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ABSTRACT: We study some problems related to convergence and di-
vergence a.e. for Fourier series in systems {¢y}, where {¢r} is either
a system of orthonormal polynomials with respect to a measure dyu on
[—1,1] or a Bessel system on [0,1]. We obtain boundedness in weighted
LP spaces for the maximal operators associated to Fourier-Jacobi and
Fourier-Bessel series. On the other hand, we find general results about
divergence a.e. of the Fourier series associated to Bessel systems and
systems of orthonormal polynomials on [—1,1].

§0. Introduction.

Let du be a positive measure on a finite interval [a,b] C R and

n

b
Sufl@) =3 exou(a) . o= [ F(O0(E) dutt)

k=1

the n-th partial sum of the Fourier series of f with respect to a real, complete and or-
thonormal system {¢y} on L2(du).

In what follows {¢} will be either the system of orthonormal polynomials given by
the normalization of the sequence {1,z,22,...} in L?([—1,1];dpu), or the Bessel system in
L?([0,1]; du), where du = x dx.

We shall denote by S*f(x) = sup|S, f(x)| the maximal operator associated to the

Fourier series of f.We are interested in the two following questions:
(a) Given p € [1,2), does S, f(x) converge to f(z)pa.e. for any f in LP(du) ?
(b) Is S* of strong or weak type (p,p) ?

Very well known standard arguments show that an affirmative answer to question (b)
leads to an affirmative answer to question (a). Several authors have studied the former
questions in the case of orthonormal polynomials on [—1,1] or Bessel systems on [0, 1].
Titchmarsh [16] and Benedek-Panzone [3] analyze question (a) in the case of Fourier-
Bessel series, determinating the range of p’s such that (a) is true, but their techniques
(equiconvergence theorems) cannot be used to approach matter (b).
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For Jacobi polynomials, equiconvergence theorems again show that there exists a range
of p>s such that (a) is true (see [15]). Badkov studies in [2] the problem of the boundedness
of the operator S* for generalized Jacobi polynomials. He obtains boundedness (even in
some weighted LP-spaces) for the same range of p’s in which (a) is true.

With respect to negative answers to question (a), Pollard [14] shows that for each
p < 4/3 there exists a function f € LP(dz) such that its Legendre-Fourier series diverges
a.e.. After that, Meaney [10] extends the result to p = 4/3 and to Jacobi polynomials
(see also Badkov [2]). In these results, the asymptotic behavior of the polynomials is used
together with category arguments.

Our purpose in this paper is two fold:

First we obtain results about boundedness of the maximal operators in weighted L?
spaces, which extend Badkov’s results in the case of Jacobi polynomials and are new in
the case of Bessel functions (even in the unweighted case). The procedure is simple and
basicly consists of showing that a general result of Gilbert on transplantation remains true
when one considers weights in the Muckenhoupt A,-classes.

Second we note that a lower bound on the LP-norm of the polynomials is only needed
in order to obtain a result on divergence a.e.. In this case, a powerful result established by
Mété, Nevai and Totik [9], which is valid for a very general class of polynomials on [—1, 1]
allows us to prove a general divergence theorem which includes the Badkov and Meaney
results. Moreover, we are able to prove an analogous to Maté, Nevai and Totik’s result in
the context of Bessel functions which allows us to obtain divergence results in this case.

We shall use the following notations:

Let a, 8 > —1 . We shall denote by PL?) the Jacobi polynomials on [—1,1] with
respect to the measure du(®? = (1 — 2)*(1 + z)%dx (see [15]). Let J, be the Bessel
function or order a > —1, and j&(z) = /2|Jax1(n)| ! Jo(anx) (where a, is the increas-
ing sequence of the zeroes of J,) the Bessel system of order «, which is orthonormal and
complete in L?([0,1]; zdz).

The corresponding maximal operators will be denoted by S;, 5 and S;, , respectively.

Ap([a,b]) (where 1 < p < oo) will stand for the Muckenhoupt classes (see [11])
consisting of those nonnegative functions w on [a, b] such that

(‘I|_1/Iw)(m—1/Iw—p’/p)p/p’ <C for every interval I C |a,b],

where p+p' = pp’.
§1. Extension to A, classes of a Gilbert result.
Let (un)n>0 a sequence of functions on [0, 7] verifying:
(1.1) There exists a constant A such that sup |u,(z)] < A, Vn.

