UNIFORM TWO-WEIGHT NORM INEQUALITIES FOR
HANKEL TRANSFORM BOCHNER-RIESZ MEANS
OF ORDER ONE

OSCAR CIAURRI, KRZYSZTOF STEMPAK, AND JUAN L. VARONA

ABSTRACT. Two-weight LP norm inequalities, uniform with respect to the
order of the involved Bessel function, are proved for the Bochner-Riesz means
of the first order for the Hankel transform. Both sufficient and necessary
conditions for parameters used in the two weights are determined. The proof
relies on uniform pointwise asymptotic estimates for the Bessel functions that
were shown by Barcelé and Cérdoba.

1. INTRODUCTION

The Hankel transform H, f of a suitable function f on (0,00) is defined by

Hof(z) = /Ooo(xy)l/QJu(xy)f(y) dy, x>0.

Here v > —1 is given and J,(x) denotes the Bessel function of the first kind and
order v, [3]. It is known that (H, o H,)f = f and ||H, f|l2 = ||fll2, for any f €
C2°(0, 00), the space of C* functions with compact support in (0, 00) (|||, denotes
the usual unweighted norm in L?(0,00)). Consider the Bochner-Riesz means of
order § > 0 for the Hankel transform H, given by

S) rf(x) = Hy(m% - Ho f) ()
- / KS n(z,9) () dy,

where m%(y) = (1 — (y/R)?)° for 0 < y < R and 0 otherwise, and
R
K pla,y) = | my(s)(ws)' /20, (xs)(ys) /2 T, (ys) ds.
0
Uniform boundedness, with respect to R > 0, of S‘Vs, p in weighted LP spaces for
fixed v > —1 and § =0,

(1) 180, rf ()2l < Ol f(x)2%],,  R>0,
is known to hold if either v > —1/2, 1 < p < co and —1/p < a < 1-1/p or

-1<v<-1/2,2/(2v +3) <7p < —=2/(2v+1) and a = 0; cf. [7] for appropriate
references. The general case § > 0 then follows by applying a sort of Steckin-type
multiplier theorem for the Hankel transform. Indeed, let m(z) be a function of

bounded variation on (0,00). Then (1) implies

[Hy (m - Mo ()2 ||, < Cmax{|m(1)], Var m}|| f ()|,
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(with the same constant C). To show this, it is sufficient to establish the inequality

\ / () Hos(y) dy\ < Cmax{m(1)], Varm}| £ ()2 |, lg(@)z |

for f,g € C2°(0,00). Define

R
_ /0 Hof()Hog(y)dy, R >0.

Then (1) gives
n (R)] < Cllf (@)z[lpllg(x)z™ [l

and an integration by parts leads to

/ " ) F ) a) dy] < () ()] + (N (V) + \ / " ) dm<y>]

< Cmax{|m(1)[, Var m} || f(x)z*(|pllg(z) 2™ ||,

Finally, a limit passage with € tending to 0 and N tending to oo completes the
argument.

Since (1), with 6 = 0 and R = 1 (hence also with any R > 0), holds uniformly
with respect to v > 2 (cf. [7] for appropriate comments) in the case when 4/3 <
p<4and —1/p < a <1—1/p the same remains valid, by applying the argument
just used, for arbitrary § > 0.

The present paper focuses on proving more general, uniform with respect to v,
inequalities of the form

155 f (@) (1 + 2)"=|, < C|lf ()2 (1 + )P~ |;
we simplify the notation by writing S} and K} in place of S}, ; and K},

Theorem 1. Let o > —1 and 1 <p < oco. Then
@ 1S5 f (@)2* (1 +2)" =], < Cllf ()2 (1 + )P,

with a constant C' = C(p, a,a,b, A, B) independent of v > « and f if and only if
a,b, A, B,« and p satisfy the conditions

(3) a>-1/p—(a+1/2) (Zifp=00), A<1l-1/p+(a+1/2) (Sifp=1),
(4) b<2-1/p (Sifp=0c0), B>-1-1/p (Zifp=1),

(5) b < B.
Moreover, only v = « in (2) is required to prove necessity of (3), (4) and (5).

