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Notation

J, denotes the Bessel function of the first kind and order a > —1.
A small variation of the so-called modified Bessel function of the first kind and order a (usually
denoted by 1,):

o Ja(1Z) 5 (z/2)™"
7,(2) = 2°T(a + 1) T (o + 1); Torasy 2°C

Also, let us take
E.(z) = 1,(2) +

VA
2t D) I,11(2), zeC.

For a = —1/2, we have E_;,,(z) = €.

The Dunkl transform on the real line

For a > —1/2, the Dunkl operator on the real line is defined by

2a+1(f(x)— f(—x))

d
Aot = 0 + = -

In the particular case « = —1/2, we have A_;/, = d/dx.
For every A € C, the function E,(AX) is the unique solution of the initial value problem

Af(X) =Af(X), xXeR,
f(0)=1

(see [3, 4, 5]). The E,(AX) is called the Dunkl kernel.
Given the measure
duta(x) = (2T (e + 1)) Hx[2* d,

the Dunkl transform on the real line is given by

L 1(y) = fR (OEa(=iyX) da(), Y €R.

The classical Fourier transform corresponds to the case o = —1/2.
There exists an extension for a > —1 (see [6]).

The orthogonal system

Let {sj};>1 be the increasing sequence of positive zeros of J,.1(x), and take s_; = —sj and so = 0.
With them, let us define the functions

24/2(T (a + 1))1/2
£ a(is))]

€,j(r) = E.(isir), j€Z\{0}, re(-11),

and e, o(r) = 2@D/2(T(a + 2))1/2,
Using this notation, we have

Theorem 1. Let & > —1. Then, the sequence of functions {e, j}jcz Is a complete orthonormal system

in L2((—1, 1), duy).

When a = —-1/2, this is the classical exponential system defining Fourier series, i.e.,e_1/2 j(r) = elmr,
From the theorem, for f € L?((-1, 1), du,), we have

1

f(r):_Z aj(feja(r),  aj(f) = [ RICORGETAG!

j=—o0

The main tool to prove the orthogonality ([1, Lemma 1]):
Lemma. Leta > —1and x,y € C. Then, for x # v,

o . ~ 1 X2 041(1X) L o (1Y) = YL 041(1Y) 1 o (1X)
‘[1 E(IXN)E,(iyr) du,(r) = 2o 1 2) =y ’

and, for x =y,

1 2
[ 1 I (ixP)2 dita(r) = 2a+1r(1a — (Z(ax+ 5 T2, (iX) — (2t + 1)T 411(iX)To(iX) + 2(a + 1)J§(ix)) .

The sampling theorem

Now, as usually in sampling theory, we take the space of Paley-Wiener type that, under our
setting, is defined as

1

PW, = {f € LA(R, du,) : f(x) = f

-1

U(Y)Ea(ixy) dsa(y), u € L¥((=1, l)rd(ua)}

endowed with the norm of L?(R, dy,).
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In this way, our sampling theorem is

Theorem 2. If f € PW,, a > —1, then f has the representation

XIa+1(iX)
2(a + 1) ,(isj)(x — sj)”

f0) = f(so)Tasa(®) + ) f(s)

j€Z)\{0}

that converges in the norm of L%(R,du,). Moreover, the series converges uniformly in compact
subsets of IR.

In the case o« = —1/2, we get the classical Shannon sampling theorem: If f is band-limited to the

interval (-1,1), i.e.,

1 ! -
f(t) = — Vg

then f can be recovered by mean of the values f(jn), j € Z, by mean of

F(t) = i f () S"l(:_ in).

j=—o0

An example

Fora,B,a+ > -1, we have

* Jarprant1(t) Jo(xt) a1 I'n+1)
a+p+1 a t dt = B
0 t (xt) 2PT(B+n+1)

1 =Py P - 2 xpn(x), Nn=0,12,...,
where Pﬁ“’ﬁ) denotes the n-th Jacobi polynomial of order (a,p), and x[os; is the characteristic
function of the interval [0, 1]. From this formula, it follows that

X2hEa+ﬁ+2n+l(iX) S PWa-

Then, from the sampling theorem,

Xja+1(ix)
2(a + 1)1 4 (isj)(x — s5)”

inEa+ﬁ+2n+1(iX): Z SJanoz+ﬁ+2n+l(iSj)
jeZ\{0}

valid fora,B,a + > -1,andn=1,2,...;and, forn =0,

Xfa+1(ix)
2(a + 1) T ,(isj) (X — Sj)°

Ea+‘3+1(iX) = IOH_]_(IX) + Z E0(+‘3+1(ISJ)
j€Z\{0}

Pictures. Taking f(x) = inEa+ﬁ+2n+1(iX) with @ = 2.3, B = 8.4 and n = 2, we present some
pictures showing f (red), the points of sampling (green), and partial sums Z‘j(:_k of the recovering
formula with k = 2, 3, 4 and 5, respectively:

References

[1] J. BETANCOR, O. CiaurrI AND J. L. VaroNa, The multiplier of the interval [-1, 1] for the Dunkl
transform on the real line, J. Fucnt. Anal., to appear. Preprint on http://www.unirioja.es/
dptos/dmc/jvarona/papers.html

[2] O. C1aurrr AnD J. L. Varona, A Whittaker-Shannon-Kotel’nikov sampling theorem related to
the Dunkl transform, Proc. Amer. Math. Soc., to appear. Preprint on http://www.unirioja.
es/dptos/dmc/jvarona/papers.html

[3] C. F. Dunkr, Differential-difference operators associated with reflections groups, Trans. Amer.
Math. Soc. 311 (1989), 167-183.

[4] C. F. Dunkr, Integral kernels with reflections group invariance, Canad. J. Math. 43 (1991),
1213-1227.

[5] M. F. E. pE Jeu, The Dunkl transform, Invent. Math. 113 (1993), 147-162.

[6] M. RosenBruM, Generalized Hermite polynomials and the Bose-like oscillator calculus, Oper.
Theory Adv. Appl. 73 (1994), 369-396.



