description of 7, 4.

In other words, each group 7, , has a structure depending just on the ordinate g,
since it is a sum of components i for G € Gen, a genealogy of degree g; the unique
factor which depends on p is the number of components, described by the enumeration
function ng.
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234 A. Romero

A genealogy G € Geny is a formal description of a recursive process which
allows us to express the groups 7, , = 7, (RPT1X) in terms of the initial groups
mo,; = wi(RX) = H;(X) fori < q. First of all, we remark that the homotopy groups
of RPT1X are isomorphic to the (reduced) homology groups of the previous column
RP? X, in other words,

Tpg = Hy(RPX) = H,(R"X), q>1

Furthermore, R”X is a (l-reduced) simplicial Abelian group and therefore
(see [13]) it is homotopy equivalent to a product of Eilenberg-MacLane spaces of
the form

RPX = [ Ku(RPX).n) = [] K (rpi . )

n>0 n>2

which implies that

H,(RPX) = H, H K(Tp—1.0,1)

n>2

If we apply in a recursive way the Eilenberg-Zilber Theorem [10], which claims that
the homology groups of the Cartesian product of two simplicial sets are isomorphic
to the homology groups of the tensor product of the associated chain complexes, we
obtain an isomorphism

Tpg = Hy(RPX) = Hy [ ) Co(K (p1.0. 1)

n>2

Then, we can make use of the Kiinneth formula [8], which relates the homology
groups of the tensor product of two chain complexes with the homologies of the compo-
nents. In our case, this formula gives a decomposition of the group 7, , = H,(R” X)in
terms of H; (K (71,5, n)). Taking into account that, given a group 7 and a positive
integer m, one has H,,(K (wr,m)) = m and H,4+1(K(r,m)) = 0 (a property of
Eilenberg-MacLane spaces which can easily be proved making use of the Hurewicz
Theorem [13]), for instance for ¢ = 6 we obtain:

Tp6 = He(R'X) = mp_1,6® Ho(K(p-1,2,2)) ® He(K (p-13,3))
@ Ho(K(p-1,4,4) @ (mp_12Qmp_1,4) ® (Tp_12*Tp_13)

where * denotes the torsion product of two groups (see [8] for details).
If we iterate the process for the groups

Tp—tn = Tu(RPX) = H,(RP™'X) = H, H K (T p—2.m, m)

m>2
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Computing the first stages of the Bousfield-Kan spectral sequence 235

and we do the same for 7,2 ,, and so on, we obtain an expression for the group
Tpq = Hy(RPX) based on the initial groups mo; = H;(X) = H;. As an example,
we show in the following lines the decomposition of the group 737 = H7(R3X).
Hy(R*X) = Hy(K (H2,2) x K (H3,3) x K (Hs, 4) x K([Hs(K (H2,2))1%, 4)
x K (Hs, 5) x K ([Hs(K (H2, 2))I%, 5) x K ([Hs(K (H3, 3)*, 5)
x K([Hy ® H3], 5) x K(Hg, 6) x ---)
= Hy @ [H1(K (H2, 2))) @ [H7(K (H3,3)F @ [Hy(K (Ha, 4)T
@ [H1(K (Hy(K (Hy., 2)),4))’ @ [H7 (K (Hs, 5)]°
@ [Hy(K (Hs(K (Hy,2)),5)] @ [H7(K (Hs(K (Hs, 3)), 5))1°
@ [Hy(K (Hy ® H3,5)1® @ [Ha(K (H,2)) ® H3]’
@ [H3 ® Hil’ © [H3 ® Hi(K (H2,2))) © [H> ® Hs(K (H3,3)))°
@ [Hy ® Hs|’ © [Hy ® Hs(K(H2,2))I @ [H2 ® H5(K (H3,3))P
® [Hy ® (H, ® Hy)) @ [Ha  Hal® ® [Ho % Hy(K (Ha, 2)I
For higher p and ¢ this decomposition becomes more complicated, but in all cases
the group 7, 4 = Hy(R?X) is isomorphic to a direct sum of different components
(which may occur several times) obtained recursively from the initial groups H; =
H; (X).
We can formalize this construction defining the notion of genealogy. The set of
genealogies Gen is a totally ordered graded set defined as the disjoint union of a fam-

ily of totally ordered graded sets {G G },cn, Which are built in a recursive way. The
starting point is

GGy = {H;}i>2

where each H; is a symbol. The degree of H; is i, and the ordering in GGy is defined
by H; < Hjifi < j.

