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Abstract

Perturbed Hamiltonian Keplerian systems enjoying some discrete and continuous symmetries can be brought to a

one degree of freedom system containing the main qualitative features of the original one. This reduced system is

defined in a compact set of the plane where the qualitative dynamics can be studied in a systematic way.

� 2005 Elsevier Ltd. All rights reserved.
1. Introduction

Perturbed Keplerian systems arise in the study of the motion of a test particle subject to the gravitational (or Cou-

lombian) influence of a main body and the interaction of other disturbance forces, which are supposed to be weak com-

pared to the gravitational one. Most of these systems are Hamiltonian and some of them enjoy an axial symmetry as

well as the set of discrete symmetries:
0960-0
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R1 : ðx; y; z; Px; Py ; P zÞ ! ðx;�y;�z;�Px; Py ; P zÞ;
R2 : ðx; y; z; Px; Py ; P zÞ ! ðx;�y; z;�Px; Py ;�P zÞ;

ð1Þ
when expressed in Cartesian variables.

This set of symmetries is not unusual and can be found in problems related to the restricted three body problem

[12,14], in the motion of an artificial satellite orbiting an oblate planet [4,6], in the dynamics of the hydrogen atom under

the influence of an electric field and a crossed magnetic field [5,9], in some problems of physical chemistry modelled by

means of the so-called van der Waals potential [10], or in the motion of a charged particle orbiting around a magnetic

planet [8].

To study this kind of systems, the main goal is to transform the original system into an equivalent one, which is

defined through an integrable Hamilton function and is, therefore, easier to be studied. Moreover, the simplified system

contains the main features of the original one. Thus, it is possible to extract dynamical information of the original sys-

tem from the integrable Hamiltonian.
779/$ - see front matter � 2005 Elsevier Ltd. All rights reserved.
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We perform the transformation to the new dynamical system in three steps. First, by assuming that the perturbation

is weak compared to the Keplerian term, we apply the Delaunay normalisation [7] up to first order. From this normal-

isation process, we obtain the averaged (or normalised) Hamiltonian with a new formal integral L representing the po-

sitive square root of the semi-major axis of the perturbed Keplerian ellipses, and where only two degrees of freedom

remain in the Hamiltonian. This reduction is regular and after that the phase space is regarded as the product of

two two-dimensional spheres [13]. Secondly, the axial symmetry of the problem allows one to reduce to one the degrees

of freedom of the system. This is a singular reduction, because there are non-trivial isotropy groups, and the two-dimen-

sional phase spaces (the so-called reduced phase spaces) are obtained. They are two dimensional surfaces diffeomorphic

to a two dimensional sphere, in the case the third component of the angular momentum is not zero. Otherwise, the

phase space is a topological two-sphere with two singular points [4]. Third, we exploit the finite symmetries of the ori-

ginal Hamiltonian in order to simplify the appearance of the differential equations and the shape of the two-dimen-

sional phase spaces as much as possible. The final reduced phase space is a compact set in the plane with two or

three critical points in the boundary [5,11].

After this process is concluded, the reduced system is of one degree of freedom, hence integrable. Then, it is possible

to analyse, as a function of the parameters of the system, the dynamical features of it, calculating the equilibria and the

bifurcations among them in a systematic way. This is exemplified by considering one of the so-called generalised Stør-

mer problems [8].

The paper is organised in five sections. In Section 2 we introduce the problems to which our methods apply. We deal

with the reduction techniques in Section 3. Section 4 is devoted to the case study of charged particles around a giant

planet. The conclusions are drawn in Section 5.
2. Perturbed Keplerian systems

Let us consider a perturbed Keplerian Hamiltonian system axially symmetric defined as
H ¼ � 1

2L2
þ
X
i;j

ai;j cosði‘þ jgÞ þ bi;j sinði‘þ jgÞ; ð2Þ
where ai,j and bi,j are functions of the actions L, G, H and of a vector of external parameters a. Here, appropriate units

of mass, length and time have been chosen and (‘,g,h,L,G,H) is the set of canonical Delaunay variables used in the

study of the two body problem. Besides, we assume that the system enjoys the discrete symmetries R1 and R2 defined

in (1). We note that by virtue of the axial symmetry h is a cyclic variable and H an integral.

