WEIGHTED INEQUALITIES FOR THE RIESZ POTENTIAL ON
THE SPHERE
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ABSTRACT. We prove a version of the Stein-Weiss inequality for the Riesz
potential of the conformal Laplacian on the sphere. Moreover, we show that
the result can be improved for functions invariant under the action of the group
SO(d — 1). This last result will be a consequence of a more general one for
ultraspherical expansions.

1. INTRODUCTION AND MAIN RESULTS

The result (see [1, Theorem 7]) due to G. H. Hardy and J. E. Littlewood for the
boundedness of the fractional integral operator (or Riesz potential)

To’f(x):/ %dya 0<0<d7
Rra |z —y|977

was generalized by E. M. Stein and G. Weiss in [2, Theorem B*] including weights
in the following way.

Theorem 1. Letd >1,0<o<d,1<p<qg<oo,a<d/qg,b<d/p',' a+b>0,
and
1 1 a+b—0o

q p d

Then the inequality
2T fll oy < Clllzl® fll Lo ey

holds for any function f such that |z|°f € LP(R?), where C is a constant indepen-
dent of f.

This theorem can not be improved for general functions in R? as it can be de-
duced from the theory in [3]. However, if we reduce ourselves to radially symmetric
functions, it is possible to improve the range of admissible power weights in Theo-
rem 1. Partial results in this line can be found in [4, Theorem 3.1], [5, Theorem 2.1},
and [6, Lemma 4]. The most general case was given by B. S. Rubin in [7] but was
seemingly overlooked. Later, P. L. De Napoli, I. Drelichman, and R. A. Durédn state
the same result in [8, Theorem 1.2] as follows.
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Theorem 2. Letd > 1,0 < o0 <d, 1 <p<qg< o0, a<dfgb<dlp,
a+b>(d-1)(1/q—1/p), and
1 1 a+b—0o
+—
qa p d
Then the inequality

(1) 2]~ To fll Laqray < Clllz|° Il o zay

holds for any radially symmetric function f such that |z|°f € LP(RY), where C is
a constant independent of f.

The key point to prove this theorem is rewrite (1) as a convolution inequality in
the multiplicative group R* with the Haar measure dx/z. An estimate with more
general weights for T, when we consider radial functions can be seen in [9].

Our target in this paper is to study a Stein-Weiss inequalities in the setting of
the d-dimensional sphere S*~!. We consider the operator

I(v—Lx+ 459)

— d—
Aol (@) = e ey [0 wes

where — L) is the conformal Laplacian on the sphere

(2) Ly= _AS'i*1 + /\2’ A= %a

with —Aga-1 being the spherical Laplacian. In [10], T. P. Branson observed that
the operator A, defined in the sphere plays the same role as the fractional integral
T, in the Euclidean space (they are related by conformal transforms). We will
show (see (14) below) that A, can be written in terms of the Riesz potential on
the sphere, as it was defined in [11],

/ f(y)
sa—1 | —yld=t=o”

So we will refer to A, as the Riesz potential of the conformal Laplacian. An anal-
ogous of the Hardy-Littlewood-Sobolev inequality for A, was given by W. Beckner
in [12].

To establish our results about the operator A, we will consider the family of
weights

wrs(x) = |z —eq|" |z + eq|®, r,s € R,

where eg is the north pole of the sphere S?~!. Moreover, we have to define the
conditions to obtain the boundedness of the operator. For each d > 3, we say that
(o,p,q,a,b,A,B) € Sg—1 when 0 <o <d—1,1<p<gq< o0,

(3) a<(d-1)/q, A<(@-1)/p,
(4) a+A>0,
2 at+b—o 2 A+B-o
(5) . 1 p P
and
1 1 at+A—o
©) ¢ p d-1
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With the previous definitions our result for general functions on S?~! reads as
follow.

