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ABSTRACT. For each n > 1 and each multiplicative closed set of integers S, we study
closed model category structures on the pointed category of topological spaces, where
the class of weak equivalences are classes of maps inducing isomorphism on homotopy
groups with coefficients in determined torsion abelian groups, in degrees higher than or
equal to n. We take coefficients either on all the cyclic groups Z/s with s € S, or
in the abelian group C[S™!] = Z[S™!]/Z where Z[S™!] is the group of fractions of the
form £ with s € S . In the first case, for n > 1 the localized category Ho(7,S—Top")
is equivalent to the ordinary homotopy category of (n — 1)-connected CWW-complexes
whose homotopy groups are S-torsion. In the second case, for n > 1 we obtain that the
localized category Ho(7p, S—Top™) is equivalent to the ordinary homotopy category
of (n — 1)-connected C'W-complexes whose homotopy groups are S-torsion and the n'”
homotopy group is divisible.

These equivalences of categories are given by colocalizations X7 — X, X7p»5 — X
obtained by cofibrant approximations on the model structures. These colocalization
maps have nice universal properties. For instance, the map X7?»% — X is final (in
the homotopy category) among all the maps of the form ¥ — X with Y an (n — 1)-
connected CTW-complex whose homotopy groups are S-torsion and its n” homotopy
group is divisible. The spaces X7»% | X7P»9 are constructed using the cones of Moore
spaces of the form M (T, k) , where T is a coefficient group of the corresponding structure
of models, and homotopy colimits indexed by a suitable ordinal.

If S is generated by a set P of primes and S? is generated by a prime p € P one
has that for n > 1 the category Ho(7,S—Top") is equivalent to the product category
HpeP Ho(7,,S?—Top") . If the multiplicative system S is generated by a finite set of
primes, then localized category Ho(7p, S—Top™) is equivalent to the homotopy cate-
gory of n-connected Ext-S-complete C'W-complexes and a similar result is obtained for
Ho(7,,S—Top") .

1. INTRODUCTION

In this paper we use model structures [17] on the category Top™ of pointed topological
spaces, to study the ordinary homotopy category of simply connected torsion spaces. For
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the model structures analysed in this paper, the localized category is equivalent to the
standard homotopy category of cofibrant spaces. In our study we give some algebraic
characterization of these classes of cofibrant spaces, we also analyse some equivalences
of homotopy categories and develop some methods to compute homology and homotopy
groups.

In this work, for each n > 1 and for a closed multiplicative set of integers S, we
introduce a new closed model structure that is denoted by 7p S—Top* . The class of
weak equivalences of the new structure 7p, S—Top” is the class of maps X — Y inducing
isomorphism of homotopy groups at degrees > n with coefficients in the abelian group
C[S™] = Z[S7Y/Z , where we use the C to recall that C[S™!] is a subgroup of the circle
group of complex numbers of module 1.

We show that for n > 1 the category Ho(7p,S—Top*) is equivalent to the standard
homotopy category of (n — 1)-connected C'W-complexes whose homotopy groups are S-
torsion and the n*” homotopy group is S-divisible. The equivalence of categories is given
by the CW-approximation X7=% | which is the cofibrant approximation of X in the
closed model structure.

The space X ™ (in this paper denoted by X7+%) was constructed in [3] using as build-
ing blocks the cones of Moore spaces, which are finite complexes of the form M(Z/s;m)
with s € S, and inductive colimits indexed by the ordinal of positive integers. Nev-
ertheless, to construct the space X7P»% we use cones of Moore spaces of the form
M(C[S7'],m) and colimits indexed by a higher limit ordinal. The reason of this fact
is that an infinite number of cells is needed to construct the Moore space M (C[S™!],m) .
The relation between these constructions is given in section 7 by a fibration

K(Ts(m,X)/DsTs(mp, X),n — 1) — X5 5 XTS5

where DgA denotes the maximal S-divisible subgroup of an abelian group A and TsA
denotes the S-torsion subgroup of A .

The following paragraphs of this introduction contain a selection of the main results of
this paper.

In section 4, we give up to weak equivalence the following algebraic characterization of
Tp, S-cofibrant spaces.

Theorem 4.1 Let X be a pointed space, then the following statements are equivalent

(i) X is weakly equivalent to an 7p,S-cofibrant space,

(ii) X is a (n — 1)-connected space, for every S-uniquely divisible abelian group B
the reduced singular cohomology groups H 9(X; B) are trivial and for any abelian
group C' with no S-divisible (nontrivial) subgroups the singular cohomology group
H™(X;C) is trivial,

(iii) X is an (n — 1)-connected space, for every s € S the singular homology groups
H,(X;Z/s) are trivial and for ¢ > n, H,(X;Z[S7']) =0 .
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(iv) X is a (n—1)-connected space, H, X is an S-torsion divisible group and for ¢ > n ,
H,X is an S-torsion group.

(v) X is a (n—1)-connected space, m,X is an S-torsion divisible group and for ¢ > n |
X is an S-torsion group.

In section 5, we describe how the colocalized spaces can also be constructed by using
homotopy fibres of Quillen-Sullivan localization maps FFX — X — X[S™!] | n-connective
coverings Y of a space Y and homotopy fibres of maps which represent some distinguished
cohomological classes. We see that X7+ is weakly equivalent to (F'X™)" and the following
result is proved:

Theorem 5.3 Consider the homomorphism of abelian groups

a: m(X™5) — Tor(m, X, C[S™]) & Ts(m, X) — Ts(m,X)/Ds(Ts(m, X)),
the corresponding cohomological element
A: (FXn)n — K(Ts(ﬂ'nX)/DSTS(ﬂ'nX), n)

and denote by (FX™)" the homotopy fibre of A . Then X72+9 is weakly equivalent to
(FX™™ . Moreover, for k > n + 1 the following sequence is exact

0 — M1 X ® C[S™] — mp(X7Pn5) — Tor(m X, C[S™]) — 0,
and for £ = n , we have the exact sequence
0 — M1 X @ C[S7Y] — m,(XPn5) — DgTs(m, X) — 0.

In 1972, Bousfield and Kan [1] introduced techniques of homology localization. For
instance, for the ring Z/p with p a prime and for a 1-connected space X they constructed
a localization map X — (Z/p).X that induces isomorphism on the homology functors
H,(—:;Z/p). The space (Z/p)~X is also 1-connected and its homotopy groups are Ext-p-
complete abelian groups.

In this preprint, an n-connected space X is said to be Ext-S-complete, if its homotopy
groups are Ext-S-complete and an abelian group 7 is Ext-S-complete if Ext(C[S™], 7) =
7 . The case of Ext-p-complete is obtained when S is generated by a prime p .

For a multiplicative system S generated by a finite number of primes py,--- , p,. and for
the ring R = Z/py X -+ x R =7Z/p, , in section 9, for n > 1 , the following equivalence
of categories is given:

Theorem 9.1 The left derived functor

RE : Ho(Tp,S—Top*) — Ho(Ext-S-complete n-connected spaces)

is left adjoint to

(.)%P25 : Ho(Ext-S-complete n-connected spaces) — Ho(7p, S—Top*) .

Moreover, the pair of functors above give an equivalence categories.
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2. PRELIMINARIES

2.1. Closed model categories. A closed model category C is a category endowed with
three distinguished classes of maps called cofibrations, fibrations and weak equivalences
satisfying certain axioms. We refer the reader to [17] , [18], [11], [12], [4], [5] for any
properties, notation and results concerning closed model categories.

In this paper, the following closed model category (CMC) structure will be considered:

The closed model category Q—Top of topological spaces with the following classes:
Given a map f: X — Y in Top, f is said to be a fibration if it is a fibre map in the
sense of Serre; f is a weak equivalence if f induces isomorphism 7,(f) for ¢ > 0 and for
any choice of base point and f is a cofibration if it has the LLP with respect to all trivial
fibrations. For the study of this structure and its properties we refer the reader to Quillen
[17]. We also recall that Q—Top" has also an induced closed model category structure:
A pointed map f: (X,x) — (Y,%) is said to be a fibration (resp., weak equivalence,
cofibration) if in the non pointed setting the map f: X — Y is a fibration (resp., weak
equivalence, cofibration.) We recall that both categories of spaces and pointed spaces
have compatible simplicial structures, see [17], [8] . For instance for pointed spaces, if K
is a finite simplicial object and X is a pointed space then X ® K is defined to be

X®K=Xx|K[*/(X x*Uxx |K[)

where | K| is the disjoint union of |K| and the one point space * .
In particular we have the standard pointed cylinder

Xel=XaA[].
Let Ho(Q—Top") denote the corresponding localized category obtained by formal in-

version of of weak equivalences defined above.