It is tacitly understood that when assuming (2) to hold and then proving the
necessity of (3), (4) and (5) only such functions f are admitted for which S} f(x)
is well defined for (almost) all x > 0, ie., [;° |KX(z,y)f(y)|dy < oo for z > 0.
Clearly, if f is compactly supported in (0,00), say in [¢,d], 0 < ¢ < d < o0,
and fcd|f(y)\dy < oo, then [;°|K}(2,y)f(y)|dy < oo, since, with given > 0,
K}(z,y) is a continuous function of y > 0. But if we assume [~ |f(z)z?(1 +
2)B=APdr <cowith A<1—1/p+ (a+1/2) (ifp=1)and B> -1-1/p (>
if p=1), then S!f(x) is also well-defined for v > o and = > 0. This easily follows,
by using Hélder’s inequality and the estimates K!(z,y) = O(y**/?), y — 0%,
and K!(z,y) = O(y™2), y — oo. The first estimate follows from the integral
representation of K!(z,y) and the asymptotic

(6) J(t)=0(t"), t—0%,
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the second is a consequence of the Campbell-type representation of K} (z,y): cf. (26)
and follow the argument in the proof of Lemma 2 (now, with z and v fixed!). There-
fore the second parts of (3) and (4) should be considered as “natural” assumptions.
An analysis also shows that the first conditions in (3) and (4) are dual to their right
counterparts.

It is instructive to compare the assumptions (3), (4) and (2) of Theorem 1
with those of Theorem 1.1 of [7] (partial sums case). The conditions on a and
A are exactly the same; this is probably explained by the fact that the kernels
K} (z,y) and K2(z,y) have the same behaviour in the neighbourhood of (0,0). The
conditions on b and B are now relaxed (by one from both sides) when compared with
those from Theorem 1.1 of [7]. The most important difference is with the condition
on the relation between b and B; it becomes now very simple when compared with
that of Theorem 1.1 of [7]. Furthermore, the uniformity of (2) for large v does not
imply additional restrictions: the condition b < B is sufficient for (2) to hold for
v > « as well as for the single v = a.

In [7] we compared a similar result proved there for partial sum operators (the
case of 6 = 0) with Muckenhoupt’s result [4] proved for partial sum operators for
expansions with respect to the system of Laguerre functions

oh(n+1) \/* _.2
1][};3;(1,) _ (M) e % /2 xa+1/2Lg(x2)7
which form a complete orthonormal system in L?(0,00) (for a motivation leading
to such a comparition see again [7]).

It seems worthy to compare our present result with that of Muckenhoupt and
Webb [5] specified to the first order Cesaro means and reformulated for expansions
with respect to {p2}22,,

N
(avl) _ 1 @ «

An earlier result of Poiani, [6], admitted the case a = A and b = B only and did
not include some possibilities.

Theorem ([5], Theorem (2.29)). Let & > —1 and 1 < p < oo. Then
M s ol V(a1 a) 0, < O @t (14 1),

holds with C' = C(p,a,a,b, A, B) independent of f if and only if a,b, A, B and «
satisfy the conditions

(8) a>-1-1/p, a>-1/p—(a+1/2) (= ifp=o00),
(9) A<a, A<1-1/p+1/2, A<1-1/p+(a+1/2) (S ifp=1),
(10) a+B > min{—3-2/(3p), —2—2/p},  A+b<min{d—2/p,11/3—2/(3p)},
(11) b<min{3—-1/p,8/3+1/(3p)}, B > max{-3+1/(3p),—2— 1/p},
(12) b < B +min{0,3 —4/(3p),5/3 +4/(3p)}.