Theorem 3. Let d > 3 and (o,p,q,a,b, A, B) € Sq—1. Then the inequality
(7) |w—a,~bAc fllaa—1) < Collwa B fllLe i1y

holds for any function f such that wa pf € LP(ST1), where C, is a constant
independent of f. Moreover

C. = Do’,dflE;/r
7 7 9(a+b+A+B)/2’
with
o d—1l—0o
®)  r= d—1 D, =L D))
a+A+d-1-0’ 7T oqd/2 I'(o) ’
and

d—1 d—1
o) B W(d—l)/2r (r(a+ A)T (7" ( p, A)) r (r ( 7 a)) |
r (7’7‘{7;7”) T (1" (% + A)) r (’I‘ (dz;l + a))

The previous theorem for the case p = ¢ can be found in [13]. Our proof follows
the lines in [14]: we write the operator A, as a proper convolution to apply a Young
type inequality. Therefore the constant C, appearing in Theorem 3 is sharp but not
attained. We have to note that inequality (7) it is verified with a different constant
for any pair (p*,¢*) such that p < p* and ¢* < ¢ when (o,p,q,a,b, A, B) € Sq_1.
This fact is due to L"(S?1) C L*(S%™1), for s < r. For the limit case a = A =
b= B = 0 it is known that A, satisfies a LP(S?!) — L9(S?!) inequality for
% — % < ﬁ, unfortunately this case is not cover in Theorem 3.

The analogous role on the sphere of radially symmetric functions is played by
functions which are invariant under the action of SO(d—1). By SO(d—1)-invariance
we mean that f is invariant under the action of the group SO(d — 1) on S¢~!
whenever SO(d — 1) is embedded into SO(d) in a suitable way. Each function f
of this kind can be written as f(z) = g((x, eq)), for a certain function g defined in
(—1,1). In this case we consider a new kind of conditions to obtain the estimate
of A,. For d > 3, we say that (0,p,q,a,b, A, B) € Sq_1.raa When (0,p,q,a,b, A, B)
satisfy 0 <o <d—1,1<p<g< oo, (3), (5), (6), and

(10) at+A>—(d—2)o.

With the previous notation, our next result gives the boundedness of the Riesz
potential of the conformal Laplacian for SO(d—1)-invariant functions on the sphere;
i. e., the analogous result of Theorem 2 in this setting.

Theorem 4. Let d > 3 and 1 < p*,q* < oco. If there exists p and q such that
p <p*, ¢ <qand (0,p,q,a,b, A, B) € Sq_1 rad, then the inequality

lw—a,-bAc flla* sa-1) < Cllwa, B fll Lo= (sa-1y

holds for any SO(d — 1)-invariant function f such that wa pf € LP" (S%1), where
C is a constant independent of f.
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In order to prove Theorem 4 we will use the fact that the operator A, f can be
expressed in terms of ultraspherical polynomials. As we have commented previously,
each SO(d — 1)-invariant function on S?~! can be regarded as functions on the
interval (—1,1) and they can be expanded in terms of ultraspherical polynomials.
Theorem 4 will be a consequence of a more general result (see Theorem 5 in Section
3) in the ultraspherical setting. Theorem 4 improves the range of parameters in
Theorem 3 (as Theorem 2 improves Theorem 1), but in this case the sharp constant
is not determined.

Next sections are structured in the following way. The proof of Theorem 3 will
be given in the next section. The expression of A, for SO(d—1)-invariant functions
in terms of ultraspherical polynomials and the proof of Theorem 4 are contained in
Section 3.

2. THE OPERATOR A, AND PROOF OF THEOREM 3

Following [15, Ch. 2], for a function f in the sphere, we have
f@) =3 proiy £(x),
k=0

where proj, f is the projection of the function f onto ’Hg, the space of spherical
harmonics of degree k, and it is given by

proie f@) = o= [ 1) Zu(w.9) o).
with
dim H¢
Zi(w,y) = > Yi(@)Y5(y),

Jj=1

for {Y; : 1 <j <dim Hg} an orthonormal basis of Hg, and sg is the surface area

of S41: 4. e,
27 /2
Sd = dw = ——,
= L= F

where dw is the surface area measure. It is well know that Z is independent of the
particular choice of basis of Hﬁ and

Zu(e,) = 2O,

where we denote by C2 the ultraspherical polynomial of degree n and order o and
with A\ as was defined in (2).
Let us obtain an appropriate expression for A, f. By using that