In this subsection we recall a CMC structure on the category of pointed spaces that
will be used to prove the main theorems of this paper. A particular case of this CMC
structure was given in [6], and the general construction can be seen in [9] , where the reader
is referred for proofs, notations and results. Nevertheless, we include some significant facts
and properties of this CMC structure that are used in the following sections.

In the category of pointed topological spaces and continuous maps, Top* , let F =
{M)|X € A} be a family of spaces which are suspensions of C'W-complexes (M) = XN,
where N, is a CW-complex).

We consider the following classes of maps:

Definition 2.1. Let f: X — Y be a map in Top™ ,

(1) f is an F-weak equivalence if the induced map

[SFMy, f]: [BF My, X] — [ZFM,, Y]
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is an isomorphism for each k > 0 and A\ € A , where [—,—| denotes the standard
set of pointed homotopy classes.

(ii) f is an F-fibration if it has the RLP in the category of pointed spaces with respect
to the family T (F) of inclusions

(CEFNy x 0)U (BFNy @ 1) — CEFNy @ 1

for every k >0 and A € A .

A map which is both an F-fibration and an F-weak equivalence is said to be a
F-trivial fibration.

(iii) f is an F-cofibration if it has the LLP with respect to any trivial F-fibration.

A map which is both an F-cofibration and an F-weak equivalence is said to be
a F-trivial cofibration.

A pointed space X is said to be F-fibrant if the map X — * is an F-fibration,
and X is said to be F-cofibrant if the map x — X is an F-cofibration.

Remark 2.1. Let C be the path-component of the given base point of X . Note that the
inclusion C' — X is always an F-weak equivalence. It as also clear that all objects in
Top™ are F-fibrant.

In order to see the difference with the CMC structures given in [11] we have included
the following characterization of the family of F-fibrations . Notice that the family of
F-fibrations of our CMC structure is larger than the class of Serre fibrations.

We refer the reader to [9] to see a proof of the following characterizations:

Theorem 2.1. Suppose that F has at least a non trivial CW -complex, and for a map
f: X — Y in Top®, denote by fo: Xo — Yy the induced map on the path-components
of the given base points. Then f is an F-fibration if and only if fy is a Serre fibration.

Proposition 2.1. For a map f: X — Y in Top®, the following statements are equiva-
lent:

(1) f is a F-trivial fibration,
(ii) f has the RLP with respect to the family C(F) of inclusions

x — My, Ne A,
SEMy — CSFM, , E>0, NeA .

Using the characterization of F-trivial fibrations by the RLP with respect to a family
of maps, one can prove following result, see [9] .

Theorem 2.2. The category Top™ together with the classes of F-fibrations, F-cofibrations
and F-weak equivalences, has the structure of a closed model category.
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Remark 2.2. P.S. Hirschhorn a [11] and E. Dror-Farjoun [7] have been working with
cellularization functors associated to a set A of objects in a closed model category . P.S.
Hirschhorn proves that there is a closed model structure on Top* taking as fibrations the
usual Serre fibrations of Top™ , as weak equivalences they consider A-cellular equivalences
and the A-cellular cofibrations are defined by the LLP with respect to all the maps which
are both fibrations and A-cellular equivalences. Taking as set of objects A = {\/ e M}
if we consider the closed model structure given by P.S. Hirschhorn, we have that the class
of F-weak equivalences is exactly the class of A-cellular equivalences. To see this fact it
is necessary to take into account that \/, ., My is a suspension space that induces nice
properties in the corresponding function space. However, one has that in Top™ the class
of F-fibrations is larger than the class of fibrations. For example, since 0 — I is not a
Serre fibration (in Top) we have that in Top™ the map x + 0 — * + [ is an F-fibration
which is not a Serre fibration. Therefore the CMC' structure given in this work is different
to the CMC structure given in [11] . However, it is interesting to note that a space is
F-cofibrant if and only if it is connected and cofibrant in the closed model category given
by Hirschhorn .

We denote by F—Top”* the closed model category Top™ with the distinguished fam-
ilies of F-fibrations, F-cofibrations and F-weak equivalences and by Ho(F—Top") the
category of fractions obtained from F—Top™ by formal inversion of the family of F-weak
equivalences.

One of the basic tool of this paper will be the factorization technique given by the follow-
ing generalization of the argument of the small object, see [13], [7], [11]. Let f: X — Y

be a map in Top™, then f can be factored in two ways:

(i) f = pi, where i is a F-cofibration and p is a F-trivial fibration,
(ii) f = qj, where j is an F-weak equivalence having the LLP with respect to all
F-fibrations and ¢ is a F-fibration.

For instance, in order to obtain the first factorization, we choose a limit ordinal v whose
cardinality is greater than the cardinal of the set of cells of M) for every A € A .

First we can consider all maps of the form v: My, — Y , XA € A to construct the space
X" = XV (V, Myw) and the map p° : X° — Y defined by the sum of f and all the
maps v . This map p°: X® — Y has the RLP with respect to the maps * — M) . Now
we construct the following y-sequence, for any ordinal 3 < vy

X0 L, xl o x2 ... 5 XP ...

and compatible maps p®: X? — Y . For =0, we have the map p° : X° — Y . Given
an ordinal 3 , suppose that we have p*: X* — X for any o < . Now we consider two

cases:
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First case: (8 is the successor ordinal of « , then we take all commutative diagrams D

of the form
D

ZkM)\ ;. Xo

|k

CZICM)\?Y
where & > 0 and A € A . Define j°: X* — X? by the pushout

Vp My —— X«

)

\/ p CSFM, — X8

and define p?: X — Y by the sum of p® and all the v” .

Second case: (3 is a limit ordinal. In this case we take

XP = colim,gX“

P’ = colim,«gp™
By transfinite induction we obtain an F-cofibration ¢: X — X7 and a F-trivial fibra-
tionp: X7 — Y .
The other factorization f = gj is similarly obtained. In this case, we also have that j
has the LLP with respect to all F-fibrations.
As consequence of the presence of the closed model structure one has the following
version of the Whitehead Theorem:

Theorem 2.3. Let f: X — Y be a map in Top™ and suppose that X and Y are F-

cofibrant, then f is a pointed homotopy equivalence if and only
[EkM)\a f] : [ZkM)n X] - [EkMAa Y]
1s an isomorphism for each k >0 and A € A .

We note that the factorizations above are functorial. This will be interesting when we
consider left-derived and right-derived functors. This also implies that we have functorial
cylinders and cocylinders. Note that if X = x, using the construction above we obtain an
F-cofibrant space Y* and an F-trivial fibration p: Y7 — Y . This construction induces
a well defined functor (—)”: Top* — Top* , and a natural transformation Y% — Y .

Definition 2.2. The F-cofibrant space obtained through the factorization of x — Y
as the composite of an F-cofibration and an F-trivial fibration, will be called the F-
colocalization of Y . The F-trivial fibration Y7 — Y will be called the F-colocalization
map of Y.
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Since on a closed model category the hom-set from a cofibrant object to a fibrant object

can be realized as a set of homotopy classes, we have

Theorem 2.4. Let X be a F-cofibrant space and let YZ — Y be the F-colocalizacion
map of a space Y , then

Ho(Q—Top*)(X,Y?) — Ho(Q—Top*)(X,Y)

18 an isomorphism.  In particular, if Y s F-weakly equivalent to a point, then
Ho(Q—Top")(X,Y) = x .

Therefore the F-colocalizacion map Y7 — Y is finally universal in the homotopy
category among the maps X — Y from an F-cofibrant space X to Y . One also has that
the map Y7 — Y is initially universal in the homotopy category among the maps X — Y
which are F-weak equivalences.

2.2. Some basic notions and properties of abelian groups. We recall some basic
notions that are quite useful for the category of abelian groups and that will be used in
this paper.

Definition 2.3. An abelian group A is said to be left orthogonal to B and B is said to
be right orthogonal to A if Hom(A, B) = 0 and Ext(A, B) =0 . Given classes A and B,
if for every A of A and every B of B , A is left orthogonal to B , the class A is said to
be left orthogonal to B and B is said to be right orthogonal to A . If Ext(A, B) = 0 we
use the terms left Ext-orthogonal and right Ext-orthogonal. If Hom(A, B) is trivial, we
use the term Hom-orthogonal. This last terminology is also used for non abelian groups.