Let us suppose now that we have built GG,, for m < n. We consider the set
GGGy, given by the disjoint union

GGG,y = ]_[ GGy

m<n

which becomes totally ordered simply by making use of the ordering of each GG,
and considering thatif m| < m then each elementin GGy, is less than every element
in GGy,.

We define then GG, as the set of expressions G of the form

G =[(d1 Gi)ci(da Gp)cp -+ - ck—1(di Gi)]
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where

— ks apositive integer (k > 1);

- Gj GGGy foralll < j <k;

- Gj1=Gjforl <j<k

- GreGGp_y;

— ifeach G; hasdegree d;, thend; > d; andd; # d; + 1. Moreover, if k = 1, then
di #dj;

— each ¢; is a connector (a symbol) in the set {®, *}.

The degree of G is defined as
d=dy+ - +dy+ny

where 7, is the number of connectors * which appear in G.
The ordering of GG, is the lexicographical ordering obtained by considering in a
successive way, for instance,

kyG13-'~’Gk’d17-°~’dk9cl3""ck—1

Once we have built recursively GG,, for all n € N, we define the set of genealogies

Gen=]] 66, =] GGG,
neN neN

It is worth remarking that given ¢ > 2 it is possible to construct (in a recursive
way, starting with the initial symbols H;) the set Gen, of genealogies of degree g,
which is a finite set. For instance, for ¢ = 4 one has two genealogies G }‘ = Hj and
G} = [(4 Hy)]. For degree 5 we obtain Gl = Hs, G2 = [(5 H»)], G2 = [(5 H3)],
and Gg‘ = [(2 H2)® (3 H3)]. For g = 6, 7, and 8 there exist 8, 19, and 45 genealogies,
respectively.

Let us suppose now that each symbol H; represents the group

H; = Hi(X) = mi(RX), i>2

Then one can associate to every genealogy G € Gen, of degree ¢ > 2 an
Eilenberg-MacLane space K (G) built as follows:

~ if G = H,, then K(G) = K (H,. q);
- if G =[(d; Gy)ci(dr Ga)ep -+ - cp—1(dk Gi)], then

K(G) = K(Hg (K(G1))ei (- - ck—1Hg (K(Gr)) -+ +), q)

where each c; represents a tensor product operator ® or a torsion product operator .
We define then the group g associated with G by

76 = Hy(K(G))
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Computing the first stages of the Bousfield-Kan spectral sequence 237

which is given in fact by
- if G = Hy,thenng = H; = Hy(X);
- if G =[(d; Gy)c1(dr Go)ey - - - cx—1(di Gy)l, then
w6 = Hy (K(G1)er (-« ck—1 Hg (K(Gg)) -+ )

One can then immediately observe that 77, ;, can be described as

Tpg = @ (g)"6P)

GeGeny

where the function n counts the number of times the group w¢ appears as a compo-
nent of 7, ; = H,(R”X). Furthermore, it is not difficult to prove in a recursive way
that the function ng(p), for G a genealogy of degree ¢, is in fact a polynomial in p
of degree < ¢ /2, a bound which only depends on the ordinate g.

The first “stage” in the normalization process replaces 7, 4 by

1 _ p—1
np’q=7tp,qﬂKern , p>1

The usual considerations for the decompositions in direct sums deduced from the
cosimplicial identity n”~'97 = Id give

1 ~ — —1
TS @ ()" P —nc(p=D
GeGeny

That is to say, a stage of normalization replaces the exponent ng of mg in the
expression of 7, , by its discrete derivative, ng(p) —ng(p — 1).