~LaYj(a) = (k+ XY (@),

for each spherical harmonic of degree k, we have

< T (k4 A+ 52
Ao f(z) = kz: ngi)‘il;‘; projy, f().
—0

Now, from the identity [16, Eq. 4, p. 362]

> 1 1-
/ e “(sinh pt)' "' dx = B (v, g v> )
0 2Yp 2p 2
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for Rev,Rep > 0 and Reu > Rep(v — 1), it is clear that

eyt g DO T (kA + 15)
11 B+ (ginh £/2)7 1 dt = 2 /.
) | e in2) T (3 o)

for d >3 and 0 < o0 < d — 1. In this way, combining (11) and the identity

e VI f () Ze M projy, f (),

k=0
we obtain
o—1 e o]
(12) Ay f(z) = 2 / eI () (sinh t/2)7 7 dt.
L'(o) Jo
By using that (see [17, Eq. 1.27])
kA 1—r?
1 . L (t) = L A>0
(13) kZ:Or N R0 = g <L A>0,
we have
eV f(a) = / y) Y eV Z(a,y) dw(y)
Sd—1
k=0
1
== f) B ((2,9)) dw(y),
Sd Jgd—1
where ) bt
sin
Pi(s) =

22 (cosht — s)M1

Then, by (12) and applying Fubini’s theorem, we deduce that

20_1 > . o—1
Aof@) = s [ 1) [ P sinhe/27 drduty).

With the change of variable w = 2(sinht/2)?, we have

/Oo Pt(@ay))(sinht/Q)aﬂ dt — F(lg")F(dﬂfg) .
0

90— 1p( ) |z — yld—1-o"
and, therefore,

(1) Aaf@) = Daas [ L0y,

Proof of the Theorem 8. Taking the function g(z) = wa g(x)f(x), the inequality
to be proved reduces to

(15) [w—a,~bAe(w-a,-Bg)llLasi-1) < CollgllLr(sa-1)-

Now, taking x = (V1 — t22/,t) and y = (V1 — 72y, r), with 2/,y’ € S?=2, the ¢-th
power of the left hand side of (15) becomes

1
(16) Dg7d7127(a+b+A+B)q/2/ / (1 _ t)faq/Q(l + t)qu/Q
1JSd—2

=) AR+ r) PR Ay dpan o)\
</ /Sd 2 2—2 tr+m\/ﬁ<x y')))(d—1=0)/2 dw(2’) dpi(a-2)/2 (1),
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where
(17) dus(t) = (1 —t3)*"Y2dt, s> —1/2.
With the change of variables

1—-1 1—r
V=4 — and U=/ ,
1+1¢ 1+7r

taking
_a d-1 d-1-0 b d-1 d-1-0
o=t Pty i
(I R Y (R ALY
2" 3 » R 2 T2 D R
and

we can write (16) as

U2qa

18 DY 2—(a+b+A+B)q/2+(a+B+6+7)q/ /
( ) o,d—1 0 d—2 (1+v2)q(a+5)

00 20 / 4
b L L) Qo)) ol
0 Jga—2 (1 +u2)‘5+V (y 4o 2<z/’y/>)(d*1*0)/2 u v

v u

The conditions in (5) are equivalent to a+ 8 =0 and ¢ + v = 0. In addition, from
(6) it is verified that & = —¢. Then (18) transforms into

(19) Dg 9—(a+b+A+B)q/2

d—1
’ /OOO /Sd’Z (/OOO /84*2 hlu,y) K (%’ (' y’)) dw(y/)cfj)q dw(a?/)%,

528
(z 4 21 — 2w)(d-1-0)/2’

From the convolution type inequality [14, formula (32)]

‘/OOO /dei2 h(u,y" ) K (%’ (m’,y’>) dg(y’)%‘

< ”K”LT(((LOO)XSd*Q,dw%)||h||LP((0,oo)><Sd*2,dw%)7

with 1/¢g+1=1/p+1/r, we conclude the estimate (15). Indeed, from the previous
relation and due to (6), r is given by (8). Moreover, it is easy to check that