Definition 2.4. An abelian group A is said to be @ Tor-orthogonal if A ® B = 0 and
Tor(A,B) 2 0 . Given classes A and B , if for every A of A and every B of B , A is
® Tor-orthogonal to B, the class A is said to be @ Tor-orthogonal to B. If Tor(A, B) =0
we use the term Tor-orthogonal and if A ® B is trivial, we use the term ®-orthogonal.

Given a closed multiplicative system S and an abelian group A, for each s € S one can
consider the induced map §: A — A defined by sa = sa

Definition 2.5. . An abelian group A is said to be S-uniquely divisible if for every s € S
the map §: A — A is a bijection. A is said to be S-free-torsion if for every s € S the map
s: A — A s an injection. A is said to be S-divisible if for every s € S the map §: A — A
1 a surjection. If S is generated by a prime p some times we write p-uniquely divisible,

p-free-torsion or p-divisible.
An abelian group which is right orthogonal to Z/s satisfies that the map §: A — A is
an isomorphism. Therefore one has:

(1) an abelian group is right orthogonal to the family {Z/s|s € S} if and only if A is
S-uniquely divisible,
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(2) an abelian group A is right Hom-orthogonal to {Z/s|s € S} if and only if A is
S-torsion-free,
(3) an abelian group A is right Ext-orthogonal to the family {Z/s|s € S} if and only
if A is S-divisible.
If S is a multiplicative closed system of integers, recall that Z[S™!] is the of the fractions

of the form £ with z an integer and s € S and the quotient abelian group Z[S™']/Z is
denoted by C[S™!] . The following exact sequence will be frequently used

0 — Hom(C[S™!], B) — Hom(Z[S™ '], B) —
B — Ext(C[S™!], B) — Ext(Z[S™'],B) — 0

Given an abelian group B, there exists a maximal S-divisible subgroup DgB which
contains every S-divisible subgroup of B. We have the following properties:
(4) B is right orthogonal to C[S™!] if and only if B is S-uniquely divisible,
(5) B is right Hom-orthogonal to C[S™!] if and only if the maximal S-divisible sub-
group Dg(B) of B is S-uniquely divisible,
(6) B is right Ext-orthogonal to C[S™!] if and only of B is S-divisible.

If G is a group and we assume that all the integers of S are positive, we can consider
the progroup {Kers| s € S} whose bounding maps are of the form Kers; — Kersg ,
r — tz if 51 = st . Note G is right Hom-orthogonal to C[S™!] if and only the pointed
set lim Kers is trivial, where §: G — G is the map g — ¢° .

Definition 2.6. An abelian group B is said to be Ext-S-complete if the boundary mor-
phism of the exact sequence above induces an isomorphism B = Ext(C[S™!,B) . If
Hom(Z[S™], B) 2 0, B is said to be S-reduced and if Ext(Z[S™'], B) 2 0, B is said to
be S-cotorsion. Note that B is S-reduced if and only if B has no (non trivial) S-divisible

subgroups.

(7) B is right orthogonal to Z[S™!] if and only if B is Ext-S-complete,
(8) B is right Hom-orthogonal to Z[S™!] if and only if B is S-reduced, or equivalently
it Dg(B) =0,
(9) B is right Ext-orthogonal to Z[S™'] if and only of B is S-cotorsion.
An abelian group which is ®Tor-orthogonal to Z/s satisfies that the map §: A — A

is an isomorphism. Therefore we have:

(10) an abelian group is @Tor-orthogonal to the family {Z/s|s € S} if and only if A is
S-uniquely divisible.

(11) an abelian group A is ®-orthogonal to the family {Z/s|s € S} if and only if A is
S-divisible,

(12) an abelian group A is Tor-orthogonal to the family {Z/s|s € S} if and only if A

is S-torsion-free.
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Definition 2.7. An abelian group A is said to be S-torsion for every a € A there exist
s € S such that sa =0 . If S is generated by a prime p we write p-torsion. For an abelian
group A , we denote by Ts(A) the mazimal S-torsion subgroup of A . An abelian group
is said to be S-adjusted if A/Ts(A) is S-uniquely divisible.

If we consider the exact sequence

0 — Tor(A,C[S7!) - A— ARQZ[S™'] - AxC[S™!] —0

one has that Ts(A) = Tor(A, C[S™!]) . Using this notation one has:

(13) an abelian group is ®Tor-orthogonal to C[S™!'] if and only if A is S-uniquely
divisible.

(14) an abelian group A is ®-orthogonal to C[S™!] if and only if A is S-adjusted or
equivalently if A/Tgs(A) is S-uniquely divisible. If S is generated by a set P of
primes, A is ®-orthogonal to C[S™!] if and only for each p € P for all @ € A and
for all 7 > 0 there is x; € A such that a — p'z; is a p-torsion element.

(15) an abelian group A is Tor-orthogonal to C[S™!] if and only if A is S-torsion-free.

(16) an abelian group is ®@Tor-orthogonal to Z[S™'] if and only if A is S-torsion,

(17) an abelian group A is ®-orthogonal to Z[S™!] if and only if A is S-torsion,

(18) every abelian group A is Tor-orthogonal to Z[S™!] .

3. SOME CLOSED MODEL CATEGORIES ASSOCIATED TO A SET S OF INTEGERS

In order to introduce model structures associated with a set of integers S and an integer
n > 0, we recall briefly the definition of homotopy groups with coefficients. For a more
complete description and properties we refer the reader to Hilton [10]. For £ > 1 and an
abelian group A , we have the canonical space M (A; k) which is usually called the Moore
space with coefficient group A and degree k . For a pointed space X , consider the set of
pointed homotopy classes 7 (A; X) = [M (A, k), X] . This hom-set admits the structure of
a group for k > 2 which abelian for k£ > 3 . It is said that 7 (A; X) is the k-th homotopy
group of X with coefficients in A . We also refer the reader to Neisendorfer [15] for some
properties of homotopy groups with coefficients.

We shall frequently use the following exact sequence for £ > 1 :

0 — Ext(A, mp 1 X) — m(A; X) — Hom(A, 7, X) — 0.

In the category of pointed topological spaces and continuous maps, Top™ , for a set S
of non-zero integers and n > 0 , in [3] we have considered the family S,, of Moore spaces,
which in this paper is denoted by 7,,S

S, ={M(Z/s;n)|s € S} =1T,S

and we have studied the associated closed model structure.
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If S is multiplicative closed, we consider the ring Z[S™'] of the fractions of the form £
with z an integer and s € S . The quotient abelian group Z[S™!]/Z will be denoted by
C[S™] .

In [9] , we have considered the closed model structure induced by the family

D,S = {M(Z[S~];n)}.

In the present paper is devoted to study the closed model structure induced on pointed
spaces by the family

Tp,S = {M(C[S™'];n)}

which only has one Moore space.
For the family 7,5, a map f : X — Y in Top™ is a 7,S-weak equivalence if the

induced map
m(Z/s; f): m(Z)s; X) — m(Z]s;Y)

is an isomorphism for each [ > n and s € S .
For the family D,.S, a map f : X — Y in Top® is a D,S- weak equivalence if the
induced map

m(Z[S™; f): m(Z[S7); X) — m(Z[ST'];Y)

is an isomorphism for each [ > n .
With respect to the family 7p S , f is a 7p, S-weak equivalence if the induced map

m(C[S7); f): m(C[S7]; X) — m(C[ST'];Y)

is an isomorphism for each [ > n .

We note that the homotopy groups with coefficients only depend on the path component
C of the given base point of X . Therefore the inclusion C' — X is always a weak
equivalence for the model structures associated with the families 7,,S , D,S and 7p, S .
It as also clear that all objects in Top* are fibrant in the corresponding structures.

We denote by 7p, S—Top™ the closed model category Top* with the distinguished
classes of fibrations, 7p, S-cofibrations and 7p, S-weak equivalences and by Ho(7p, S—Top™)
the category of fractions obtained from 7p, S—Top™ by formal inversion of the family of
Tp, S-weak equivalences. Similar notation will be used for D,,S or for 7,5 .