Iterating the process, the group 75 , = 7, (RP*'X) N Kern?~* N --- N Kern?~!
can be seen as

Ta = D @e)e”

GeGeny

where the exponent ny;(p) is obtained recursively from n‘z;_l(p) as the discrete
derivative

n(p) =ns (p) —nl ' (p— 1)

Finally, the normalized group ;,) 4 18 given by

~ P
e = B oy

GeGeny

Since ng(p) is a polynomial in the variable p, its degree is then decreased by one
unit at each stage of normalization. The number of stages of normalization which one
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must apply to 7, , in order to obtain E},’q = né (RPHIX) = 771/7,!1 is exactly p; since

the possible degree for n¢ is bounded by ¢ /2, it follows that nl’)’ q =0forg <2p+2.

This important property we have proved implies in particular that the bigraded
module E! = {E}g’q}p,qu is tapered (that is, E},,q = 0if ¢ < 2p), which guarantees
the convergence of the spectral sequence: given p, g € Z then d;’ ¢ = 0 whenever
r>gq—2p—3,andifr > p then d; | = 0, which implies that E7° = EJ, |
forr > max{p,q —2p — 3}.

The convergence of the Bousfield-Kan spectral sequence is in fact well-known, and
was proved by other means, for instance in [5] and [6]. Our proof is more elementary
but can be useful: it allows one to compute the first level of the spectral sequence, as
it will be explained in the next section.

—r.q—r+

4 Computing the level E!

As already said in the previous sections, the first level of the Bousfield-Kan spectral
sequence associated with a (1-reduced) simplicial set X is given by the normalized
homotopy groups:

E,,=m(RX?) =m,(R"T'X) N Kern’N---NKerpn’™'

: : 1 .l 1
and the first differential map d, , : E pa — Epy
alternate sum 85“ = Xf:(; (—1)/9/.

The group 7, (RX?) = n(;(R”‘HX) =7,
associated with) genealogies

~ 4
7,0= @ @)

GeGeny

Iq is the morphism induced by the

¢ can be seen as a direct sum of (groups

We have also already mentioned that it is possible to construct all the genealogies G
of a given degree ¢, and one can also determine the corresponding enumeration func-
tions ng (p), and then the iterated derivative ng (p). Furthermore, if the initial groups
H,(X) are known (and they are finitely generated), then the Betti number and the
torsion coefficients of each genealogy G (which is constructed by means of tensor and
torsion products of finitely generated groups) can also be determined, and in this way

we can compute the normalized groups 71[; (RPTIX)=E },’ o forevery pair (p, ¢): once

1

our description is understood, the value of E .

computation for H, (K (7, k); Z).

For instance, let us consider the case where X is the simplicial set Q(S3) Uy €3,
obtained from the loop space 2 (S) by attaching a 3-disk by amap y : §* — Q(S%)
of degree 2 (several simplicial models can be defined for the loop space constructor;
the one used by the Kenzo system is the Kan’s simplicial loop functor G, see [13]). For
i < 8, the initial homology groups H; = H;(X) are the following: H, = Z;, Hy =
H¢ = Hg = Z, and H; = 0 if i is odd. A little calculation with the genealogies
and the corresponding enumeration functions makes it possible then to compute the

is a direct consequence of Cartan’s
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Computing the first stages of the Bousfield-Kan spectral sequence 239

normalized groups JT(;(RP—HX) = E},’q for ¢ < 8, which satisfy JT(;(RP-HX) =0
whenever g < 2p 4 2.

bq

Z I3 @ Ls @Iy DLz DL L DL DL, Za®Z3 0

0 Zy z3 0 0 =
z 73 73 0 0

0 Z 0 0 0

z Z4 0 0 0

0 0 0 0 0

Zz 0 0 0 0

0 0 0 0 0

S N S ST S A

Nevertheless, let us observe that in order to compute the groups of the second
level of the spectral sequence, E;%, q = Kerd 117 ¢/ Imd 11)71 e the previous informa-
tion is not sufficient: the horizontal differential d ,1, ¢ for the groups (RPH1 X )g can

be easily described, but defining the induced differential d), , = E}, , — E}.,
requires a complete description of the relationship between the homology group
E;Lq =y (RPHIX) = H,;(R? X) and the original Abelian simplicial group RPHIX;

this is exactly the role of the effective homology, to be studied now.