~ T dz dx
A /Sd—2 (K(Zywdfl)) dw(w)? = /]Rd—l |1_ — Gd_l|r(d7170)|x|d7177‘(25+(d7170)/2)7

with e4_; the north pole of S2=2. Then, when (3) and (4) hold and using the well
known identity

d—1—v d—1—p v+u—d+1
‘ ()T () T (=)
/]R z = gd=1)/2 2 2 2 |y|d—1—l/—p.

a1 |z —ylzr F(%)F(%)F(Zd*Q;U*M)

where

K(z,w) = (z,w) € (0,00) x [—1,1].

L4((0,00)xS%2,dw 4v)

)
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forO<v,u<d—1and v+ pu>n, we have

/ooo /SH(K (2,wa1))" dw(w)

where the value of E, is the given in (9). Observing that

d
i:E(ﬂ
z

-1
||hHLP((O,oo)><Sd*2,dw%) = wdf{p”g”LP(Sd‘l)’

we finish the proof. O

3. THE OPERATOR A, FOR ULTRASPHERICAL EXPANSIONS AND PROOF OF
THEOREM 4

We start obtaining an expression for the operator A,f as a multiplier for a
ultraspherical expansion if we consider a SO(d — 1)-invariant function f. Each
function of this kind, taking z = (v/1 — #22/,t) with 2’ € S?~2, can be written as
f(@) =g({z,eq)) = g(t) for some function g defined in (—1,1). From this fact, we
have the projection operator can be written as

1
projy fa) = — 2 [ g()

Sd -1
X / o (tr +VI- 21— r2<x',y’>> dw(y') dpx(t),
§d—2

where we have considered y = (v/1 —r2y/,7), 3y’ € S¥=2, and \ is the value in (2). To
express proj, f as in terms of ultraspherical polynomials, we will use Funck-Hecke
formula [15, Eq. A.5.1.]

1
[ I dst) = s [ F@duanal) st
- -1
and the product formula for the ultraspherical polynomials [15, Eq. B.2.9.]

A A 1
(20) W :c>\/_1 C’fl‘(tr—i—zx/l—t2\/1—r2)d,uA,1/2(z), A>0,

with ¢y a constant such that cy fil dpy = 1. In this manner, by using the identity

15, Eq. B.2.3]
L ACMY)
/ (@UOPdin(®) = 225k

we deduce that
proj,, f(z) = Sdii?cg(t)/ g(r)ep (r) dux(r)
Sd €y -1
2 1
= Mcm / 9)ek) ()

where ¢} denotes orthonormal ultraspherical polynomial. Therefore, for functions
f defined on the interval (—1,1) the operator A, f can be written as

T(A+1/2)? ir(mxw%’)a
T(A+ 1IN\ &= T (k+ A+ 152)

(21) Agf(x) =

k=0
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where ay(g) is the k-th Fourier coefficient of g associated to the ultraspherical
polynomials

1
(o) = [ g dus ).
-1
In (21) we are using A = (d — 2)/2 but it is clear that we can consider any real

value such that A > 0. Indeed, for any A\ > 0, 0 < ¢ < 2\ + 1 and g defined in
(—1,1), we consider the operator

Aetlt) = Y o ey mlo)e )

To analyze the boundedness of this operator we consider the weights
W,oo(t)=(1—t)21+1)*2  rseck.

Moreover, for A > 0, we say that (o,p,q,a,b, A, B) € Rox11 when 0 < o < 2\ + 1,
1<p<g<oo,

(22) a<(@2X+1)/q, A<@2X+1)/p,
(23) a+ A> -2\,
2 b— 2 A+B-
(24) 7_1:a+70’ 1_,:¥7
q 220+1 D 220 +1
and
1 1 A-—
(25) ,_,:M.
q D 220+1

Theorem 5. Let A\ > 0 and 1 < p*,q¢* < oo. If there exists p and q such that
p <p*, ¢ <qand (0,p,q,a,b, A, B) € Roxy1, then the inequality

(26) IW-a,-bAcgl Lo* (=1,1),d0) < ClIWa,BYl Lr* (=1,1)dpr)>

holds for any function g such that Wa gg € LP" ((—1,1),duy), where C is a constant
independent of g.