In these closed model categories it is very interesting to determine the classes of cofibrant
spaces. If S is multiplicative closed and n > 1 one has, see [3], that a space X is weakly
equivalent to a 7,S-cofibrant space if and only if X is (n — 1)-connected and for k& > n
the homotopy groups of X are S-torsion abelian groups. In [9], we have shown that
for n > 1 , a space X is weakly equivalent to a D, S-cofibrant space if and only if X
is (n — 1)-connected and for £ > n the homotopy groups of X are S-uniquely divisible

abelian groups.
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In this paper, we shall give a characterization of 7p, S-cofibrant spaces for n > 1 .
However, it remains to study these kind of F- structures and the corresponding charac-
terizations of “cofibrant spaces” forn =1 .

For n > 1 , we note that a space Y is 7,S-weakly equivalent to a point if 7,Y is
right Hom-orthogonal to S-torsion abelian groups (S-torsion-free) and for k > n , ;Y is
right orthogonal to S-torsion abelian groups (S-uniquely divisible). As a consequence of
Theorem 2.4 one has that if X is an 7,S-cofibrant space with n > 1 and B is an abelian
group which is right orthogonal to Z/s for every s € S | then the reduced cohomology
of X with coefficients in B is trivial. Moreover, if B is S-torsion-free, then H"(X; B) is
trivial.

With respect the D,,S-structure, if n > 1, a space Y is D,,S-weakly equivalent to a
point if 7, Y is S-reduced and for k > n , ;Y is S-complete. As a consequence of Theorem
2.4 one has that if X is an D,,S-cofibrant space with n > 1 and B is an S-complete abelian
group, then the reduced cohomology of X with coefficients in B is trivial. Moreover, if B
is S-reduced, then H"(X; B) is trivial.

For n > 1, one has that a space Y is 7p, S-weakly equivalent to a point if the maximal
S-divisible subgroup of 7,Y is S-uniquely divisible and and for £ > n , 7Y is S-uniquely
divisible. Given an 7p, S-cofibrant space X , if B is an abelian group whose maximal S-
divisible subgroup is S-uniquely divisible, then H™(X; B) is trivial and if B is a S-uniquely
divisible group, then for k > n , H*(X; B) is trivial.

Remark 3.1. In order to give the factorizations of axiom CM5 |, we have chosen a
determined limit ordinal. Since the standard Moore space M(Z/s,n) has a finite number
of cells, then for the case of the T,S-structure we can choose the countable limit ordinal
Ng . Since the standard Moore space M(C[S™'],n) has a countable number of cells, then
for the Tp_ S-structure we have to choose the continuum limit ordinal Xy .

4. Tp,S-COFIBRANT SPACES FOR n > 1

In this section, we suppose that n > 1 . We also consider a multiplicative system S
generated by a set P of positive primes.

We note that an 7p, S-cofibrant space is (n — 1)-connected. We also observe that n'®
singular homology group of an 7p_S-cofibrant space is an S-torsion divisible abelian group
and for ¢ > n we shall prove that the ¢*" singular homology group is an S-torsion abelian
group.

This properties of the homology groups will imply that the homotopy groups of an
Tp, S-cofibrant space satisfy similar properties in dimension n and > n, respectively. In
this section, we show that these properties give up to weak equivalence a characterization

of the class of 7p, S-cofibrant spaces.

Lemma 4.1. If X is an Tp, S-cofibrant space, then X is an (n — 1)-connected space.
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Proof. For any ordinal # < N; , consider the N;-sequence given in §2:
XY o xt o x2 .5 XP

where X% = \/ M(C[S~"];n); for all maps f: M(C[S™'];n) — X . For X" we have
two cases:

If 3 is the successor ordinal of o , then X” has the homotopy type of the homotopy
cofibre of a map of the form \/, M(C[S~];mp) — X* , mp >n .

If 5 is a limit ordinal. We have that

X7 = colim, 5 X

By transfinite induction we obtain an 7p, S-cofibrant space X™ and an 7p_ S-trivial
fibration p: X™ — X .

It is clear that X is an (n — 1)-connected space. For the first case, using the excision
theorem for homotopy groups, it follows that if X is (n — 1)-connected, then X*# is also
(n — 1)-connected. For the second case, one has that the homotopy groups commute
with homotopy colimits. Then by transfinite induction we have that X™ is an (n — 1)-
connected space. Since X is a cofibrant space we have that the 7p S-trivial fibration
p: XN — X is a weak equivalence, hence X is also an (n — 1)-connected space. UJ

The following result gives up to weak equivalence some algebraic characterizations of
Tp, S-cofibrant spaces.

Theorem 4.1. Let X be a pointed space, then the following statements are equivalent
(i) X is weakly equivalent to an Tp, S-cofibrant space,

(il) X is a (n — 1)-connected space, for every S-uniquely divisible abelian group B the
reduced singular cohomology groups H 9 X; B) are trivial and for any abelian group C' with
no S-divisible (nontrivial) subgroups the singular cohomology group H™(X;C') is trivial,
(iii) X is an (n — 1)-connected space, for every s € S the singular homology groups
H,(X;Z/s) are trivial and for ¢ > n Hy(X;Z[S™']) =20 .

(iv) X is a (n — 1)-connected space, H,X is an S-torsion divisible group and for ¢ > n ,
H,X 1is an S-torsion group.

(v) X is a (n — 1)-connected space, m, X is an S-torsion divisible group and for ¢ > n

X is an S-torsion group.

Proof. (i) => (ii). Lemma 4.1 and the cohomological results given at the end of §3 (before
Remark 3.1 .)

(ii) => (iii). Note that if s € S then any Z/s-module M is right Hom-orthogonal to
C[S™!]. Therefore the reduced n'™ cohomology group of X with coefficients in a Z/s-
module M vanishes if s € S . By the universal coefficient theorem for Z/s-module chain
complexes we have that Hom(H,,(X;Z/s), M) = 0 . In particular one has that

Hom(H,(X;Z/s), H,(X;Z/s)) =0 .
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This implies that H,(X;Z/s) = 0 . We can repeat the argument for Z[S~']-modules to
obtain that for ¢ > n H,(X;Z[S7']) =20 .

(ili) <=> (iv). This is obvious from the universal coefficient theorem and the properties
(11) and (16) of §2 .

(iv) <=> (v). It follows from Serre mod C theory, see [19] . A 1-connected space has
uniquely S-divisible homology groups if and only if it has uniquely S-divisible homotopy
groups.

(v) => (i). Assume that X satisfies (v). Take the Tp, S-trivial fibration p: X% — X
with fibre F' . If we consider the exact sequence of homotopy groups of the fibration p :

s X s X - mF - XS X

we obtain that m F is an S-torsion for [ > n — 1, m,_1 F' is a divisible group, and F' is an
(n — 2)-connected space.
On the other hand, because p is a fibration we also have the exact sequence
- = m(CLS™!]; X720%) — mp(C[ST]; X) — mp—a(CIST5 F)
— -1 (C[ST; X720%) — mp(CIST X)) — -
Since p is an 7p, S-trivial fibration and

ﬂ-n—l(C[S_l]; XTD”S) >~ EXt((C[S_l], ﬂnXTDnS) o~ 0

because 7, X P=% is divisible, it follows that m,(C[S™1]; F) =20 for k >n —1 .

Because m,_1F' is an S-divisible group, one has that its maximal S-divisible subgroup
is m,_1F . Because m,_1F' is right Hom-orthogonal to C[S‘l] , this maximal subgroup
Tn_1F is S-uniquely divisible. However we also have that m, 1 F is an S-torsion group.
Then one has that 7, ;" = 0 . For ¢ > n, one also has that m,[F" is an S-torsion S-
uniquely divisible group, hence 7, ' = 0 . Therefore the map p: X o9 5 X is a weak

equivalence.

O

Now we study the homotopy groups with coefficients in C[S™!] of the 7p, S-colocalization
of a space X and in particular the homotopy groups with coefficients of an 7p,_S-cofibrant
space.

Proposition 4.1. Let X225 be the Tp, S-colocalization of a pointed space X . Then for
q > n the following sequence is exact

0 — BExt(C[S™Y], 1441 X) — m,(C[S™']; X7P»%) — Hom(C[S™'], 7, X) — 0
In particular, if the mazimal S-divisible subgroup of m,X 1is S-uniquely divisible, one has
To(C[S™1; XTn%) = Ext(C[S™!], 711 X)
with the additional condition that m,11.X is an S-cotorsion group, then

mo(C[S71; XTonS) Tq+1X/Ds(mg11X)



HOMOTOPY CATEGORIES FOR SIMPLY CONNECTED TORSION SPACES 15

where Dg(my41X) is the mazimal S-divisible subgroup of m, 1 X and if Ty X is an S-

cotorsion S-reduced group
T (C[S7Y]; XTon®) 2 1 X
On the other hand, if g1 X is S-cotorsion and S-divisible then
7,(C[S™']; X™n%) 2 Hom(C[S™], 7, X).

