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Abstract

We present a semiclassical study of the energy spectrum of a Rydberg hydrogen atom in the instantaneous van der Waal:
potential. The results are in good agreement with those obtained by the first-order quantum perturbation theory. Both the
semiclassical and the quantum calculations show that vibrational energy levels disappear when the magnetic quantum numbe
|m| increases. This fact is well explained in the framework of classical dynamics of this system for which the pitchfork
bifurcation takes place at critical valire|/n = /5/7. 0 2001 Elsevier Science B.V. All rights reserved.

PACS:34.50.Dy; 03.20.+i; 05.45.+b
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We consider the problem of a hydrogen atom at wherer = (p? + z2)Y/2 and p? = p2 + L?/p? + p?.
a large distance from a metal surface (i.e.,dog> r, Owing to the cylindrical symmetry, the.component
wherer andd are the electron—nucleus and nucleus— of angular momentunL, is conserved and the-
surface distances, respectively) under the approxima-motion is separated from that in tlie, z) plane. Thus,
tion of the instantaneous van der Walls interaction. the system reduces to the problem with two degrees
The corresponding potential can be obtained as the of freedom. In our recent paper we have considered
quadratic approximation of the exact atom-surface po- the caseL, = 0 [3]. Here we analyse the effects of
tential within the electrostatic image model [1,2]. Us- nonzeroL, and present the results.

ing cylindrical coordinatesgp, z, ¢) and atomic units, From the point of view of the classical mechan-

the Hamiltonian of the system takes the form ics, for sufficiently larged, system (1) is nearly in-
2 1 1 tegrable [2]. Hence, we are handling with a per-

H= CERPRETE (r2+z2), 1) turbed Coulombian system which can be treated by

using classical perturbation methods. Following pre-
vious works on similar perturbed systems [4-6], we
" Corresponding author. normalize our problem by applying a Lie transfor-
E-mail addressjosepablo.salas@dq.unirioja.es (J.P. Salas). mation [7]. After this process, we get an integrable
1 permanent address: Institute of Physics, P.O. Box 57, 11001 Hamiltonian where only one degree of freedom is left
Belgrade, Yugoslavia. ’
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We perform the normalization in the Delaunay vari- \wheree = ./1 — 12/12 andi = cos 1(11/ 1) are, re-

ables (1, I2, I3, ¢1, ¢2, ¢3), where the action/s is spectively, the eccentricity and the inclination of the

the principal Delaunay actionz is the magnitude  gjectronic orbits. We have introduced the dimension-
of the total angular momentuin, and7; = L., i.e., less quantities) = I»/Is and 8 = I1/I5. In this vari-
the_z—component of the angular momentufn The ables (&1, &2, £3), owing that£? + £2 + 53? =1, the
actions (I3, I, I1) correspond to the principal, or-  ,paqe space is an sphere of unit radius. Given the val-
bital and magnetic quantum numbéss/, m), reSpec- o5 off5 and; (i.e., the value of8), the north pole of
tively. For a more complete explanation of the geo- e sphere represents the circular orhits-(0), while
metrical meaning of the Delaunay variables, we re- . <o th pole represents the equatorial orfits 0).

fer the reqder to [8]. The .Delaunay normalization [9] The dynamics emerging from has been studied by
|s;51c(/5m(?n|c/al t/ranf,form_athml, I3, I3, 1, ¢2, $3) — Elipe and Ferrer [11]. These authors have shown that
(I3, I, I3, 91, ¢, $3) Which convertsi into a func-  yhe ayeraged system shows four equilibrium points
tion 1’ that does not depend on the averaged mean that we denote b¥1 2 5 4. The equilibriumEy (E») is

anomaly ¢3. As consequence of this reduction, the |,cated at the north (south) pole, while the equilibria
new Hamiltonian admits the principal actidh as an E34 are at the meridiag; = 0. The equilibriaks »

integral. In the_ following, for the s_ake of simpli_city, are, respectively, absolute and local maximarof
we drop the primes on the new action—angle variables. while the equilibriaEs 4 are absolute minima oF(’
Carry out the reduction to first order, the normalized i, equal energy? '

H H A ! __ . . .
Hamiltonian @ormalform) 7 comes as the sufti’ = The most important feature of this dynamical sys-

2
—1/(2I3) + My, where tem is that it undergoes a pitchfork bifurcation at a
critical valueg = ./5/7. We observe this fact in Fig. 1