The last parts of the assumptions (8) and (9) are identical with our assumptions
on a and A, cf. (3). This is caused by the fact that the kernel K} (x,y) and the

kernels that correspond to Ug\?’l) have the same behaviour for small z and y. To see
this, one has to compare the result of Lemma 1 below with the estimate (2.3) of [5]
(because of the reformulation mentioned above, in (2.3) of [5] one has to take z2, y?

in place of z,y, and then multiply both sides by (a?y)l/ 2). In general, however, the
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assumptions (8)—(12) from the Laguerre case are much more involved than those
from Theorem 1. This is again explained by more complicated nature of estimates
of the first order Cesaro kernels in the Laguerre case (cf. (2.3), (2.4) and (2.2) in
[5] with necessary modifications) when compared with the estimates contained in
Lemmas 1-4 below.

2. PRELIMINARIES

We start with writing an exact expression for the kernel

Kl (z,y) = \/@/O s(1 — s)J,(ws)J,(ys) ds

that corresponds to the Bochner-Riesz mean S}. We use the notation

u:xZ—yQ, v:a:2+y2
and
Fi(z,y) = Vay,(2)Ju(y), By(x,y) = VayJ,(x) 1, (y),
Fy(z,y) = VayJu(x)J)(y), Fy(x,y) = VayJ,(x) ], (y).

Then we have

(13)  K,(z,y)
2 v v
= = (@2 =) (e,y) — 202 Fa(a,y) + 29 Fila.y) — 2ayFa(a.y) )
whenever x # y. This may be checked by noting that

(14) Kﬁ(:my) = 2D2F1($7y)

1 0 0
D="-(yL 2+ <
u <y8y x(‘?x) ’
using D(fgh) = D(f)gh + fD(g)h + fgD(h) and D(z% u=°) = x% u="2((b —
a)u + 2cv), a,b,c € R, and observing how D acts on F;, i =1,2,3:

where

D(F1) = —(=zFy + yFy),

1
U
1

D(Fy) = - (_

V2 — g2

F +F2+Z/F4) ;

1 1/2_ 2
D(F3)=u( yy Fl—F3—$F4>;

the identities are obtained by using the fact that J, (x) satisfies Bessel’s differential

equation J!(z) = ((v? — 2?)/2?)J,(z) — (1/x)J.(z). To verify (14) we first use

Lommel’s formula

rdy1(57)Jy (sy) — yJu(s2) Ju+1(sy)
22 — 42

/ tJ, (xt)J, (yt) dt = s )
0

with s = 1, the identity zJ,4+1(z) = vJ,(z) — zJ)(z) and the expression on D(F})
to obtain KO(z,y) = DFy(z,y), where KO(z,y) denotes the integral kernel of S =
58,1. Then, integrating by parts, using Lommel’s formula and the expression on
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D(Fy) shows that

1
Kba) = Va7 [ (1= )sd,(as) 0, (ys) ds

vty y1(s2)Jy(sy) — yJu(sz)Jys1(sy)

p— ds

1
:2,/xy/ s$-8
0

1
= 2\/@/0 sD(Jy (sx)J,(sy)) ds
= 2DK(z,y).

This completes checking (14). We should add at this point that according to the
Laguerre case, (14) could be called a Campbell-type formula.

If v = —1/2 then J_j/5(u) = (2/(wu))'/? cosu and H_; /5 reduces to the cosine
transform. A direct calculation of the integral representing K il /2 (z,y) then shows
that

Kil/Q(x,y) _2 ((:v—ly)3 sin(z —y) — ﬁ cos(x —y) + ﬁ sin(z + y)

(z+y)

Similarly, if v = 1/2 then Jy/2(u) = (2/(7u))/?sinu, Hy/» reduces to the sine
transform and

- ;2 cos(z + y)) .

K%/Q(x,y) = 727<(:E—1y)3 sin(x — y) — ﬁ cos(x —y) — ﬁ sin(x + y)

+ G cos(x + y)) .

These two exact formulas (consistent with (13)!) give an immediate insight on
how estimates of K!(z,y) should look like, for a single v, in different regions of
the quarter plane. For estimates uniform on v, (13) together with the uniform
estimates that follow are required.