Corollary 4.1. Suppose that B is an abelian group and K (B, q) the Filenberg-Mac Lane
space at dimension q . Then for m > n, K(B,m)™ has two possible non trivial homo-
topy groups with coefficients in C[S™']

Tt (CS™Y); K (B,m)™05) = Ext(C[S "], B),

Tm (C[S™Y]; K (B, m)™%) = Hom(C[S™'], B).

If the maximal S-divisible subgroup of B is S-uniquely divisible, then the space K (B, m)Tn"

has only one non trivial homotopy group with coefficients in C[S™!]
1 (C[S™'); K (B, m) ™ %) 2 Ext(C[S™'], B).

If B is S-cotorsion S-divisible, then K (B, m)™% has only one non trivial homotopy group
with coefficients in C[S™!]

Tm(C[S™']; K (B, m)™%) =2 Hom(C[S™'], B).

Remark 4.1. We can also compute the homotopy group 7, (X, C[SY]) if we take
into account Theorem 5.3 of the following section. In particular, one has that

Tn_1(C[S™Y]; K(B,n)™%) = Ext(C[S™"], DsTsB).

5. T,5-COLOCALIZATIONS, 7p S-COLOCALIZATIONS AND S-COCOMPLETIONS

Trough all this section we assume that n > 1 and that S is a closed multiplicative
system.

We consider the Sullivan-Quillen localization for 1-connected spaces, then for a 1-
connected space X we have the localization [: X — X[S™!] . The homotopy fibre F'X
of the localization map is called the S-cocomplection of X . In this section, we compare
the S-cocomplection FX with the 7, S-colocalization X7 and the 7p,S-colocalization

X725 'We denote by Y™ the n-connective covering of Y .

Theorem 5.1. Let X be a 1-connected space. Then we have:

(i)If 7y X is S-uniquely divisible for ¢ < n —1 and 7, X is S-adjusted, then FX is weakly
equivalent to XS .

(ii) If 7, X is S-uniquely divisible for ¢ < n—1, and 7, X is S-divisible, then FX is weakly
equivalent to X5
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Proof. For k > 0 we have the following exact sequence
e T X — T X[ = mFX — mX — mX[STY],
Then one has for k£ > 1 the following exact sequence
0 — T X @ C[S™Y] — mF X — Tor(m X, C[S™!]) — 0.

In case (i), because X is 1-connected, m,X is S-uniquely divisible for ¢ < n — 1 and
mX is S-adjusted, by (13), (14) of §2 it follows that F X is (n — 1)-connected. In case
(ii), one obtains that FX is (n— 1)-connected and 7, F X = 7,1 X ® C[S™!] is a divisible
abelian group. In both cases we have that for ¢ > n , 7, /'X | is an S-torsion abelian
group.

As a consequence of Theorem 2.4, for a (n — 1)-connected space F'X with S-torsion
homotopy groups, we have the bijection

p.: Ho(Q—Top")(FX, X™*) — Ho(Q—Top")(FX, X)

where p: X7 — X is the colocalization map.
With the additional condition that 7, F' X is divisible we also have the bijection

Ho(Q—Top")(FX, X"%) = Ho(Q—Top*)(FX, X)

Therefore, for the maps i: FX — X , there exists a map i': FX — X7 | such that
i'p =i in Ho(Q—Top") .

On the other hand, because X[S™!] is S-uniquely divisible space, it follows that XS]
is 7,,S-weakly equivalent to a point. Then

Ho(Q—Top")(X "™, X[S™']) = Ho(Z,5~Top") (X ™%, X[S71]) = 0.
By the same reason,
Ho(Q—Top*) (X% QX[S7]) 0.
Because FX — X — X[S7!] is a fibration sequence, it follows that

iy: Ho(Q—Top*) (X" FX) — Ho(Q—Top*)(X™5 X)

is a bijection. Therefore there exists a map p': X7 — FX such that ip’ = p .
Finally it is easy to check that p'i’ = id , i'p’ = id . Therefore X 79 is weakly equivalent
to FX . Similarly, under condition (i) we also have that X72»% is weakly equivalent to

FX . 0J

The following result proves that for any space X, the colocalizations can be expressed
in terms of cocompletions, connective coverings and amplification constructions induced
by certain cohomological elements.

We note that for n > 1, given any space X the n-connective covering X" — X induces

a weak equivalence (X™)7"% — X7 where X" is a 1-connected space.
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Theorem 5.2. The space X% is weakly equivalent to (FX™)" . Moreover, for k > n

the following sequence is exact
0 — M1 X ® C[S™'] — (X)) — Tor(m X, C[S™']) — 0.
Proof. Tt similar to the proof above. OJ

Theorem 5.3. Consider the homomorphism of abelian groups
a: (X)) — Tor(m, X, C[S™']) = Ts(mn X) — Ts(mn X )/ Ds(Ts(m X)),
the corresponding cohomological element
A (FX")" — K(Ts(m, X)/DsTs(m, X),n)

and denote by (FX™)" the homotopy fibre of A . Then X% is weakly equivalent to
(FX™™ . Moreover, for k > n+ 1 the following sequence is exact

0 — M1 X ® C[S™] — mp(X7Pn%) — Tor(mX, C[S™]) — 0,
and for k =n , we have the exact sequence

0 — The1 X ® C[S™ — 7, (X7Pn%) = DgTg(m,X) — 0.

Corollary 5.1. Suppose that B is an abelian group and K (B, q) the Eilenberg-Mac Lane
space at dimension ¢ > 1 . Then K(B,n)™ is an Eilenberg-Mac Lane space such that
7, (K(B,n)™%) = Tor(m,X,C[S7Y]) . For m > n, K(B,m)™ has two possible non
trivial homotopy groups

Tm-1(K(B,m)™%) = B C[S™"),
(K (B, m)™9) 2 Tor(B, C[S™1).

Corollary 5.2. Suppose that B is an abelian group and K (B, q) the Filenberg-Mac Lane
space at dimension ¢ > 1 . Then K(B,n)™5 is an Eilenberg-Mac Lane space such that
(K (B,n)™5) = DgTs(B) . For m > n, K(B,m)™% has two possible non trivial
homotopy groups

Tt (K (B,m)™%) = B® C[S™],
T (K (B, m)™%) = Tor(B, C[S™!]).

6. HoMoLOGY OF 7,S-COLOCALIZATIONS AND 7p S-COLOCALIZATIONS

In all this section we suppose that n > 1 and S will be a closed multiplicative system.
We shall consider the Serre spectral sequence of a fibre map in order to study some
properties of the homology of 7,,S-colocalizations and 7p_ S-colocalizations.

Proposition 6.1. Let X7*% | X229 be the corresponding colocalizations of a space X |
then
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(i) For every integer q we have
ﬁq(XT"SS Z)
H (X5, 7)
(ii) For every s € S one has

H, (X%, 7)s) = Tg(m,X) @ Z/ s,

Hpaa (X75,C57))
Hy (X705, C[S7))

~
Y

and for any S-torsion abelian group T :
Hy(X™25,T) 20 for ¢ <n.

Proof. (i) follows from the exact sequence of homology groups induced by the short exact
sequence of coefficients 0 — Z — Z[S™!'] — C[S™'] - 0.

For (ii), we can apply the Hurewicz Theorem and Theorem 5.2. For the second isomor-
phism, recall that by Theorem 4.1 we have that for any s € S, H,(X75;Z/s) =0 . For
a given S-torsion group 7" we have a short exact sequence 0 - A — B — T — 0 where
B is a sum of groups of the form Z/s . By [14], a subgroup of a sum of cyclic groups is
also a sum of cyclic groups, then one has A is a sum of cyclic groups and because B is
S-torsion A is also a sum of groups of the form Z/s . From the exact sequence induced by
the short exact sequence of coefficients above we also have that for any S-torsion group
T, H, (X%, T) 0.