Moo 13 3_ I 4 (2)  Wherethe phase flow evolutionin the cylindégs, n)
! 3243 12 ’ as well as in the unit sphere is shown foe= 0.7, 0.8
and 0.9.
A being the dynamical part of the normalized Hamil- When 8 < +/5/7 (Figs. 1(a)—(d)), we observe that
tonian: there exist three families of classical levels (orbits).
2 The two families ofvibrational levels V; (V») around
A= [2+ §<1 — 1_12>(1 — cos sz)} the equilibriaE3 (E4) and the family ofrotational
2 I3 levelsR aroundE1. These two kind of levels are kept
12 apart by a separatrix passing through
X (1 - 1—22> 3) As the parametes reaches the critical valugb/7,
3

the separatrix shrinks and, at the same time, the equi-
libria E3 4 migrate to the southern hemisphere. This
fact indicates that the vibrators are gradually replaced
10]. by rotators. Finally, wherg > ./5/7, the pitchfork
bifurcation has taken place: only the equilibéa »
survive and there are only rotational levels (Figs. 1(e)

Since I1 and I3 are constants of the motion, the
Hamiltonian H’ reduces toA. We note thatA is
the generalized approximate Solov’ev constant [
The phase portrait of the normalized system, for a
given values ofl; and I3, are the maps oft on the

cylinders (¢, I2). It is worthwhile noting that this and (f_))'
map is singular because it excludes the circular orbits . S it has been shown for a Rydberg hydrogen atom

(I = I3) and the equatorial orbitsl, = I1). This in external field [12,13] and for this problem in the

singularity disappears when the system is treated in Polar caseg =0 [3], the classical families of vibrators
the following variables: and rotators are connected to the quantum states of

the system. In this way, each classical phase space
_ 2yesini cospy _ 2yesini sing; trajectory with appropriately quantized value of the

“=Taop) 0 BT aom

3= N _ZIBZ) |:772 _ %(l + ﬁz)]’ (4) 2 For a discussion about the stability of these equilibria, we refer

)

the reader to [11].
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Fig. 1. Phase flow evolution of the normalized Hamiltontdhfor 8 = 0.7 ((a) and (b)) 8 = 0.8 ((c) and (d)) angs = 0.9 ((e) and (f)). The left
panel corresponds to the phase flow on the cylindgssn), while the right one corresponds to the phase flow on the unit sphere, &3).
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action corresponds to a quantum state. Hence, while where
the quantum states corresponding to vibrational levels 2
are degenerated and have the lower energies, thosepd = = arcco:<1 ~z I§{(A +2I+(A-2)I3
corresponding to rotational levels are nondegenerate

and have the higher energies. This is the fundamental + 211\/A [212+ (A - 2)13?]}
qualitative level structure information arising from

the classical picture which is difficult to obtain from /(13? — 112)2>,

gquantum mechanics.

Since the system determined by the normalform (2)  Semiclassical values for the energy level shifts are
is integrable, it can be quantized by applying the EBK found by solving iteratively equation (I3, I3, A) =
rules to the action variabledy( I2, I3). As we have  k + 1/2 for A and inserting these values (with the
mentioned above; and/3 are exact and approximate  conditions/y = m andlz = n) in Eq. (2):
constants of the motion, respectively, and they can be

; ) . 4 2
quantized as in the unperturbed Kepler problem, i.e., AE, =" 3_ m LA ®)
I1 = m, Iz = n. However, because of the presence mmk = T 3003 nmk |-
of the instantaneous van der Waals interaction, the
angular momentunf, is not a constant of the motion
and the appropriate quantization rules is [12]

We apply the above formula faf = 100 nm and
n = 10. The vibrational (doubly degeneratéirevels
may exist fork = 0, 1, 2, whereas the rotational for
1 1 k =6,7,8,9 (see Table 1). Additionally, all levels
A= o 7€ Ldgr =k + 2 (®) with |m| # 0 are also doubly degeneratein The
c levels shown in the bracketéd, m, k) equal(10, 1, 6)
where k is the semiclassical quantum number. For @nd(10,6,7)) are nonessential (unphysical) and they
vibrators, A is 1/27 times the area enclosed by the appear due to the vicinity of the separatrix. Because of

loop in the map(¢., I2), while for a rotator, it is 127 the same reason the levgls, 4, 6) and(10,7,7) are

the area between the rotator line and fhe= I3 line missing in the rotational submanifold, however their

in the same map. values (labeled in Table 1 by asterisks) are estimated
We evaluate the latest action integral by using the PY the formula

Solov’ev constanti, which takes the values A < nl m2

Amax = 7(1 — /577 8)? and for separatrixAsep= AEpmir ~ AEpp'= ———— (5 37 ) (9)