O<z<m
(1.2) There exist functions X7, X5, X3, Xy in L*°((0,7/2)) such that

un () = X1 () cos nw+ Xy (x) sinnz+(nz) 1 (X3(x) cos ne+ Xy (x) sin nw)+0((nx) ~?)

uniformly for z € (1/n,7/2).



(1.3) There exist functions X}, X4, X4, X in L*>°((0,7/2)) such that
Auy(z) = z(X](z) cosnx + X5(x) sinnzx)
+nH(X4(x) cosnz + X () sinnx) + O(n 2z~ 1)
uniformly for x € (1/n,7/2), where Au,, = wy — Upt1.
(1.4) There exists a function X in L*>°((0,7/2)) such that
Auy(z) = n X (2)un(z) + (072 +2)0(1)
uniformly for z € (0,1/n).
(1.5) There exists a sequence (U,,) satisfying (1.1)-(1.4) and such that
un(m — ) = (=1)"Un(z) + O(n_Z)
uniformly for z € (0,7/2).
Let (ry,x) be a double sequence such that:
(1.6) >0 o |rn.k| < 00, VE.
(1.7) There exists a constant B such that |r, x| < B Vn, k.
(1.8) There exists a constant B such that Y - [A(r, k)| < B, Vk , where A(ry, i) =

T'n4+1,k — Tn,k-
If (uy,), (vy) satisfy (1.1)-(1.5) and (ry, x) verifies (1.6)-(1.8) then we define the kernels:

o0 o0
Ky (x,t) = Z P €™ e Li(w,t) = Z Tk Un ()0 (1),
n=0 n=0

In this situation the Gilbert result is (see [5]):

us

Theorem. Let 1 < p < oo . If the operator f — sup| f)Kg(x,t)dt| is of weak
k -

type (p,p) or strong type (p,p) in LP((—m,m)), then the same is true for the operator
o —suwl [ o(0Lu(e.)dt] in Lr((0,),
k —7

Examples of (u,,) satisfying (1.1)-(1.5) are (see [5]):

u®P(0) = A%P P (cos 0) (1 — cos 0)/2H1/4(1 4 cos §)P/2H1/4 a,f>—-1/2
(where A%? is a normalization constant), or
u(0) = 770V (x710),  a > —1/2.

If we call T, s and T3 to the corresponding maximal operators, then we have the
relations:

(1.9) Sapfl(cost) =T7 59(0)(1 — cos 0) /2= 1/4(1 + cos ) P/2-1/4
where g(6) = f(cos6)(1 — cos 0)*/2T1/4(1 4 cos 0)/2+1/4 and
(1.10) Saf(r=10) = Trg(0)6~ "/

where g(0) = f(x=10)0~1/2.

It is clear from Gilbert’s theorem that it is possible to obtain boundedness for the
maximal operators T 5 and T}, by comparing them with the usual Carleson-Hunt maximal
operator (see [4], [6]) associated to the trigonometric system. However, formulae (1.9) and
(1.10) indicate that we shall need a ”weighted” Gilbert theorem if we want to obtain some
boundedness for the maximal operators S;, 5 and 5.
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Theorem 1. Let 1 < p < oo . Let w € A,((—m, 7)) an even weight. Let (u,) , (vy,)
and (r, ) be sequences under the hypothesis of Gilbert’s theorem. If the operator f —

A*f =sup| f(t)Ky(z,t)dt| is of weak or strong type (p,p) in LP((—m,7),w), then the
k

—T
™

same is true for the operator ¢ — B* f = sup | ¢(t) Ly (z,t)dt| in LP((0,7),w).
k

Proof.

The Gilbert proof is based on the control of the operator B* by operators close to the
operator A* (since (u,) , (v,) may be expressed in terms of sines and cosines) together
with another one which can be essentially controlled by the Hardy-Littlewood maximal
function. Now, the proof consists of observing that all the operators taking part in the
proof are bounded with A, weights because of the hypothesis and Muckenhoupt’s result
related to the boundedness of the Hardy-Littlewood maximal function with A, weights
(see [11]). Details can be found in ([13], Chapter IV).

When 7, = 1 if n < k and 0 otherwise, and (u,) = (v,) is the sequence u®” (or
u®), then A* is the operator

k

f—S*(f)x) =sup| > _ f(n)

k

®

inxl
)

n=0

where S* is the Carleson maximal operator and f” = f(0)+%(f+f) . f being the conjugate
function of f.

Both operators S* and f” are bounded in LP((—, 7),w) when w is an A, weight, due
to Hunt, Muckenhoupt and Wheeden’s theorem (see [7]) and Hunt and Young’s theorem
(see [8]). On the other hand, the corresponding operator B* is the maximal operator T}, 4
(or T ).