OJ

Proposition 6.2. Suppose that X is a 1-connected space. Then we have:
(i) If m. X is S-uniquely divisible for k <n —1 and 7, X is S-adjusted, then H,(X™5;T)
= H,(X;T) for any S-torsion abelian group T and for ¢ > 0 the following sequence is
exact

0— Hy X @ C[S™Y] — Hy(X™%) — Tor(H,X,C[S7']) = 0 .
In particular, if H,X is S-torsion-free, then Hy(X™%) =~ H, ., X @ C[S7Y] , and if Hy1 X
is S-adjusted, then H,(X7%) = Tor(H,X,C[S™!]) .
(ii) If m. X is S-uniquely divisible for k < n—1 and m,X is S-divisible, then H (X Pn%;T)
H,(X;T) for any S-torsion abelian group T and for ¢ > 0 he following sequence is exact

0— Hy X ® C[S™] — Hy(X™n%) — Tor(H,X,C[S™']) =0 .

Therefore, if H,X is S-torsion-free, then Hy(X™%) = H, 1 X ® C[S7Y] , and if H; 1 X
is S-adjusted, then H,(X™n5)~Tor(H,X,C[S™!]) .

Proof. For each space X we have the fibre sequence Q(X[S7!]) - FX — X . Since X
is 1-connected, the homotopy groups and the reduced homology groups of Q(X[S™!]) are
S-uniquely divisible, then for any S-torsion abelian group 7', using the spectral sequence

of a fibre map

Epy = Hy(X; Hy(QX[S)); 7))
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we have that Hy(FX;T) = H(X; Hy(QX[S™'|;T)) & Hy(X;T) for all k. Under the
conditions of (i), one has that FX = X759 and under conditions of (ii) FX = X5 | If
we take T' = C[S™!| by Proposition 6.1 and the formula of universal coefficients we obtain
the short exact sequences of (i) and (ii). O

Proposition 6.3. Let f: X — Y be a map between 1-connected spaces, then we have:
(i) Suppose that mi X , mpY for k <n —1 are S-uniquely divisible and 7, X , m,Y are
S-adjusted. If H,(f,Z/s) is an isomorphism for every ¢ > n and s € S , then f is a
T, S-weak equivalence.
(i) Suppose that mpyX , mY are S-uniquely divisible for k < n —1, and 1, X , m,Y
are S-divisible. If H,(f,C[S™']) is an isomorphism for every ¢ > n + 1, then f is a
Tp, S-weak equivalence.

Proof. Consider the commutative diagram:

X
p

f’TnS l fl
Y

By Proposition 6.2 , p¥ and p¥ induce isomorphism on the homology groups with
coeflicients in any S-torsion group. Because f also induce isomorphism H,(f,Z/s) for
every ¢ > n and s € S , it follows that f7 induces isomorphism H,(f7,Z/s) for
every ¢ > n and s € S . Therefore f7*5 induces isomorphism H,(f75 C[S™!]) for every
g > n+ 1. By Proposition 6.1 , we have that f7*° induces isomorphism on homology
with coefficients in Z . Since X7»% | Z75 are 1-connected space we have that f7»°
is a homotopy equivalence. Taking into account that pX , p¥ and f7° are 7, S-weak
equivalences, one has that f is also a 7,,S-weak equivalence. For the case (ii) the proof is
similar.

0

Corollary 6.1. Suppose that B is an abelian group and M (B, q) the Moore space at degree
q > 1. Then form >n, M(B,m)™5 has two possible non trivial reduced homology groups
Hp (M (B,m)™%) = B C[S™,

H,,(M (B, m)™%) = Tor(B,C[S™]).

7. THE CATEGORIES Ho(7,5—Top") AND Ho(7p, S—Top”)

In this section, we compare the closed model categories induced by the families 7,,S ,
Tp, S and the standard closed model category of pointed spaces. Notice that there is no
problem if we assume that S is generated by a set of primes. As usual we suppose that

in this section n > 1 .
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It is interesting to note the existence of short exact sequences
0—-A—B—-C[S'—0
0—7Z/s—C[S™']—C[S™']—0

where s € S and A , B are direct sums of subgroups of the form Z/s with s € S .

From the exact sequences of the homotopy groups with coefficients in the abelian groups
in sequences above, it follows that the weak equivalences of the corresponding closed model
categories satisfy the following relations:

Tp,S-w.e. D T,11S-we. D Tp S-w.e. D T,S-w.e Dw.e.,
and for the classes of cofibrations (and cofibrant spaces) one has:
Tp, ., S-cof. C T, 1S-cof. C Tp, S-cof. C T,5-c. C cof. .

Now using the functors (—)7% | (=)72»%: Top* — Top* given in Definition 1.2, we

n+1

have:

Theorem 7.1. (i) There exist the following pairs of adjoint functors

O

Ho(’]}lS—Top*)THo(Q—Top*)

( )TDnS

Ho(TDnS—Top*)THo(Q—Top*)

( )TanS

Ho(TDnS—Top*)THo(’Z;S—Top*)

( )Tn+ls

Ho(ﬂ+1S—Top*)THO(TDnS—Top*)

()Tnt15

Ho(7,,:15—Top")———Ho(7, 5—Top")

Tp, S
HO(TDHHS—Top*)%)HO(TDHS—Top*>
where the upper arrows are always left adjoint functors.
(ii) The following restrictions
()7

HO(%S_TOP*)THO(Q_TOP*> |'Tn5'—cof

)TDn S

Ho(7p, 5—Top")———Ho(Q—Top")|z,, 5-cor

T.5—cof » HO(Q—Top")|7, 5 coy are
the full subcategories determined by the corresponding cofibrant spaces.

are equivalence of categories, where Ho((Q)Q—Top™)

Proof. 1t suffices to check that the units and the counits of the adjunctions are isomor-

phism. 0
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Remark 7.1. (i) The family of functors ( )™5: Ho(7,,S—Top*) — Ho(Q—Top") give

for each space X a tower of fibrations:

e (XTS)TS)TS L (XTETS XS X

We note that (X525 s isomorphic to X2 in Ho(Q—Top") . Therefore the tower
of fibrations above will be written as --- — X35 — X% - XTS5 & X . We have that
for ¢ > 3 the fibre of X%a+15 — X% has only possible non trivial homotopy groups with
coefficients in Z/s in degrees q , g — 1 and ¢ —2 , for all s € S .

(ii) For family of functors ( )™»% we have a similar tower of fibrations:

e (XTPAS)ToaS)To0S —y (XToS)Toas —y X To0S X

that as above will be denoted by --- — X35 — X025 XTS5 5 X . The fibres have
a similar property for homotopy groups with coefficients in C[S™] .

(11i) We can combine both kind of functor to obtain a tower of fibrations of the form

N XTD3S BN X'Z},S N XTDZS _ XTQS _ XTpls N X’TlS' X

In this case, we can see that for higher degrees the fibre of XTS5 — XT245 qnd the
fibre of X™45 — X745 reduces the number of possible non trivial homotopy groups with
coefficients.

Proposition 7.1. Let S be a closed multiplicative system and suppose that n > 1, then
(i) the homotopy fibre of the canonical map X5 — X5 is an Eilenberg Mac Lane
space of type K(Ts(m,X)/DsTs(m, X),n — 1),

(ii) the homotopy fibre of the canonical map X1 — XS js an Eilenberg Mac Lane
space of type K (m, X5 n —1).

Proof. Tt follows from the formulas given in Theorem 5.2 and Theorem 5.3 . OJ

Remark 7.2. (i) Note that for n > 3 the homotopy fibre F of X5 — XTS5 has only
one non trivial homotopy group with coefficients in C[S™!] :

Tn_o(C[S™']; F) = Ext(C[S™], TsDs(7, X))

(ii) For n > 2 and s € S , the homotopy fibre F' of XT+15 — XTon5 has one non
trivial homotopy group:

Tn1(Z/s; F') =2 Hom(Z /s, 7, 1 F")
and only one non trivial homotopy group with coefficients in C[S™1] :

o1 (C[SY; F') = Hom(C[S™Y, 1, F')
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8. THE CATEGORIES Ho(7,5—Top") AND Ho(7,5?—Top")

In this section, we suppose that S is generated by a set of positive primes P and S?
is the multiplicative closed system generated by a positive prime p € P . For n > 1 we

analyze some relations between the closed model categories induced by the families 7,5 ,
7,57 .

We note that the classes of distinguished maps satisfy the following relations:

T.,5-w.e. D T,5P-w.e.,
and for the classes of cofibrations (and cofibrant spaces) one has:
7,,SP-cof. C 7,,S-cof.