5 Effective homology of RX

In the following we present the general ideas of the effective homology method, deeply
explained in [17] and [18].

Definition 11 A reduction p between two chain complexes C.. = (C,, dc, )nen and
Dy = (Dy,dp,)nen (denoted p : Cyx=»D,)is atriple (f, g, h) where: (a) the compo-
nents f and g are chain complex morphisms f : C, — Dy and g : D, — Cy; (b) the
component / is a homotopy operator i : Cx — Cy41 (a graded group homomorphism
of degree +1); (c) the following relations are satisfied:(1) fg = Idp; (2) dch+hdc =
Idc —gf:3) fh=0;(4) hg =0;(5) hh =0.

Remark 1 These relations express that C, is the direct sum of D, and a contractible
(acyclic) complex. This decomposition is simply C,. = Ker f @Im g, withIm g = D,
and H.(Ker f) = 0. In particular, this implies that the graded homology groups
H,(C,) and H.(D,) are canonically isomorphic.
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Definition 12 A (strong chain) equivalence ¢ between two chain complexes C, and
D, denoted by ¢ : Cu4=» Dy, is a triple (B, p1, p2) where B, is a chain complex,
and p; and p; are reductions from B, over C, and D, respectively.

Ny

Cs D,

Remark 2 We must use the notion of effective chain complex: it is essentially a free
chain complex C, where each group C,, is finitely generated, and a provided algorithm
returns a (distinguished) Z-basis in each degree n; in particular, its homology groups
are elementarily computable (for details, see [17]).

Definition 13 Anobject with effective homology X is aquadruple (X, Cy(X), HCy, &)
where C.(X) is a chain complex canonically associated with X (which allows us to
study the homological nature of X), HC, is an effective chain complex, and ¢ is an
equivalence ¢ : Cx(X)«=>HC,.

Remark 3 Itisimportant to understand that in general the H C,. component of an object
with effective homology is not made of the homology groups of X; this component
HC, is a free Z-chain complex of finite type, in general with a non-null differen-
tial, whose homology groups H.(H C) can be determined by means of an elemen-
tary algorithm. The equivalence ¢ allows one to prove the isomorphism H,(X) :=
H,(C«(X)) = H.(HC,), so that one can compute the homology groups of the initial
space X.

In this way, the notion of object with effective homology makes it possible to
compute homology groups of complicated spaces by means of homology groups of
effective complexes. This method is based on the following idea: given some topo-
logical spaces X1, ..., X, a topological constructor ® produces a new topological
space X. If effective homology versions of the spaces X1, ..., X, are known, then
one should be able to build an effective homology version of the space X, and this
version would allow us to compute the homology groups of X.

A typical example of this kind of situation is the loop space constructor. Given
a l-reduced simplicial set X with effective homology, it is possible to determine the
effective homology of the loop space €2 (X), which in particular allows one to compute
the homology groups H,(2(X)). Moreover, if X is m-reduced, this process may be
iterated m times, producing an effective homology version of QX (X), for k < m. This
provides a solution for the Adams’ problem [1], unsolved by means of traditional meth-
ods. In 1956 Frank Adams designed an algorithm computing the homology groups of
the first loop space of a 1-reduced simplicial set X. Adams then asked for some analo-
gous solution for the iterated loop space 2" (X). Eighteen years later, Hans Baues [3]
gave a solution for the second loop space ©2(X); it depends on an ingenious possible
geometrical model for the second loop space; but again it is not possible to extend this
model to the third loop space ©2°(X) . ... The problem is in fact in the non-construc-
tive nature of Adams’ solution for the first loop space. As previously explained, the
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Computing the first stages of the Bousfield-Kan spectral sequence 241

effective homology method solves the problem. Effective homology versions are also
known for classifying spaces or total spaces of fibrations, see [18] for details.