Delaunay variables are one of the sets of canonical action-angle variables used in the study of perturbed Keplerian

systems. If H0 stands for the Hamiltonian of the two-body problem, the action L is related to the two-body energy by

the identity H0 ¼ �1=ð2L2Þ and it represents the square root of the semimajor axis a. The action G is the modulus of

the angular momentum and the eccentricity of the orbit reads as e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� G2=L2

q
. The third component of G is H

and the inclination of the orbit is given by cos I = H/G. The angle ‘ is named the mean anomaly and is the angle

revolved by the particle if the motion was uniform. The angle g is the argument of the pericenter. It is reckoned from

the node of the orbit in the instantaneous orbital plane. The angle h is the argument of the node. For a deeper insight

about Delaunay variables and relations with classical orbital elements the reader is referred to the book [2].

Delaunay variables are not valid for circular orbits because G � L or e = 0 and the argument of the pericenter is not

defined. Besides, collision, rectilinear and equatorial orbits must also be discarded. Thus, the domain of validity of Del-

aunay variables is given by the subset of R6
DD ¼ ½0; 2pÞ � ½0; 2pÞ � ½0; 2pÞ � ð0;þ1Þ � ð0; LÞ � ð�G;GÞ.

Let us suppose that the series in (2) can be considered as an asymptotic expansion in terms of a small parameter and

that the leading term is H0 ¼ �1=ð2L2Þ. In this way H can be split into the sum
H ¼ H0 þH1 ð3Þ

where H1 contains the terms of order one and bigger. In this situation perturbation methods are useful to reduce the

system. The goal is to transform Hamilton function (3) into another one K ¼ K0 þK1 such that K0 � H0, via a for-

mal symplectic change of coordinates: U : ð‘0; g0; h0; L0;G0;H 0Þ ! ð‘; g; h; L;G;HÞ and a generating function W ¼ W1.

The process to perform this transformation is called Delaunay normalisation (see cf. [6,7]) and K1; W1 are calculated

by solving the homology equation
n
oW1

o‘
þK1 ¼ H1;
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where n = 1/L3 is the mean motion of the particle. The solution is obtained by taking
K1 ¼ ð2pÞ�1

Z 2p

0

H1 d‘ and W1 ¼ n�1

Z
ðH1 �K1Þd‘.
After the normalisation procedure, ‘ is a cyclic variable, at least at first order, and the system is of one degree of free-

dom. In general, the calculations must be pushed up to the order in which the Hamiltonian retains all qualitative infor-

mation provided. Indeed, it occurs when all equilibrium points obtained in the analysis of the reduced equations are

isolated, in other words, whenever the corresponding reduced system is structurally stable.

The structure of differential equations after the normalisation is
_G ¼ R1ðG; L;H ; aÞ sinð2gÞ;
_g ¼ R2ðG; L;H ; aÞ þ R3ðG; L;H ; aÞ cosð2gÞ;
where R1, R2, R3 are rational functions of G. The effect of the discrete symmetries is reflected through the analysis of the

critical points. In fact, these equilibrium points appear by pairs if sin2g = 0 and by quartets if G a root of R1(G;L,H,a)
belonging to the interval [jHj,L]. Moreover, the procedure to locate them is quite straightforward as it is connected with

the search of roots of real valued polynomials in the interval [jHj,L]. However, the analysis is not complete since some

important classes of orbits must be discarded (in particular circular and equatorial orbits).
3. Reductions and reduced phase spaces

3.1. Passage to S2
L � S2

L

The next step of our approach consists in expressing K in terms of the appropriate invariants associated with the

symmetries of the problem.

The integrals associated with L are the functions which are constant on the solutions of the system defined by H0.