Some applications of Theorem 1 are:

Theorem 2.
(i) Let o, > —1/2 and 1 < p < oo. Let u be a weight on [—1,1]. If

w(t) = u(cost)(1 — cost)2~PRFD/A(] 4 cost)2-PIRATD/ ¢ 4 ((0, 7))

then S7, 5 is bounded in LP(udu(®P)).

(ii) Let a > —1/2 and 1 < p < co. Let u be a weight on [0, 1]. If u(z) z'~?/% € A,((0,1))
then S} is bounded in LP(u(x) zdz).

Proof.

(i) By (1.9), S}, 4 is bounded on LP(udp(*P)) if and only if T7; ; is bounded on LP(w)
and this follows from the abovementioned remarks.

(ii) It is analogous using (1.10) instead of (1.9).

A particular case of part (i) in Theorem 2 is
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Corollary 1 (Badkov [2]). Let o, 8> —1/2,1 < p < o0, u(x) = (1 — ) (1 + z)? . If
the conditions:

a+(a+1)(1/p—1/2) <1/4, b+ (B+1)(1/p—1/2) < 1/4
a+(a+1)(1/p—1/2) > —-1/4, b+ (B+1)(1/p—1/2) > —-1/4

are fullfilled, then S}, 5 is bounded on LP(u du(*?)).

Proof.
We need only to check that

(1 — cos t)ap+{(2—p)(2a+1)}/4(1 + cos t)bp+{(2—p)(2,6’+1)}/4 € A,((0,))

but this is equivalent to

{2apt{2=p)Rat)}/2 (7 _ )2+ 2=P)20+11/2 ¢ 4 ((0, 7))

and a simple exercise of integration shows that this is true taking into account the hypoth-
esis.
Note. Considering different systems (u, ), (v,,), theorem 1 also allows us to obtain trans-
plantation’s results of the following type:

“Let du, dv be two different measures of Jacobi type and let P,,, (),, the corresponding
orthonormal Jacobi polynomials. Then, for a certain range of p's, for each f € LP(dv),
there exists a g € LP(du) such that

/ 9(2) Py (2)dps(z) = / @)Qu@dvla) V=0

-1

and  ||g||ze(ap)y < C||fl|Lrav) where the constant C' is independent of f”.
Theorems of this type have been studied by Askey [1] and Muckenhoupt [12], not for
the polynomials on [—1, 1] but for the corresponding orthonormal functions in (0, 7).

§2. Divergence almost everywhere.

First, we are going to study the case of orthonormal polynomials in [—1, 1].

Assume dp is a positive Borel measure on [—1,1] such that p/ > 0 a.e., and let
{P,(2)}>2, denote the corresponding orthonormal polynomials.

The following result is due to M&té, Nevai and Totik [9]:

Lemma 1. Suppose 1 < r < co. If g is a Lebesgue measurable function in [—1,1], then

1 1
(/ lg(x)(1 — )~V 4 (2) V2" de) YT < M liminf(/ 1g(2) Py (2)|"da) /™

where M = gl/29maz{l/r—1/2,0}

By using this lemma we obtain:



Theorem 3. Let w be a Lebesgue measurable positive function in [—1,1] and 1 < p <
g<oo, (1/p+1/q=1). If

(2.1) w(z)™t ¢ LI(du) or f ()21 — )~V 4w (2)—q & L (dz),
then there exists f € LP(wPdu) such that S, f either does not exist or diverges almost
everywhere in [—1,1].

Proof.

Suppose that co(f f f(z)Py x)du( ) exists for each f € LP(wPdu). By duality,
this implies Py € L (w qdu), ie., wl € LI(du). If w™t € L9(du) , then S, f exists for
every n =0,1,2,... and every f € LP(wPdpu) , and so the operators

o f € LP(wPdp) — en(f / f(z dp(x)

are continuous by using Holder’s inequality. Moreover, ||, || = ||Pow ™| £a(qy) and so, by
(2.1) and lemma 1, it is clear that sup || P,w™'||Le(au) = oo. Then, the Banach-Steinhaus

theorem shows that there exists f € LP(wPdpu) such that sup |c,(f)| = oo

On the other hand, if S, f(z) = >"}_, cx(f)Px(x) converges in a set E of Lebesgue
measure |E| > 0 and sup |c, (f)| = oo, then there exists a subsequence P,, with

hllcm P, (z)=0 a.e. in F.