One can also try to use this technique in order to determine a constructive version of
the Bousfield-Kan spectral sequence, and the first step to this aim is the determination
of an effective homology version of the constructor R. Given X a 1-reduced simplicial
set with effective homology, our problem consists in obtaining the effective homol-
ogy of the simplicial Abelian group RX, that is to say, an equivalence of the form
C«(RX)4=»HR,, where H R, must be an effective chain complex. The rest of this
section includes a brief explanation of the construction of an algorithm computing this
effective homology, which has been obtained as the composition of two equivalences.

From now on in this section all the chain complexes associated with simplicial sets
are normalized, that is to say, only the non-degenerate simplices are considered as
generators. In particular, C,(X) will denote the reduced normalized chain complex
associated with a simplicial set X.

Let us suppose that X is a 1-reduced simplicial set with effective homology; an
equivalence

DX,

N

Ci(X) HX,

is given, where H X is an effective chain complex.

The main ingredient in the computation of the effective homology of the free simpli-
cial Abelian group R X is the Dold-Kan correspondence [13] between the categories .A
of simplicial Abelian groups and C of (positive) chain complexes, given by the functors
I':C— Aand N, : A — C which satisfy ' o N, = Id 4 and N, o I" = Id¢.

Let us begin the description of our construction for the effective homology of RX,
which consists in the composition of two equivalences. We start by briefly explaining
the left equivalence, based on the following two results:

Proposition 2 Given a simplicial set X, there exists an explicit isomorphism
RX = T (C«(X))

Proposition 3 Let C, and D, be chain complexes and p : Cy=»D, a reduction
between them. Then one can construct a new reduction

['(p) : Cx(T(Ci))=>C«(I'(Dy))

The proofs of both propositions are not complicated and can be found in [15].
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We consider now the given effective homology of X, that is, the equivalence
C.(X)«=DX,=»H X,. It is not difficult to construct a new equivalence

DX,

PN

—

C(X) HX,

where C «(X) is the reduced (normalized) chain complex associated with X ,/5?* and

;I\f* are chain complexes easily deduced from D X, and H X, respectively, andﬁ*
is effective and null in dimensions 0 and 1. Composing then the results of Propositions
2 and 3 we obtain the following equivalence:

C.(I'(DX,))
44/ S~

C+(RX) = C.(T'(Cx(X))) C.(I"'(HX,))

This will be the left equivalence 7, in the effective homology of the simplicial Abe-
lian group RX. We have obtained in this way an algorithm which has the following
input and output.

Algorithm 1 Input:
e a l-reduced pointed simplicial set X,
e an equivalence C.(X)«=DX,.=»HX, where HX, is an effective chain complex.

Output: an equivalence p; : Cx(RX)4=Cy(I'(DX,))=>C+(I'(HX,)), where DX,
and H X, are obtained from D X, and H X, respectively, H X , is effectiveand H X =
HX; =0.

In order to determine the effective homology of RX, a second (right) equivalence
UR : C*(F(Y-I\)?*)M:»H R. is necessary, H R, being an effective chain complex. In
other words, we need to compute the effective homology of the simplicial Abelian
group F(?-I_\f*). More generally, we will determine the effective homology of I'(E)
for a general effective chain complex E, which is null in degrees 0 and 1.

As explained in [8], an effective chain complex E, is isomorphic to a direct sum:

E.=pck
k

where each Cif is elementary, that is to say, there exists m = m(k) € N such that
C,’f =0forn #m,m+1, C’n‘l = Z,anddp 4 : Cfn_H — C,’; is monomorphic (which
implies that C% | = Z or C% | = 0).
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Since the functor I" has a good behavior with respect to the direct sum of chain
complexes, when applying it to the chain complex E, we obtain

[(E) =T (@ C,’;) =PrchH
k k

In general the infinite direct sum of a family of simplicial Abelian groups does not
coincide with the corresponding Cartesian product, but one must bear in mind that in
this case we have special properties. Since each group E,, is a sum of a finite number

of components C),’ , one has
F(E) =Preh =]]reh
k k

The effective homology of a finite Cartesian product can be computed when the
effective homologies of the components are known (see [18] for details). This method
cannot always be generalized to an infinite Cartesian product, but in this case the result
holds since the product is finite in each degree. In this way, in order to compute the
effective homology of I (E), we need to determine the effective homology of I'(C\),
for C an elementary chain complex. Two different cases must be considered.