All these integrals can be expressed as functions of L, the components of the angular momentum vector G = (G1,G2,G3)

(G3 � H) and the Laplace vector A = (A1,A2,A3), i.e. the vector defined as
A ¼ P�G� x

kxk ;
where x are the Cartesian coordinates of the particle and P is the vector of momenta. We note that kGk = G, kAk = e

and G Æ A = 0. We consider the mapping
uL : R
6 n ðf0g � R3Þ ! R6 : ðx;PÞ7!ða; bÞ � ðGþ LA;G� LAÞ;
with a = (a1,a2,a3) and b = (b1,b2,b3). Explicitly, the functions ai and bi can be given in terms of the coordinates x and

momenta P. In addition, their expressions in terms of the Delaunay variables are
a1 ¼ G sin h sin I þ Le cos g cos h� Le sin g sin h cos I ;

a2 ¼ �G cos h sin I þ Le cos g sin hþ Le sin g cos h cos I;

a3 ¼ G cos I þ Le sin g sin I ;

b1 ¼ G sin h sin I � Le cos g cos hþ Le sin g sin h cos I ;

b2 ¼ �G cos h sin I � Le cos g sin h� Le sin g cos h cos I;

b3 ¼ G cos I � Le sin g sin I .

ð4Þ
Now, a Hamiltonian independent of ‘ can be written as a function of the invariants a and b and the constant L > 0.

Even more, fixing a value of L > 0, the product of the two-spheres
S2
L � S2

L ¼ fða; bÞ 2 R6ja21 þ a22 þ a23 ¼ L2; b21 þ b22 þ b23 ¼ L2g ð5Þ
is the phase space associated with Hamiltonian systems of Keplerian type independent of ‘, that is, perturbed Keplerian

Hamiltonians for which L is an integral. This result was first reported by Moser [13] using a regularization technique

based on stereographic projections. Later it has been described and used by Cushman [4] and by Deprit and co-workers

[3]. Note that S2
L � S2

L is a fourth-dimensional smooth space and therefore the reduction is regular.

The most important contribution of this reduction is that the invariants extend the use of Delaunay variables, as we

can include equatorial, circular and rectilinear orbits. In this way, we can perform a complete qualitative analysis.
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3.2. Reduction of the axial symmetry

Now we take advantage of the axial symmetry of the system to be further reduced. Indeed, the Hamilton function is

independent of the argument of the node (h), and H is an integral. A fixed value of the integral H can be understood as

an S1-action, or the action of the one-dimensional unitary group U(1) over the space of coordinates and momenta such

that
Fig. 1.

right L
. : S1 � ðR6 n ðf0g � R3ÞÞ ! R3 � R3;

ðRh; ðx;PÞÞ 7! ðRhx;RhPÞ;
ð6Þ
where Rh is the matrix of a rotation of an angle h about the z axis with 0 6 h < 2p.
This is a singular (or non-free) action because there are non-trivial isotropy groups. Indeed, the subspace defined by

{(0,0,z)jz 2 R} is invariant under all rotations around the axis z. Then we have to apply a singular reduction treatment

[1].

The algebra of polynomials on S2
L � S2

L invariant under .—defined in Eq. (6)—is generated by
p1 ¼ a21 þ a22; p2 ¼ a1b2 � a2b1; p3 ¼ a3;

p4 ¼ b21 þ b22; p5 ¼ a1b1 þ a2b2; p6 ¼ b3;
ð7Þ
together with the constraints
p1 þ p2
3 ¼ L2; p4 þ p2

6 ¼ L2; p2
2 þ p2

5 ¼ p1p4. ð8Þ
We define the mapping
pH : S2
L � S2

L ! fHg � R3 : ða; bÞ7!ðH ; s1; s2; s3Þ � ðH ; sÞ;
such that s = (s1,s2,s3), and s1 ¼ 1
2
ðp3 � p6Þ, s2 = p2, s3 = p5. So, we can express the invariants s1, s2 and s3 in terms of a

and b as
s1 ¼
1

2
ða3 � b3Þ; s2 ¼ a1b2 � a2b1; s3 ¼ a1b1 þ a2b2. ð9Þ
Next the constraints (8) are used to determine the corresponding phase space, named TL;H , which is defined as the im-

age of the product S2
L � S2

L by pH, i.e.,
TL;H ¼ pH ðS2
L � S2

LÞ ¼ fs 2 R3js22 þ s23 ¼ ½ðLþ s1Þ2 � H 2�½ðL� s1Þ2 � H 2�g; ð10Þ
for 0 6 jHj 6 L and L > 0. Note that s2 and s3 always lie in the interval [H2 � L2,L2 � H2], whereas s1 belongs to

[jHj � L,L � jHj]. The three-dimensional phase spaces TL;H and TL;0 (the corresponding space for H = 0) are plotted

in Fig. 1 for fixed values of the parameters L and H.