2(1— p2). We remark that the separatrix in tty, o) 32d

representation corresponds to the libe= I3. Note which is obtained by using ther-value for the

that (3) is a biquadratic equation in termsi/ef giving separatrix.
(positive) solutiondsf = [(—b + Vb2 — 4ac)/2a]Y?, The effects of the instantaneous van der Waals
wherea = 4 4+ 59, b = —215(2 - A) — 5(112 + interaction to the energy spectrum of the hydrogen

1)@, ¢ =51212¢, and® = 1 — cos 2. The action  atom can be calculated also quantum-mechanically by
integralsA for rotational and vibrational motions are  using the first-order degenerate perturbation theory.
then The eigenstates can be expressed as a function of the
pure hydrogenic basis by using the expansion over the

2 .

1 7 . orbital quantum number
Arot = 2—/12 de2, O0<A< Asep (6)

7T n—1

0
Wmie (1, 0, 9) = Y ¢]™ Ru () Y[" (D, ),
I=|m|
T— ¢>2

k=|m|,...,n—1, (20)

AVIb =5 / d¢2, . oy .
sincem andn are exact and within the first-order the-

ory good quantum numbers, respectively. The coeffi-
Asep< A < Amax, @) cientsc;™ follow after solving the secular problem
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Table 1
The energy level shifts (in GHz) for the= 10 manifold at = 100 nm — semiclassical and quantum-mechanical results
[m| 0 1 2 3 4
k sC oM sC oM sC QoM sC oM sC QoM
—2.7173 —2.4057 —2.1188 —1.8567 —1.6205
0 —2.7052 —2.3935 —2.1064 —1.8441 —1.6067
—2.7173 —2.4057 —2.1188 —1.8566 —1.6189
—2.1437 —1.9074 —1.6995 —1.5286
1 —2.1313 —1.8946 —1.6841 —1.5022
—2.1437 —1.9071 —1.6954 —1.5032
—-1.7262 —1.5872
2 —-1.7101 —15572
—1.7209 —1.5527
6 —1.5168 —15051 (—1.5099 —1.4866 —1.4763 —13774 —1.3884
7 —13920 14047 13864 —-13889 13695 —1.3829 13410 13417 —-1.3001 -—-1.3165
8 —1.2243 —1.2325 —1.2199 —1.2287 —1.2065 —1.2146 —-1.1841 —1.1930 —1.1524 —1.1599
9 —1.0248 —1.0335 —-1.0213 —1.0300 —1.0109 —1.0196 —0.9934 —1.0020 —0.9690 —0.9775
[m| 5 6 7 8 9
k sC oM sC oM sC QoM sC oM sC QoM
—-14141 —1.2392
0 —1.3948 —1.2105
—1.4032 —1.2023
7 —1.2457 —1.2423 (—-1.175) —-1.0757% —-1.0788
8 —1.1109 —1.1200 —1.0589 —1.0646 —0.9948 —1.0056 —0.9148 —0.9142
9 —0.9374 —0.9456 —0.8985 —0.9065 —0.8520 —0.8594 —0.7976 —0.8045 —0.7343 —0.7375

The vibrational (doubly degenerateihlevels appear fok = 0, 1, 2, whereas the levels with= 6, 7, 8,9 are the rotational. The values shown

in the brackets are unphysical and they appear in the semiclassical calculations due to the vicinity of the separatrix. Because of the same reaso

the values labeled by the asterisks are missing in direct calculation, and these values are estimated by formula (9).

for the perturbation, which involves the diagonaliza-
tion of a matrix of rankn — |m| obtained by repre-
senting the operator® + z2 in the hydrogenic basis
{lnlm); l =|m|,...,n—1}. If we denote the eigenval-
ues of this matrix by(r? + z%),mc, the energy shifts
are

1
1643

The corresponding values for the= 10 manifold are
given in Table 1 for comparison with the semiclassi-

AEpme = (72 + Zz) (11)

nmk*

cal results. (Note that the quantum numkeés not de-
fined uniquely, so we prefer the semiclassical quantum
numberk for labeling the states.)

We can observe from the table that the semiclas-
sical results are in good agreement with the quan-
tum mechanical. The tiny splitting of the degener-
acy appearing in the quantum-mechanical values of
the vibrational energy levels near the classical sepa-
ratrix is a consequence of tunneling between vibra-
tional statesV1 and V> in the vicinity of the separa-
trix. This splitting does not appear in the semiclassi-
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cal energy levels because the EBK rules do not in- References
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