Then, one has the following pair of adjoint functors

Tn SP
HO(ZLSP—TOp*)THO(’Z}LS—TOp*)

On the other hand if we consider the family 7,,S?—Top* , p € P, of closed models cate-
gories, we can take the product of these closed model structures Hpe p 7, SP—Top" and the
localized category Ho([ ], p 7,57 —Top") which is equivalent to [] . » Ho(7,S?—Top") .
The functor

A: T,5-Top" — [ [ 75"~ Top" ,
peEP

given by AX = (X),ep , is right adjoint to

W H 7,,S*—Top* — 7,5—Top" ,

peEP

W(Y;J)pEP - vaP Y, .

It is easy to check that A preserves weak equivalences and fibrations. To check that W
carries weak equivalences between cofibrant objects into weak equivalences, suppose that
fp: X, — Y, is a weak equivalence in (’Z;lSp—Top*)cof for each p € P . By Theorem 2.3
we have that for every p € P, f, is a pointed homotopy equivalence. Then \/p fpis also a
pointed homotopy equivalence and it follows that \/p fp is a 7, S-weak equivalence. Thus
one has an induced adjunction (equivalence) on the localized categories:

Theorem 8.1. Forn > 1, the induced adjunction
WL
H Ho(’]}LSp—Top*)THo(’Z;S—Top*)

peEP

WL(Xp)peP = \/ X,:[”Sp

peP

gives an equivalence of categories.
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Proof. Using the functors ﬁ*(—; T) where T is either an S-torsion group or a p-torsion
group with p € P, one can check that the unit and the counit of the adjunction are weak
equivalences. O

Corollary 8.1. The homotopy category of torsion 1-connected CW -complexes is equiv-
alent to the product of the homotopy categories of 1-connected p-torsion C'W -complexes

where p ranges on the set of positive primes.
Corollary 8.2. A torsion 1-connected space X is weakly equivalent to the wedge \/p X525
On the other hand, the functor A , is left adjoint to

P: HTHSP—Top* — 7,5—Top" ,

peEP

P(n)PEP - HpePYP :

We can check that P carries weak equivalences between cofibrant objects into weak
equivalences as follows: Suppose that f,: X, — Y, is a weak equivalence in (7,5 —Top™)cof
for each p € P . By Theorem 2.3 , we have that each f, is a pointed homotopy equivalence
in Top™ . Then Hp fp is a pointed homotopy equivalence. Therefore P(f,) is an 7,,S-weak
equivalence. Thus one has an induced functor P*: HpE p 1,SP—Top" — 7,5—Top" and
one has:

Proposition 8.1. Forn > 1, the pair of functors
PL
H Ho(%Sp—Top*)THo(’];S—Top*)

peEP

PL(Xp)peP = H XpT"Sp

peP

gives an equivalence of categories.

Proof. Using the universal property of the map X7 — X one has induced maps X7 —
XTSP XIS [Ler X7:5%  Note that the maps X% — X |, X79 — [Ler X725 are
7,,S-weak equivalences, then PYA is isomorphic to the identity functor. On the other
peP XPT”SP — XpT"Sp is a 7, SP-weak equivalence. Therefore APF

is also isomorphic to the identity functor and we have an equivalence of categories.

hand, each projection []

O

Corollary 8.3. For any space X and n > 1, the inclusion \/ XpT“Sp — I .p X5

peP pEP “*p
is an T,S-weak equivalence. Moreover, if for each k > n , m;X has finitely many non
trivial torsion components, and for each k > n + 1 m; X is p-divisible except for finitely

many primes p , then the inclusion above is a weak equivalence.
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Proof. For k > n we can use the formula
0 — T X @ C[(SP) 7] — mp(X ™) — Tor(m X, C[(SP)7']) — 0

to prove that under that conditions on the homotopy groups of X one has that Hpe I XPT"SP
has S-torsion homotopy groups. Now the result follows from Theorem 2.3 . U

Remark 8.1. The results given in Corollary 8.2 or in Corollary 8.3 for the case of of X a
1-connected CW -complex with finitely generated torsion homotopy groups can be obtained

from the fracture lemma, see 6.3 of ch V in [1] , or from the Pullback Theorem given in
[16] .

9. S-TORSION AND EXT-S-COMPLETE SPACES

In this section, for a space X, we consider the ring R = Z/p; X --+ X Z/p, , where
p1,- - pr are primes, and the R-localization X — R, X given by Bousfield-Kan [1], see
also [2] . Through all this section we assume that n > 1 and the closed multiplicative
system S is generated by a finite set of primes py,---p, .

Recall that an abelian group B is said to be Ext-S-complete if the extension group
Ext(C[S™!], B) & B . Note that

Ext(C[S], B) = Ext(C[pi], B)x - x Ext(@[pi],B) |
1 r

Definition 9.1. A 1-connected space Y is said to be Ext-S-complete if its homotopy
groups are FExt-S-complete.

Tp, S

Applying the universal properties of the constructions R, X and (—) , one has:

Theorem 9.1. The left derived functor
RE . Ho(7p, S—Top*) — Ho(Ext-S-complete n-connected spaces)
1s left adjoint to
()Tn5: Ho(Ext-S-complete n-connected spaces) — Ho(Tp, S—Top*) .
Moreover, the pair of functors above give an equivalence categories.

Proof. For the case of one prime p , the homotopy groups of (Z/p),X are given by the

exact sequence:
1 1
0 — Ext(C[-], m:X) — m(Z/p)X) — Hom(C[-], mx_1X) — 0
p p

If S is generated by finite primes pq, - - - p, using the formulas
(Zfpy X -+ X L[pr)ocX = (Z[p1)ocX X -+ X (Z[pr)ocX
Th(R)oo X = me((Z/p1)ocX) X - X mp((Z/Pr) e X)
Ext(C[S™!], 7) = EX‘L(C[}%],W) X e X EXt(C[p%],ﬂ')
Hom(C[S™"],7) = Hom(C[,-], 7) x - -+ x Hom(C[.-], 7)

we have a similar formula for R, X
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0 — Ext(C[S™],mX) — mRoeX — Hom(C[S™!], 11 X) — 0

If X is an 7p, S-cofibrant space, we have that 7, X is S-divisible, then 7, R X =
Ext(C[S™!],m,X) = 0 and R, X is an Ext-S-complete n-connected space. On the other
hand, if Y is an Ext-S-complete n-connected space, then Y77 is an 7p S-cofibrant
space.

70,5 we have that on the

By the universal properties of the constructions RZ and (—)
homotopy categories RZ is left adjoint to (—)72n%

The unit of the adjunction in contained in the commutative diagram

(Roo X )05

|

X R X

where we have supposed that X is 7p_S-cofibrant. The localization X — R, X induces
isomorphism on singular homology with coefficients in Z/p; x -+ x Z/p, . Since Ry X
is n-connected we apply Proposition 6.2 to obtain that (R..X )TD"S — R, X induces
isomorphism on singular homology with coefficients in Z/p; X -+ - X Z/p, . Therefore the
unit X — (RseX)™* induces isomorphism on homology with coefficients in Z/p; X - - - x
Z/p, . From this fact we also have that the unit induce isomorphism on homology with
coefficients in every S-torsion group. By Proposition 6.3 , because X and (R X )TD"S are
1-connected spaces, one has that the unit is a homotopy equivalence.

On the other hand, for the counit of the adjunction we have the commutative diagram

YTDn S Y

|

Roo(Y725)

where Y is an Ext-S-complete n-connected space.

The localization Y72n% — ROO(YTDnS ) induces isomorphism on singular homology with
coefficients in Z/p; X --- X Z/p, . Since Y is n-connected , by Proposition 6.2 we have
that Y729 — Y induces isomorphism on singular homology with coefficients in Z/p; x

- X Z/p, . Therefore the counit R, (Y7%) — Y induces isomorphism on homology
with coefficients in Z/p; x -+ x Z/p, . Taking into account that R, (Y72+%) and Y are

Ext-S-complete spaces, it follows that the counit is a weak equivalence. ([l

Theorem 9.2. Let X be an (n — 1)-connected space with 71, X an S-diwisible group, then
fork>n

TeRoo X = m_1 (C[S7Y]; X)
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Moreover, if we also assume that for k > n mX an S-torsion group then one has the

following ezxact sequence for k > n
0 — m(C[S™'; X) ® C[S™!] — m X — Tor(m,_1(C[S™']; X),C[S7!]) — 0

and for k =n one has
X 2 1, (C[S7Y; X) ® C[S™]

Proof. Notice that the maps X — R, X and S* — R,,S* for k > n induce isomorphism
on singular homology with coefficients in every S-torsion abelian group. By Proposition
6.3 (ii) these maps are Tp, S-weak equivalence, hence X72n% — (R X)2n | (SF)TPnS —
(RooS*)T2n are homotopy equivalences. Using Proposition 6.2 (ii) it follows that (S*)7Pn9
is a Moore space of type M(C[S™!],k — 1) . Now one has the following isomorphism

TrRwX = Ho(Q—Top")(Rw Sk,RooX)
=~ Ho(7p, S—Top*)((RsS*) 7205, (R X ) Pn )
=~ Ho(7p,S—Top*)(M(C[S7!],k — 1), X Pn9)
= Ho(Q—Top")(M(C[S7'],k — 1), X7P?)
= 1 (C[S71]; X720 %)
= 11 (CIS™]; X)

where we have used the universal property of the localization maps, the equivalence of
categories given in Theorem 9.1, the fact that M(C[S™!],k — 1) is Tp,S-cofibrant and
X7TrnS i Tp, S-fibrant and finally that X7»+% — X is an 7p_S-weak equivalence.