We will make an extensive use of the following uniform pointwise estimates of
Bessel functions and their first derivatives: with a constant D, independent of v
and x, for v > 1,

e TV2(T(w+1)2))7Y,  0<z<v/2
(15) |22, (2)] < DL VVAWR 4o — )"V w2 <a < 2,

1, 2u <z < 00,
and

va' 12T +1)2Y)7Y, 0<z<v/2,
(16) |22 T (2)] < D v VAW 4z — vV v)2 < < 2w,

1, v <z < o0,

and, for —1 < v < 1,

(17) w2, @) < pd o T FD)T 0<e <12,
v - 17 1/2 <z < o0,

and

V2T (w+1)", 0<z<1/2,

18 V21 (z)] < D
(18) e, (@) < {1, 1/2 < z < 0.
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In the case v = 0, the bound 27'/2 in (18) has to be replaced by 2%/2. (15) and (16)
are direct consequences of the delicate bounds done by Barcel6 and Cérdoba; they
follow from the table on p. 661 of [1], or p. 24 of [2]. The transition point x = v/2
in (15) and (16) may be replaced (clearly, with a different D) by (1 + ¢)v/2, or in
(17) and (18), x = 1/2 may be replaced by (1 + €)/2, where 0 < € < 1 is chosen
earlier; cf. [7] for additional comments.

Denoting by @, (x) the function that appears on the right of (15) when v > 1 or
on the right of (17) when —1 < v < 1, we have

(19) Ve, (2)] < D, (2).
Accordingly, (16) and (18) may be written in the following form

2 = 22|+ 21/3

(20) WaL@) < C 2, (2)
when v > 1 and
) Vel @) < ¢ @)

when —1 < v < 1 with the exception for v = 0; then (x + 1)/z is replaced by
z/(x +1).

For the purpose of kernel estimates that are proved in Lemma 1 it is much more
convenient to split (v/2, 2v) into the three intervals (v/2, v—v'/3), (v—v'/3 v1/3)
and (v + v'/3,2v) and, instead of ®,(z) in (19) use, if v > 3, say, the (equivalent)
bound by

2T (v +1)2))7Y, 0<a<v/2

vy — x) 14, v/2<axz<v—v/3

3, (z) = { v/, v—uv'3 <x <v4 /3,
vz —v)1/4, v4+vl/3 < e <2,
1, 2u < .

We have, for certain a,, b, and c,, the asymptotic

(22) VQJ;@)::\/2/n<cos@—+ay)+—by$n(t+‘”)

; +Ou40, t — 0.

At several places of the next section, without further refering to it, Stirling’s formula
is used:

lim v/ Y2 VT (v +1)71 = (2n)7V/2,

vV—00

Given p, 1 < p < oo, p’ denotes its conjugate, 1/p+ 1/p’ = 1.

3. KERNEL ESTIMATES AND BOUNDS FOR Kg IN DIFFERENT REGIONS

In the sequel we write v =vifr>1land v=1if —1 <v < 1. Also, we use the
notation

Wa p(x) = x%(1 +2)°7°.

The lemmas that follow give proper estimates of the kernel K.(z,y) in different
regions of the quarter plane (0, 00) x (0, 00). The corresponding propositions furnish
weighted LP bounds of associated kernel operators restricted to relevant regions with
minimal assumptions required on a, b, A, B. In the propositions the constant C' will
depend on «,p,a,b, A, B but will not depend on v > « and f. At several places
the usual interpretation of the LP norm is needed when p = co.
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Lemma 1. There exists C' > 0 independent of v > —1 such that

(zy)" 12/ (D(v +2)2°)%, 0 <2,y < 20/3,

1
|Ku(ff7y)|§0{1’ 2y >/,

Proof. Using (15) and (17) gives, for 0 < z,y < 27/3,

v+1/2 1
KL < (zy) / 1 — s2)s2v+1 gs.
Kb )| < O g [, (0= 5707 ds

To get the required bound we use

[0y = 1)
0

2 T(w+3)

and then majorize the last expression by C(1 + v)~2. To prove the estimate for
x,y > 7/2 we note that by Schwarz’s inequality we have |K}(x,y)|> < A,(2)A,(y),
where

Ay (z) = /0 (1= 82)(vasJy (25))2 ds.