If we take 6 > 0 and § < |E|, by using Egoroff’s theorem, there exists D C E such that
|D| = ¢ and lillgn P,, () = 0 uniformly in D. Therefore

lim/ | Py, |diw = 0.
k Jp
But, by lemma 1 with » =1 and g(x) = p/(x)xp(x), we have

hm/ \P,, |dp > M~ / YA (@)Y 2dx > 0,

which is a contradiction.

Next, we show a similar result for Bessel systems. First of all, we need to establish
an analogous result to lemma 1. For that, we shall use the following estimates for Bessel
functions

(2.2) Jo(2) = 227 T (a+ 1)1 +0(z*"), 2—0
(2.3) Jo(2) = V2(rz) Y2 cos(z — % - %) +0(:z7%?) 2z —



1
1

(2.4) / Jo (o)’ de ~ , N —> 00

0

T,

and the Fejer lemma: if f, g are nonnegative functions, ¢ is continuous with period 27 and
f € LY((0,27)), then

27

(2.5) im — [ f(H)g(Mdt = §(0) £(0)

A—oo 27 0

where h(z) denotes the Fourier transform of A.

Lemma 2. Let « > —1. Let h(z) be a Lebesgue measurable nonnegative function on
[—1,1] and 1 < p < co. Then

1 1
(2.6) lim l7(z)|Ph(x)dx > M / h(x) z~P/? dx
where
op/2 27
M=— | cos t|P dt.
2 Jo
Proof.

If there exists no & € (0,1) such that h(x)z®? ¢ L'(0, ) then (2.6) is trivial since (2.2)
implies that all the integrals on the left in (2.6) are equal to co. Then, we may suppose
that h(x)x*? € L'(0,0) for some § € (0,1). By (2.4) it is enough to prove

1

(2.7) lim Kﬂany/%kxo%xnph@g¢pzju A h(z) 7P/ do

n—oo 0

Suppose that h(z)z~P/2 € L'((0,1)). If we prove
1

(2.8) lim ()Y 2 T (anz) — (2/7)Y2 cos(anz — 5 %)|ph(ac)m*p/2dm =0

n—oo 0
then (2.7) is reduced to show that

1 1
(2.9) lim 1(2/2)"/2 cos(apz — O;—W — %)V%(az)dw — M / h(z) 2~/ da.
0

n—oo 0

Now, (2.9) holds by using (2.5) with

_ 19205t — X _ e iy = h ()T 2 2
t=2ma, g(t) = 242 cos(t = ST = DI F0 =h()(52) A=
Thus, let us prove (2.8) under conditions

(2.10) h(z)z®? € L'((0,6)) and h(z)z"P/? e L'((0,1).
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Take n large enough so that «,, > 1. In view of (2.4), if a,,x > 1 then
()2 Jo(anz) — (2/7)Y2 cos(ans — — —

and, according to (2.2), if a,x < 1 it follows

()2 T (o) — (2/m) 2 cos(apa — — — = )| < C ((nz)* T2 +1) < Cy (T2 4 1)

(in the last inequality we use o,z < 1,if @ +1/2 >0, and a,x >z, if a +1/2 <0, ).
Now, by (2.10), we can apply the dominate convergence theorem and we obtain (2.8).
Finally, in case that h(x)z=?/2 ¢ L'((0,1)), let {K; }321 be the sequence of increasing

measurable sets K; = {z € (0,1) : h(z)z7P/2 < j}, and denote by h; the function h; = h

on K; and 0 elsewhere. By applying (2.7) for each h; and then the monotone convergence

theorem, (2.7) also holds in this case, and the proof of the lemma is finished.
From lemma 2 and proceeding exactly as in the proof of theorem 3, we obtain:

Theorem 4. Let « > —1 be and suppose 1 < p < g < oo, (1/p+1/qg=1). Let w be a
Lebesgue measurable nonnegative function on [0,1]. If

w(x) ptl ¢ Ll(da:) or w(w)_qxl_Q/Q ¢ Ll(dx)

then there exists f € LP(w(x)Pxdx) whose Fourier series with respect to the system {j (x)}
either does not exist or diverges almost everywhere on [0, 1].

Notes.
(i) If @ > —1/2, the proof of lemma 2 shows that the sign “>” can be replaced by
(ii) Theorems 3 and 4 contain as particular cases the known cases of generalized Jacobi
polynomials ([2], [10], [14]) or Bessel systems ([3]).
(iii) An analogous result to Theorem 4 can be obtained for Dini systems in [0, 1].

“__»
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