In Ref. [4] it is proven that whether 0 < jHj < L, TL;H is diffeomorphic to a two-sphere S2 and therefore the reduc-

tion is regular in that region of the phase spaces. However, when H = 0 then TL;0 is a topological two-sphere with two

singular points: the vertices at (±L, 0,0). The reason is that the S1-action . has two fixed points: L(±1,0,0,�1,0,0) and

consequently . is not free. Finally, when jHj = L the phase space T�L;L gets reduced to a point.
Reduced phase spaces TL;H and TL;0. On the left L = 10 and H = 2, in this case T10;2 is diffeomorphic to a two-sphere. On the

= 11 and H = 0 and T11;0 corresponds to a two-sphere with two singular points.
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We note that in these reduced spaces special orbits can be represented. For instance, rectilinear orbits must satisfy

G = H = 0 and taking into account the constraint (10), they are defined on the one-dimensional set
Fig. 2.

c stan

corresp

trajecto
ReL;0 ¼ fs 2 R3js2 ¼ 0; s3 ¼ s21 � L2g.
On the other hand, circular orbits are concentrated on a unique point of TL;H with coordinates (0,0,L2 � H2) (or on a

unique point of TL;0 with coordinates (0,0,L2)), whereas equatorial trajectories are represented in the negative extreme

point of TL;H with coordinates (0,0,H2 � L2) (respectively, in the point (0,0,�L2) of TL;0), see Fig. 2.

It is not difficult to prove that Delaunay variables not involving the angles ‘ and h can be expressed in terms of s. We

have
G2 ¼ 1

2
ðL2 þ H 2 � s21 þ s3Þ;

cos g ¼ �s2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðL2 � H 2Þ2 � ðs21 � s3Þ2

q ;

sin g ¼ s1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðL2 þ H 2 � s21 þ s3Þ

ðL2 � H 2Þ2 � ðs21 � s3Þ2

s
.

ð11Þ
With these relations the twice-reduced system, after dropping constant terms, is represented by a Hamiltonian �K ex-

pressed in terms of s, the integrals L and H and the vector of parameters a. Note that in these variables a complete

qualitative analysis is possible, because all kind of orbits are allowed.

3.3. Reduction of the finite symmetries

The two previous reductions conserve the finite Z2 symmetries (1). In particular, in terms of the s�s, they read now as

follows:
R1 : ðs1; s2; s3Þ ! ð�s1; s2; s3Þ; R2 : ðs1; s2; s3Þ ! ðs1;�s2; s3Þ.
In fact, �K can be written as a function of the type �Kðs21;�; s3; a; L;HÞ.
The main effect of the discrete symmetries results in the appearance of critical points with same energy by pairs or

quartets if they enjoy one or the two symmetries, as it happened in Delaunay variables.

Thus, we take advantage of these discrete symmetries by introducing the functions r1 and r2 as
r1 ¼ ðL� jH jÞ2 � s21; r2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 þ H 2 � s21 þ s3

q
ffiffiffi
2

p . ð12Þ
We notice that it is a different set of invariants from that chosen by Cushman and Sadovskiı́ [5], as we have preferred to

use the variable G = r2. In this way we can interpret the further qualitative analysis in an easier way.
1ττ

c

e 

0

τ3

H-L L-H

L - H
2 2

H - L
2 2 r

c-p

L

r-e

0

τ3

1τ
L-

H=0

Projections of the phase spacesTL;H (andTL;0) onto the plane s2 = 0, showing special types of trajectories. On the left, jHj > 0,

ds for circular orbits while e denotes equatorial orbits. On the right, we have the space TL;0 and r represents the arc

onding to rectilinear trajectories, while r-e denotes rectilinear orbits on the equatorial plane and c-p are circular-polar

ries.
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The inverse change of Eq. (12) is given by
Fig. 3