For the second part of the theorem, we note that by by Theorem 4.1 X is weak equivalent
to an Tp, S-cofibrant space, then one has that (R, X )% =2 X . Now the result follows
from the exact sequences given in Theorem 5.3 . 0

Corollary 9.1. Let A be an S-torsion group,then then we have a splittable short sequence

0 — Hom(C[S™!],A) ® C[S™!] — A — Tor(Ext(C[S™!],A),C[S™!]) — 0
where Hom(C[S™Y, A) ® C[S™!] is isomorphic to DgA the mazimal S-divisible subgroup
of A and Tor(Ext(C[S™!], A), C[S™!]) has no S-divisible (non trivial) subgroups.
On the other hand, if B is an Fxt-S-complete group, then one has a splittable short
sequence

0 — Ext(C[S™Y, Tor(B,C[S™)) — B — Hom(C[S™Y], B® C[S7!]) — 0

where  Ext(C[S™Y, Tor(B,C[S™'])) is  S-adjusted and  S-complete, and
Hom(C[S™!], B® C[S™']) is S-torsion-free and S-complete.

Proof. 1t suffices to consider the Eilenberg Mac Lane space K(A,m) for an S-torsion

group, with m > n and compute the homotopy groups of Ry K (A, m) and (R K (A, m)) 725,
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For B an S-complete group we compute the homotopy groups of K(A,m)™»% and
Roo (K (A, m)™n5) | OJ

Remark 9.1. The formulas of Corollary above are well known. We refer the reader to
[BK, ch VI] and Harrison [HaJ. Note that we consider the case that S is generated by a

finite number of primes.

Using the equivalence of categories

Ho(7p,S—Top™) ~ HHO(TDn SPi—Top™)
i=1

and Theorem 9.1 , one can prove the following results:

Corollary 9.2. The homotopy category of n-connected Ext-S-complete spaces is equiva-
lent to the finite product of the homotopy categories of n-connected Ext-p;-complete spaces
foro=1---1r.

Corollary 9.3. Let Y be an n-connected Fxt-S-complete space, then
(i) Y is weakly equivalent to (Z/p1)sY X -+ X (Z/pr)sY
(ii) The inclusion

(Z/p1>ooy\/ te \/(Z/pr)ooy - (Z/p1>OOY X X (Z/pr)ooy 5

15 a weak equivalence.

Remark 9.2. (i) Note that the the category Ho(7,S—Top") is equivalent to the homotopy
category of (n — 1)-connected Ext-S-complete spaces whose n'™ homotopy group is S-
adjusted.

(ii) Given an Ezt-S-complete abelian group B , there exist a unique Ext-S-complete
space C = C(C[S™1]; B,m) up to weak equivalence such that m,,(C[S™'];C) = B and for
k # m , C has trivial homotopy groups with coefficients in C[S™| . On the other hand,
there erists a unique S-torsion space T = T(C[S™]; B,m) up to weak equivalence, such
that with respect to homotopy groups with coefficients in C[S™1] , T is an Eilenberg Mac
Lane space.

(i4i) Recall that the standard homotopy groups are related with the homotopy groups
with coefficients in C[S™!| or in Z/s by the formulas:

0 — Ext(C[S™), m1X) — m(C[S™]; X) — Hom(C[S™], m.X) — 0

0 — Ext(Z/s, m1X) — m(Z/s; X) — Hom(Z/s, m: X) — 0

It is interesting to note that the homotopy groups with coefficients in (C[%] and in Z/s,
with s = p' are related by the formulas

1
0— li}nlwkH(Z/pl;X) — me(C[=]; X) — li}nwk(Z/pl;X) — 0
p
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0 — Ext(Z/p, ml(c%]; X)) — (2 X) — Hom(Z/y', m(@[})]; X)) 0.

If X is an 1-connected Fxt-S-complete space one has

X & 11 (C[STY]; X).

Finally, if X is an 1-connected space and there exists a multiplicative system S generated

by a finite set of primes such that X is S-diwvisible and for k > 2 m, X is S-torsion,

then the standard homotopy groups and the homotopy groups with coefficients in C[S™!]

are related by the short exact sequence for k > 2:

10.
11.

12.
13.

14.
15.

16.

17.

18.
19.

0 — m(C[S™; X) ® C[S™!] — m. X — Tor(m,_1(C[S™]; X),C[S™1]) — 0.

REFERENCES

. D.M. Kan A.K. Bousfield, Homotopy limits, completions and localizations, Lecture Notes in Mathe-

matics, no. 304, Springer-Verlag, 1972.
A. K. Bousfield, The localization of spaces with respect to homology, Topology 14 (1975), 133-150.

. C. Casacuberta, L.J. Hernandez, and J.L. Rodriguez, Models for torsion homotopy types, Israel J. of

Math. 107 (1998), 301-318.

W. G. Dwyer and J. Spalinski, Homotopy theories and model categories, Handbook of Algebraic
Topology, pp. 73-126, Elsevier Science B. V., Amsterdam, 1995.

W.G. Dwyer, P. S. Hirschhorn, and D.M. Kan, Model categories and more general abstract homotopy
theory I,11, preprints, 1997, 2000.

J. I. Extremiana, L. J. Herndndez, , and M. T. Rivas, A closed model category for (n — 1)-connected
spaces, Proc. Amer. Math. Soc. 124 (1996), 3545-3553.

E. Dror Farjoun, Cellular spaces, null spaces and homotopy localization, Lect. Notes in Math., no.
1622, Springer-Verlag, Berlin, Heidelberg, 1995.

Paul G. Goerss and John F. Jardine, Simplicial homotopy theory, Progress in mathematics, no. 174,
Birkhauser Verlag, Basel-Boston-Berlin, 1999.

L.J. Hernandez, Closed model categories for uniquely S-divisible spaces, J. Pure and Appl. Alg 182
(2003), 223-237.

P. J. Hilton, Homotopy theory and duality, Gordon and Breach, New York, 1965.

P.S. Hirschhorn, Model categories and their localizations, Mathematical Surveys and Monographs,
vol. 99, Am. Math. Soc., 2003.

M. Hovey, Model categories, Mathematical Surveys and Monographs, vol. 63, Am. Math. Soc., 1999.
A. Joyal, Homotopy theory of simplicial sheaves, umpublished (circulated as a letter to Grothendieck
dated 11 April 1984.).

L. Kulikov, On the theory of abelian groups of arbitrary cardinality, Mat. Sb. 16 (1945), 129-162.

J. Neisendorfer, Primary homotopy theory, vol. 25, Mem. Amer. Math. Soc., no. 232, AMS, Provi-
dence, RI, 1980.

G. Mislin P. Hilton and J. Roitberg, Localization of nilpotent groups and spaces, North-Holland,
Amsterdam, 1975.

D. G. Quillen, Homotopical algebra, Lect. Notes in Math., no. 43, Springer-Verlag, New York, 1967.
, Rational homotopy theory, Ann. of Math. 90 (1969), 205-295.

J.-P. Serre, Groupes d’homotopie et classes de groupes abéliens, Ann. of Math. 58 (1953), 258-294.




HOMOTOPY CATEGORIES FOR SIMPLY CONNECTED TORSION SPACES 29

DEPARTMENT OF MATHEMATICS AND SCIENCE COMPUTATION, UNIVERSITY OF LA Rioja, C/ Luis
DE ULLOA, s/N, Epiricio VIVES, 26004 LOGRONO, SPAIN.,,
E-mail address: luis-javier.hernandez@dmc.unirioja.es