First of all, let C,. be an elementary chain complex such that C;, = 0 for all n #= m
and C,, = Z for some m > 2, denoted by Cx = Cy(Z, m). Then

['(Cy) = T(C(Z, m))

and this is in fact one of the possible models for the Eilenberg-MacLane space K (Z, m)
(see [13]). On the other hand, the space K (Z, m) is known to be an object with effec-
tive homology for every m > 1, and therefore we can suppose that an equivalence
C.(K(Z,m))4=»HK!" is available, H K" being an effective chain complex.

In the second case to be considered, the elementary chain complex C, is of the
form

0<—0<—~-~<—0<—Z(MZ<—O<—O<—---

where the only non-null differential map d,,+1 : Z — Z is given by d,,+1(1) = ¢ for
some t € Z.

One can easily observe that this chain complex can be expressed as the Cone of the
morphism

f:CiZ,m+1) — Ci(Z,m+1)

defined by f(1) = d,;,+1(1) = t, and the following effective short exact sequence [18]
is obtained:

: j
0 —— Desusp, (C+(Z, m + 1)) === Cone(f)s == Cs(Z,m +1) —> 0
r s
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where Desusp,, is the Desuspension constructor; in this case one can observe that
Desusp, (C«(Z, m 4 1)) is equal to Cx(Z, m).

Now, what happens when we apply the functor I" to a short exact sequence? The
following proposition provides the answer.

Proposition 4 Given an effective short exact sequence of chain complexes

i
0 —= A~ B, ~Ci—> 0

there exists an explicit isomorphism between the simplicial Abelian group " (B,) and
a twisted Cartesian product ' (Ay) X T'(Cy).

Proof The arrows i and j are compatible with the differentials, but of course the sec-
tion s and the retraction r in general are not. These section and retraction produce a
connection morphism d := rdps, which is compatible with the differentials if you do
not forget the degree shift and the Koszul rule about signs; this connection morphism
naturally induces the twisting function 7 defining the principal fibered structure.

In our particular case, we have the fibration
['(Cy(Z, m)) — T'(Cone(f)s) — I'(Cyx(Z,m + 1))

where the total space I'(Cone(f).) = I'(C,) can be expressed as a twisted product
I'(Cyx(Z, m)) x; T'(Cx(Z, m + 1)). Recalling now that I'(C«(Z, m)) = K(Z, m) and
I'(Cy(Z,m + 1)) = K(Z, m + 1), one has

I'(Cy) ZEK(Z,m) xy K(Z,m + 1)

Provided that K (Z, m) and K (Z, m + 1) are objects with effective homology (and
K(Z,m + 1) is 1-reduced since m > 2), the effective homology of the total space of
the fibration I'(C,) can be computed (see [18]). The effective homology of I"(C) has
then been determined for the two different types of elementary chain complexes.

In this way one can obtain the effective homology of I'(E,), which is a Carte-
sian product of several factors I'(C) for C, elementary, so that we obtain a second
algorithm with the following input and output.

Algorithm 2 Input: an effective chain complex E, such that Eg = E1 = 0.
Output: an equivalence Cy(I'(E,))«=DI'E,=>HTI' E,, where HI'E, is an effective
chain complex.

This algorithm can be applied in partlcular to the effective chain complex HX, Xy
deduced from H X, (which satisfies HX, 0= HX 1 = 0), producing the looked-for
right equivalence u g for the effective homology of RX

—

DR,

N\

C.(T(HX.)) HR,
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Once we have developed algorithms for the left and right equivalences, the last step
for the construction of the effective homology of RX consists simply in composing

pr and pg.