Theorem 4 is a particular case of the previous one taking 2A+1 = d — 1 because
in that case Ry—1 = Sq—1 rad, 50 we omit the details.

The proof of Theorem 5 will be a consequence of a Young’s inequality for weak
type spaces state below.

Lemma 1. [18, Theorem 1.4.24] Let G be a locally compact group with left Haar
measure i that satisfies j1(A) = u(A=1) for all measurable A of G. Let 1 < p,q,r <
oo satisfy

1 1 1

S4l==4-.

q p T
Then, there exists a constant Bpgr > 0 such that for all f € LP(G,u) and g €
L™>°(G, u) we have

I * gllLaca,p) < Bpgrllgllzre @l fllr @ -
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Proof of Theorem 5. Because p < p* and ¢* < ¢, we have

IW-a,-bAcgll La* (=1.1),d0) < ClIW=-a,~0AsgllLa((~1,1).dpx)
and
HWA,BQHLP((fl,l),dMA) < C”WA,BQHLP*((71,1),du,\)7

then we can prove (26) for p* = p and ¢* = ¢ with (0,p,q,a,b, A, B) € Rox11.
Proceeding as in the previous section to prove (14), by using (11), (13), and (20),
we obtain

Do’, A
(27) Asg(t) = TS

1 ! ! dpir—1/2(w)
X oxFi/2—0/2 9(r) 2 A 1/2—0/2 dp(7)-
2 1 1 (T —tr —wy1 —12/1 — r2)At1/2-0/

The inequality (26) is equivalent to

(28) W-a,~6As(W_a,-B9) | La((~1,1).dux) < ClgllLr((—1.1),dur)-
Then, by (27), with the changes of variables
1-1¢ 1—7r
v = T and u = T

taking ¢ as in the proof of Theorem 3 but with d changes by 2\ + 2, and using (24)
and (25), we deduce that

2 a
q [ c5Do2at1
”vaa,fbAa(”7A,*Bg)HLq((71,1),d,u,/\) = ( (/\_|_1) )

h 9 dv
2(a+b+A+B)q/2 v

1 526
K(z) = [1 (z + 21 — 2u)A1/2=0/2 dpr—1/2(w)

with

and
2 +1

h<u>g(11§i§> <1fu2) p

In this way, with the identity

12l 7 ((0,00),du/u) = 119127 ((=1.1), dux)
and using Lemma 1, we obtain (28) because
(29) I £rooe ((0,00),duju) < 00,

due to the conditions (22) and (23).
The proof will be completed checking (29). It is clear that

= ! dpix—1/2(w) < C(l —u)o ! du/(1-u)® e e
)y (e utt = 2w) /202 = gy e-1/2 (14 x)M+1/2=0/2 7

Then

I < ouMtt/2=a/2 for 0 <u<1/2,
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and, for 1/2 <wu <1,

1, o>1,
ISC 1+10g((1i71;)2), 0‘:1,
(1—w)°t o<1

Taking into account that

1K oo (0,00), duujuy < ([0 T ros ((0,1). ) + 110722 L] Lrooe ((0,1), duju))s

it is enough to analyze the norms

(30) (u? + w2 ) 2702 e (0,1 /2) )
4
(31) log <u2) , for o =1,
(1—w) Lmoo((1/2,1),du)
and
(32) (1= 2)7 Ml Lroe ((1/2,1),du) for o < 1.

It is easy to check that for 0 < r < oo, t € R, a > 0 it is verified x (g q)(z)2" €
L™ (2 dz) if and only if rt +s+1>0, (¢,s) # (0,1). So, the norm in (30) will
be finite for

l1-0

1_
25+ A+ >0  and —25+/\+TU>0,

but these conditions are equivalent to (22). With an elementary change of variable
we see that the norm in (32) is finite for 7(c — 1) +1 > 0 and this is condition (23),
where we have used that
220 +1
S at+A—oc+22+1
Finally, the norm in (31) is convergent because r > 0. O
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