It is therefore sufficient to check that A,(x) < C for z > 7/2. In what follows
we consider the case v > 1 only (analysing the case —1 < v < 1 is much easier).
In fact we also assume that v > 3. We consider four cases to estimate A, (z):
1//2<3:§1/—1/1/37 v—vB <z <v4+uv3 v+ /3 <2 <20, and 2v < .

Case 1: v/2 < x < v —v'/3. By (19), (here and in the sequel we use (19) with
®,(z) in place of D, (z))

(zs)" 2T +1)2), 0<s<v/(2x),
V4 — xs) =14, v/(2z) <s < 1.

Vs, (zs)| < C{

Therefore,

v/ (2z)
Ay(x) < C<x2u+1(r(l/ + 1)21/)72/ (1 _ 82)32u+1 ds
0

1
—|—1/1/2/ (1—32)(V—x3)1/2ds>.
v/(2z)
The first summand above is bounded by using
v/(2z) 1 v 2(v+1)
1— )2l ds < O (7
/0 (1=s7)s™ 0 ds < O3y 250)

and Stirling’s formula. For the second summand we write

1 v/z
/ (1—sH)(v—xs)"2ds < / (v —xs)" /2 ds
v/(2x) v/(2z)

and note that the last integral is bounded by Cv~'/2 which gives the correct bound
of the second summand. The claim, A, (z) < C, now follows.
Case 2: v —v'/3 <z < v+ v'/3. From (19), the following estimate holds:

(zs)"H1/2(T(v+1)2Y)7Y, 0< s <v/(2x),
Vs, (xs)] < C S v/ (v — xs)~ /4, v/(2r) < s < (v—v'/3)/x,
v1/6, (v—v¥ oz <s<1.
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Therefore,
v/(2x)
AU(J?) < C(a)‘QV—H(F(V—F 1)2u)—2/ (1 _ 82)82v+1 ds
0

(1/—1/1/3)/.7; 1
—|—1/1/2/ (1—32)(V—$s)_1/2ds+ul/3/ (1—82)d8>.
v/(2x) (v—v1/3)/z
The first summand is that from Case 1. The same is with the second summand once
we enlarge the upper integral limit from (v — 1/1/3)/;10 to 1. The integral contained in
the third summand is easily seen to be bounded by Cv~1/3 which gives the correct
bound of the summand. The claim, A, (z) < C, again follows.
Case 3: v+ v'/3 < <2v. As in the previous cases we use (19) obtaining:

(zs)"T2(T(v+1)2)71, 0<s<v/(2x),

vy — as) /4 v/(2x) <s < (v—v'/?)/z
Vasd,(xs)| < C ’ v 7
Vasdy,(zs)] < /6 (v—v'3 )z < s < (v+v3)/a,
v 4 (zs — v) 14, w+v') )z <s <1,

Next, we bound A, (z) by splitting the integration accordingly. The first two re-
sulting terms are exactly those from Case 2. The same is with the third one once
the upper integral limit is enlarged from (v + v/3)/z to 1. The fourth resulting
term is

1

1/1/2/ (1—82)(.%8—1/)71/2(18
(v+vt/3) )z

and the required claim follows since

1
/ (1—s%)(ws —v)"%ds < Cx_1/2/
(

v+vl/3)/x v/x

1 —1/2
(s — Z) ds < cv1/2,
T

Case 4: 2v < z. In this situation we have

(zs)"T/2(T(v+1)2)71, 0<s<v/(2x),

vy — xs) V4, v/(2z) < s < (v —v'/3) /x,
Vs, (zs)] < C v1/6, (v—v'3) )z <s< (v+ /3,

v/ (zs —v) "4, (v+v3) o < s <2/,

1, wjr <s<Ll

Again, we bound A, (x) by properly splitting the integration and noting that the
first three resulting terms are those from Case 3. The same is with the fourth
one after replacing the upper integral limit 2v/x by 1. The fifth resulting term is
f;u /w(l — 5?)ds and it is obviously bounded by a constant. This finishes the proof
of Case 4 hence the lemma. O