Algorithm 3 Input:

e a l-reduced pointed simplicial set X,

e anequivalence C.(X)4=D X .=»H X, where H X, is an effective chain complex.
Output: an equivalence C,(RX)«=D R.=»HR,, where HR, is effective.

This algorithm can be considered as the main result of this paper. The homology
groups H, (RP*! X) leading to the E 11) o groups of the Bousfield-Kan spectral sequence
can be obtained through Cartan’s algorithm [7], but installing the horizontal differ-
ential d zl?-, 4 between them requires much more: this is just the role of Algorithm 3, as
explained in the next section.

6 Computing the level E?

Let us recall again that the level E'! of the Bousfield-Kan spectral sequence is given
by the normalized groups

E[l,’q = n;,’q = rrq(RpHX) NKern’N---NKern?~!
We consider now the isomorphism 7, (RX) = H,(X), satisfied by any simplicial
set X, which implies T (RPTIX) = H,(R?X) for every p > 1. Hence one has

E,, = Hy(R"X)NKern’ N NKern?™'

If X is a I-reduced simplicial set with effective homology, then our Algorithm 3
provides us the effective homology of the simplicial Abelian group RX. Iterating
the process (taking into account that RX is also 1-reduced), it is possible to obtain
the effective homology of R” X for every p > 1, that is, an equivalence of the form
C«(RP X)¢=»H RY . In this way, if X is an object with effective homology, this implies
the groups 7, (RP*'X) = H,(RPX) = H,(HRY) (with the corresponding genera-
tors) are computable.

The codegeneracy maps 7/ are well-defined on these homotopy groups:

7)) =0 7y (RPTIX) — m,(RPX) 0<j<p—1

and as far as (RP*1X) and 74 (RPX) are groups of finite type, these maps can be
expressed as finite integer matrices. Therefore, the kernels ker n/ can be computed by
means of elementary operations for each 0 < j < p — 1, and in this way one can

determine the normalized groups n;’ ¢ =E },’ 4 (with generators).

. . . +1 +1 ini
The differential map d,, , : E, , — E} ;| ,isinduced by 85" = 321" (=1)/a/.
Then, for a class [x] € E [1,, 4 (given by means of the coefficients with respect to the

generators of the group) it is possible to compute the image d [1) (XD = [(Sé7 i ()]
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in E 117 tlg- For this computation, it is enough to follow the path provided by
Algorithm 3 (A3):

A
E})’q = Hq(HRf) = HR(‘? ':}; Cq(RpX) _ Rp+1X
w}”q l{aj}osiswrl
A
E .\, < Hy(HR'T) 1 HRPT' <5 €, (RP1X) < gri2x

This implies that, if X is an object with effective homology, the first level of the
Bousfield-Kan spectral sequence is computable.

Algorithm 4 Inpuz:

e a l-reduced pointed simplicial set X,

e anequivalence C,(X)4=D X .=»H X, where H X, is an effective chain complex.
Output:

o the groups E},,q = n(;(RP“X) for each p, q € Z,

o the differential maps d},’ g forall p,gq € Z.

Let us remark now that the differential maps d) , : E) , — E 117 11,4 €an also be
expressed as finite integer matrices. Therefore it is possible to determine their ker-
nel and their image, and using the Smith Normal Form technique [11] we can easily
compute the quotient groups

1
5 Kerdp’q

pa = 1
Imd —1.q
We obtain so the algorithm to which this paper is devoted.

Algorithm 5 Input:
e a l-reduced pointed simplicial set X,
e an equivalence C.(X)«=D X,=»H X, where the chain complex H X, is effec-
tive.
Output: the groups {Elz,’ ¢1p.a=0 of the Bousfield-Kan spectral sequence canonically
associated with X.