((L �
of the

constr
s1 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 þ H 2 � 2LjH j � r1

q
; s3 ¼ �r1 þ 2r2

2 � 2LjH j. ð13Þ
The reduction process is now done by using a suitable map
rL;H : TL;H ! UL;H : ðs1; s2; s3Þ 7! ðr1; r2Þ for 0 6 jH j 6 L;
such that r1 and r2 are given through Eq. (12). The fully reduced phase spaces are denoted by UL;H and, for H = 0, by

UL;0. Note that UL;H and UL;0 are, as the spaces TL;H and TL;0, two-dimensional as the reduction comes from the dis-

crete symmetries. However, we only need two generators to define UL;H and UL;0 instead of the three generators used to

define TL;H and TL;0.

From the definition of r1 and r2, together with the constraints inherited to the s�s, it is possible to define the spaces

UL;H and UL;0. Thus, for jHj > 0, UL;H is given by
UL;H ¼ ðr1; r2Þ 2 R2 ðr2
2 � jH jLÞ2

r2
2

6 r1 6 ðL� jH jÞ2; jH j 6 r2 6 L

�����
)
;

(
ð14Þ
whereas for H = 0, UL;0 is given through:
UL;0 ¼ fðr1; r2Þ 2 R2jr2
2 6 r1 6 L2; 0 6 r2 6 Lg. ð15Þ
We note that (see also Fig. 3) for jHj > 0: the reduced phase space UL;H is bounded by the curves
r1r
2
2 ¼ ðr2

2 � jH jLÞ2; r1 ¼ ðL� jH jÞ2; ð16Þ
whereas for H = 0: the reduced phase space UL;0 is bounded by the curves
r1 ¼ r2
2; r2 ¼ 0; r1 ¼ L2. ð17Þ
We also note that UL;H has two singular points, ((L � jHj)2, jHj) and ((L � jHj)2,L) while UL;0 has three singular points:

(L2,0), (L2,L) and (0,0). Excepting (0,0) the singularities have been introduced through the mapping rL,H and are spu-

rious. However, the singular point (0,0) comes from the singular points (±L, 0,0) of TL;0.

We remark that r1 and r2 are the invariants under the action of the symmetries R1 and R2. Moreover, r1 is a func-

tion related to the argument of perigee whereas r2 is exactly the modulus of the angular momentum vector. Using Eqs.

(11) and (13) we arrive at
G ¼ r2;

cos g ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2H 2 � 4r1r2

2 þ 4r4
2 � 2LjH jðr1 þ 2r2

2Þ
5L2H 2 � 4ðL2 þ H 2Þr2

2 þ 4r4
2 � 2LjH jðL2 þ H 2 � 2r2

2Þ

s
;

sin g ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4L2H 2 � 4ðL2 þ H 2 � r1Þr2

2 � 2LjH jðL2 þ H 2 � r1 � 4r2
2Þ

5L2H 2 � 4ðL2 þ H 2Þr2
2 þ 4r4

2 � 2LjH jðL2 þ H 2 � 2r2
2Þ

s
.

σ 1

σ2

σ 1

σ2

. On the left, reduced phase space for jHj > 0. The coordinates of the singular points of UL;H are ((L � jHj)2, jHj) and

jHj)2,L), whereas the space reaches its lowest point at ð0;
ffiffiffiffiffiffiffiffiffiffi
LjH j

p
Þ. On the right reduced phase space for H = 0. The coordinates

singular points ofUL;0 are (L
2,0), (L2,L) and (0,0). Note that in both cases the phase spaces are the solid regions bounded by the

aints (16) and (17).
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Some level lines corresponding to the argument of perigee and the modulus of the angular momentum vector are drawn

respectively in Figs. 4 and 5. They can help in the understanding of the physical significance of r1 and r2.
From Eq. (13) and the constraint of (10), it is readily to deduce that a single point in the interior of UL;0 or UL;H is in

correspondence with four points in the spaceTL;0 or TL;H , respectively. Besides, a single point in the regular part of the

boundaries of eitherUL;0 or UL;H is respectively related to two points ofTL;0 or TL;H . In addition to this, to each of the

two singular points of the boundary of UL;H it corresponds one point of TL;H . Finally, the points of UL;0 with coordi-

nates (L2,0) and (L2,L) are related respectively to the points (0,0,�L2) and (0,0,L2) in TL;0 whereas the point (0,0) in

UL;0 corresponds to the points (±L, 0,0) of TL;0.