Proposition 1. Let « > —1 and 1 < p < oo. Assuming a > —1/p— (a+1/2) (>
ifp=00) and A<1—1/p+ (a+1/2) (< ifp=1) we have

@ | o (vaste) [ 7 KM ) 1) dy>pda: <o 7 was@ dy,

for v > a, while, assuming in addition b < B, for v > « we have
(24)

I <wa,b<x> | xolkle.nsw) dy)pdx <cf f F@wasm) dy.

v/2 /2
where D = {(z,y) : |x —y| < 1}.
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Proof. Proving (23) use the bound on |K}(z,y)| from Lemma 1 and consider p = 1
first. Then split the integration regions [0, 27/3] in the double integral using 2/3 as
breakpoints and change the order of integration to end up with four integrals to be
estimated by a constant multiple of either fo 2/3 |f(y)|y? dy or fQV/S y)|y? dy. If
the y-region of integration is [0,2/3], then merely replace y*+1/ 2 by ¥4 (using the
assumption A < o+ 1/2) and note that the integrals

2/3 27/3
/ xa+l/+1/2 dl‘, / xb+v+1/2 d.’L‘,
0 2/3

when multiplied by (I'(v + 2)2¥)~2 give bounded functions of v > «. If the y-
region of integration is [2/3,277/3] then, for large values of v say, replace y*+1/2 by
(2v/3)7+1/2=ByB and, in the case of the z-integration over [2/3,2v/3], note that

1 9 \v+1/2-B [2v/3 bto1/2
T +2)2)? (5v) / 2T do
2/3

is a bounded function of large v (note that the possible growth of 2°~2-2 is compen-

sated by the decay of (e/3)"). The remaining case of the z-integration over [0,2/3]
is similar (and easier). In the case 1 < p < oo apply the analogous argument using
Holder’s inequality in appropriate places (cf. also the proof of Lemma 2.1 in [7]).
Consider now p = co. It is then sufficient to show that, for v > «a, the quantities

1 2U/3
. a+1/+1/2/ v+1/2 d :|
———— sup T
(T(v +2)2v)? /{ , YTy

and

1 b+v+1/2 /QV/3 v+1/2 :|
——— su x d
(T(v +2)2v)? 2/3<z£2§/3 [ 0 Y W)l dy

are bounded by a constant (independent of v > «) multiplied by the sum

sup vy |f)+  sup yP|f(y)l.
0<y<2/3 2/3<y<2v/3

This is easily done by using the assumptions a > —(a+1/2) and A < 14 (a+1/2).
Proving (24) use Lemma 1 and note that only ¥ > 1 may be considered. Let
p = 1. It is sufficient to show that

//2 / Xo.1)(lz = yDIf(y |dydx<0/ y)y” dy

with C independent of v > 1. The inequality immediately follows by changing the
order of integration, noting that for y > /2 and v > 1

/ L Xoaille -~y dr < 0y
v/2

and using b < B. Consider now the case 1 < p < co. By using b < B it is easily
seen that (24) is implied by

[eS) z+1 p [eS)
/ ( / |x[y/2,m]<y>g<y>|dy) < [l ay
v/2 z—1 v/2

where v > 1. This, in order, follows from the well-known standard norm inequality
for the maximal function since, for > v/2 and v > 1,

r+1
/ 2ol (0)90)] dy < M (x12.019)(2).
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Lemma 2. Let a > —1. There exists a constant C independent of v > « such that
for |z —y| > 1 and z,y > 5U/4,

(25) K, (@,y)] < Cla —y| 72
Proof. Using (13) gives

2v

@) Il < 20 (|22 —ollFi ]+ 2

(x| Fa| 4+ y|F3|) + 23:y|F4|).