Although the groups E f,, 4 of the Bousfield-Kan spectral sequence do not determine
in general all the homotopy groups of the space X, in some particular cases they make
it possible to obtain some of them. For instance, for the space X = QS U, &3
which we have considered in Sect. 6, we have already seen that forn = g — p < 3 the
unique groups E [1, 4 Which are non-null are E(l)’2 =Zoand E 11 4 = Z4. The differential
d(h : Eé’4 =7 — Ell’4 = 74 could be different to zero, so that EIZ’4 =~ E11,4; in any
case, the group E 12 4 can be determined with our Algorithm 5. Moreover, there is no
higher differential which can start or finish in £ 12 4> consequently, this must be the final
group of the spectral sequence, ET9 = E12 4- Similarly, EG% = E&2 = Eé,z =7Zy. It
is thus clear that from the groups EIZ, 4 one can deduce the homotopy groups 7, (X)
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Computing the first stages of the Bousfield-Kan spectral sequence 247

for n < 3, which are mp(X) = m1(X) = 0, 12(X) = E(%,z = E(%,z = Z, and
m3(X) = E % 4 € Z4, which could be computed once our Algorithm 5 will be imple-

mented. For n = 4, all the groups EIQJ o are again the final groups of the spectral
sequence, but here extension problems could appear to determine the homotopy group
m4(X). When trying to obtain 75(X), some differential maps d? could be non-null, so
that our Algorithm 5 would not be sufficient. For the case of the 2-sphere X = 52, the
level 2 of the spectral sequence allows one to determine the homotopy groups 7, (S2)
forn < 5. See [15] for details.

The implementation of our Algorithms 4 and 5 has not been finished yet. As one
of the main ingredients, it will be necessary to develop some programs dealing with
the computation of the effective homology of Eilenberg-MacLane spaces K (r, n)’s,
a difficult problem by itself. This suggests that the final computations could be often
slow. In some cases, days or even weeks could be necessary to determine the desired
groups E12) e

7 Conclusions and further work

Given a l-reduced simplicial set X with effective homology, Algorithm 4 produces
the entire page { E [1, ¢4 [1) q) of the Bousfield-Kan spectral sequence converging to the
homotopy groups of X. The key point in this work is the fact that the effective homol-
ogy of the magical—magical but enormous!—simplicial groups R”*!X allow us to

compute the differentials d ;’ ¢» While classical Cartanc6s algorithm about Eilenberg-

MacLane spaces [7] easily gives the groups E [l, 4 but without giving any information
about the differentials d 11,, q

The page 1 of the spectral sequence being so computed, differentials included,
elementary computations produce the groups of the next page, that is, the collection
{El%’ ¢} itis Algorithm 5, the main goal of this paper.

Algorithms 4 and 5 are not yet concretely implemented as computer programs. No
doubt at all about the feasibility of such a concrete implementation: these new algo-
rithms have the same general style as numerous other algorithms already implemented
in the Kenzo program [9], already producing striking results, in particular around com-
plicated loop spaces. The main component of the pending work consists in writing
down a good implementation of a good algorithm computing the effective homology
of K(Z, n), an interesting subject by itself: it is easy to prove the computation of the
effective homology of a simplicial group RP*! X can be reduced to the same problem
for the main Eilenberg-MacLane spaces K (Z, n), see Sect. 5.

What about the next groups E ; o forr = 3 and the next differentials d;, g forr =27
Of course the main problem is for these differentials. We think it is possible to extend
the work of this paper in this direction. The striking Bousfield- Kan paper [6] gives a
very precise description of the higher differentials, in a sense “simplex by simplex”,
see [6, Sect. 5]. A reader having understood the spirit of this technique called effective
homology should be reasonably convinced a careful study of [6] can lead to a complete
knowledge of the Bousfield-Kan spectral sequence of a 1-reduced simplicial set. In
fact effective homology consists in permanently keeping precise relations between
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homology groups and the initial spaces, even when the latter are not of finite type; and
it seems it is exactly the information to be used to concretely exploit the nice paper
[6] of Pete Bousfield and Daniel Kan, in particular its fascinating Sect.5.
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