Next we remark that equatorial, rectilinear and circular type of motions are easily characterized in the fully reduced

phase spaces. More specifically, for locating circular ‘‘trajectories’’ we need that r2 = L, and so the set of circular ‘‘or-

bits’’ is zero-dimensional and is defined by the point ((L � jHj)2,L) inUL;H and by (L2,L) inUL;0 respectively. For equa-

torial ‘‘orbits’’ we make r2 = jHj hence the set of equatorial ‘‘orbits’’ is defined by the points ((L � jHj)2, jHj) in UL;H

and by (L2,0) in UL;0. Finally, rectilinear ‘‘orbits’’ define a one-dimensional set in UL;0 that, since r2 = 0, is simply char-

acterized by the segment of UL;0 given by (r1,0) with 0 6 r1 6 L2. In Fig. 6 we have depicted this type of special

motions.

As a final remark, the Hamilton function gets reduced to a rational function of the two invariants r1 and r2. Con-
sequently the differential equations associated with the system are rational functions too. In this way, a qualitative anal-

ysis of the phase flow in terms of the equilibria can be made in a systematic way. In fact, they are related with the roots

of a polynomial Pðr2Þ in the interval [jHj,L]. So, we obtain the parametric bifurcation curves taking into account that

the number of roots in the interval [jHj,L] changes if:

• One of them reaches the extrema of the interval. Then either PðjH jÞ ¼ 0 or PðLÞ ¼ 0 define bifurcation sets.

• Two (or more) roots give rise to a multiple root in [jHj,L]. Then the discriminant of P can define a bifurcation

set.
σ
2

σ 
1 σ 

1

σ2

Fig. 5. Curves defined through the equation G = c for jHj 6 c 6 L.

σ 1

σ  
2

σ 1

σ
2

Fig. 4. Curves defined through the equation sing = c for c 2 [�1,1] and jHj > 0 orH = 0. The contours of the reduced phase spaces are

obtained for c = 0 (then r1 = (L � jHj)2 or r1 = L2) and for c = ±1 (then r1r2
2 ¼ ðr2

2 � jH jLÞ2 or r1 ¼ r2
2).
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Fig. 6. The green points refer to circular motions, whereas the blue ones are related to equatorial motions and the red segment to

rectilinear motions.
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4. A generalised Størmer problem

As an example of application of the reduction procedure described previously, we take the problem of the motion of

a charged particle around a magnetic planet. This model can be used to describe the dynamics of fine dust rings, like the

E-ring of Saturn. The interest for the dynamics of dust grains is clear if we think that the Cassini–Huygens mission,

right now exploring the Saturnian system, is equipped with a special device to detect small dust particles.

Using appropriate dimensionless cylindrical coordinates, the Hamiltonian of the problem reads as (see details in

[11]):
H ¼ 1

2
P 2
q þ P 2

z þ
H 2

q2

� �
� 1

r
� d

H
r3

þ d2

2

q2

r6
þ db

q2

r3
; ð18Þ
where r stands for the distance of the particle to the center of the planet, q is the distance in the equatorial plane, H the

third component of the angular momentum and b and d external parameters depending on the planet and on the

charge–mass ratio of the particle respectively.

In (18) we can identify the terms that are not factorized by d with the pure Kepler Hamiltonian, calling these terms

H0. The rest of terms are namedH1. We will be interested in the dynamics of the particle when the principal force is the

gravitation by assuming d is a small quantity.

Pushing the Delaunay normalisation up to first order (we neglect those terms in d2), the resulting Hamiltonian is

given by
K ¼ d

2L5G7ðLþ GÞ
½ðLþ GÞðbL3G7 þ bL3G5H 2 � 2L2G4HÞ þ bL3G5ðL� GÞðG2 � H 2Þ cosð2gÞ�.
After introducing now the invariants associated with the continuous symmetries, and dropping constant terms, the

Hamiltonian becomes
�K ¼ 2d

L3s34½4Ls4 þ
ffiffiffi
2

p
ð2L2 þ s24Þ�

�2H
ffiffiffi
2

p
Lþ s4

� �2

þ bLs24 2LH 2 þ
ffiffiffi
2

p
ðL2 þ H 2 � s21Þs4 þ Ls24

h i� �
; ð19Þ
where we have defined s4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 þ H 2 � s21 þ s3

q
. Finally, in terms of r1 and r2, the reduced Hamiltonian takes the form
Z ¼ bLr2
2½r1r2 þ LðjH j þ r2Þ2� � HðLþ r2Þ2

L3r3
2ðLþ r2Þ2

; ð20Þ
where we have dropped the common factor d. The reader can notice the compactness of the Hamiltonian Z in com-

parison to its equivalent expression in Delaunay variables, i.e. the Hamiltonian K.

Equilibria are now determined by the extreme points of (20) on the reduced space UL;H . Taking into account that
oZ

or1

¼ b

L2ðLþ r2Þ2
does not vanish whatever the value of r2, there are not equilibrium points in the interior ofUL;H and, consequently, they

are located on the boundary.
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Fig. 7. Plane of parameters (H,L) in terms of the number of equilibrium points for b = 1/2. Encircled the number of equilibria in each

region delimited by the curves Ck.
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There always exist two equilibrium points, those points where the two curves delimiting the boundary of UL;H meet.

These are the points
E1 � ðL� jH jÞ2; jH j
� �

; E2 � ðL� jH jÞ2; L
� �

;

corresponding to the class of equatorial and circular orbits respectively.

To determine the rest of the equilibria, if any, two cases must be considered:

(a) those equilibria located on the curve r1 = (L � jHj)2, under the restriction jHj 6 r2 6 L,

(b) those equilibria located on the curve r1r2
2 ¼ ðr2

2 � LjH jÞ2 and jHj 6 r2 6 L.

The coordinates of the equilibria are connected with the roots of some real valued polynomials whose coefficients are

functions of the parameters b, L and H. We do not give the details here, but from the analysis of the roots of these

polynomials we obtain the parametric bifurcations as well as the linear stability properties of the fixed points. The most

interesting consequence is a rich dynamics around a special point in the parameter plane (H,L) where all the bifurcation

lines collide (see Fig. 7).
5. Concluding remarks

The main conclusions of the paper are the following:

The Delaunay normalisation carried out is not standard as we make the treatment useful for all kind of elliptic-like

orbits. This is achieved by introducing special functions in the corresponding generating function W. This is in contrast

with the usual treatment followed by astronomers and celestial mechanicians, who need to expand the perturbations as

Fourier series in the mean anomaly and Taylor expansions in the eccentricity.

The fully-reduced phase space introduced to study the dynamics, which is based on the discrete symmetries of the

system, is not standard. This reduction is inspired in the works by Cushman and Sadovskiı́. However, our approach is

new as we use a set of invariants with a geometric meaning suitable for Keplerian perturbed problems; one of the invar-

iants is the modulus of the angular momentum vector.

The cocktail of tools used to determine the bifurcation lines, the stability of the equilibria and the phase flow, are

based on non-standard computer algebra techniques (like the resultant of univariated polynomials and the painting by

number algorithm). Furthermore, the complete analysis of our normalised Hamiltonian is far from trivial, see the de-

tails in [11].

The methodology used through the paper can be used in other contexts where perturbed Keplerian systems are stud-

ied. We mention problems of celestial mechanics, physical chemistry and atomic physics. Thus, we believe that this

work can be of interest for researchers in various fields. Moreover it can be used for perturbations of the Kepler prob-

lem which do not enjoy the axial symmetry, provided that an average over the argument of the node might be

performed.
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