Since |F;| < C on z,y > 7, see (15)—(18), the conclusion then follows by noting
that each of the terms, |20 — (22 +y?)|, v, 2y, when divided by (z+v)? is bounded
on the indicated range of = and . O

Proposition 2. Leta > —-1,1<p<o00, b< B, b<2—-1/p (< if p =), and
B>-1-1/p (> ifp=1). Then, forv > a,

(21)
[e'e] [e'e] P [e%e]

L (waste) [ xoanlsbeanswla) aw<c [ ifwuasl .
57 /4 57/4 5v/4

where D¢ = {(z,y) : |z —y| > 1}.
Proof. Consider first p = 1. Then (27) reduces to showing that

/ / Xitooy ([ — Y2y B
57/4 J50/4

and this is a consequence of (this time b < 1 is used)

o0

l9(y)|
dydx < C d
oy W= l9(y)| dy

v

B [~ 1
sup  sup [y 2 / xbxu,oo)ux—ynm] < oo,
v>ay>5v/4 57/4 |z —y|

In the case p = 00, (27) reduces to showing that

oo

gly _
sup [wb/ Xpe (2, y) lo( )|2y de] <C sup [g(y)|

T>50/4 57 /4 |z —yl y>50/4

and this easily follows by noting that (B > —1 is used)
> 1
b
sup sup |z / X[1,00) (|7 — y|)dy] < 0.
V> r>50/4 [ 2w [100) yB|m - y‘g

Consider now the case 1 < p < oo. We decompose the y-range in [57/4, /2],
[z/2,2x] and [2x,00). Then,

/500 <w“’b(x) /:/2 xoe (2, 9)| K, (2,9) [ ()] dy>p dz

7/4 7 /4
[e%e] x p
so " (@[ irwla)
57/4 57/4

and an application of Holder’s inequality shows that the last expression is bounded
by the right side of (27). Similarly,

L (s [ xoimtnsoia) <o [© (o [THO) 4

v/4 @ 57 /4 Y

and again Holder’s inequality does the job. Proving

/ N (wa,bm / waDc<x,y>|K;<x,y>f<y>|dy>pdxsc / " fwas(@) @) do

7 /4 /2 T /4
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reduces to showing that

° p(b—B) 2 |g(y)| ? - p
T X[1,00] (|7 — ) sdy| dz<C lg(2)|? da.
55 /4 x/2 |z -yl 57 /4

By the assumption b < B, we obtain

e 2x )
J:P(b—B)</ N lg(y)l dy) o
AV/4 1/2 [1, ](I D|$_y|2
T (s 9(v) ’
g\y
57/4 (kz_l lp—y|~2r 1T — Y| 57/4,00] (V)

o o0 p
<C (Z 272k / - l9(9)|X[57/4,00) () dy) dx
r—y|~2

sv/a \71 21

oo

<C M (X[57/4,00)9) (%) dz.
57 /4

Using the fact that M is a bounded operator on LP for 1 < p < oo, we conclude
the proof of Proposition 2. O

Lemma 3. There exists a constant C independent of v > 1 such that for |x—y| > 1
and v/2 < xz,y < 3v/2,

— 173\ /4 B 173\ 1/4
(28) |K,}(;c,y)gc|x_y|—2<(|yw’> +(|Vy|+”) >

lv —y| +v1/3 lv — x| + v1/3
Proof. Applying (19) and (20) to (26) leads to

(29)  [Ky(z,y)| < Oy () @y (y)[u| ™ <2V2 —v[+ |Z—‘(|u2 —a®| +at/?)?
v
+ m(‘VQ _ y2| + y4/3)1/2 + (‘1/2 _ 1,2| +,134/3)1/2(‘l/2 _ y2| + y4/3)1/2)'
Then the estimates for ®,, on the range (v/2,3v/2) give

Ky (@,y)] < Clo =y (v — x| +02) 7V (v — y| + 01/2) 7002

x (vuv el v —yl] + [ — 2l £ Y2 4 (= ] + M)

+v(lv -zl +1/1/3)1/2(\V—y| +V1/3)1/2>.

A careful analysis then shows that each of the three resulting summands is bounded

by the right side of (28). O
Proposition 3. Leta> 1,1 <p<oo, and b < B. Then, forv > «,
(30)
3v/2 3v/2 p 3v/2
/ (1waste) [ X)) w)arsc | sl iy
v/2 v/2 v/2

Proof. By using (28) and the assumption b < B, (30) will follow from

3v/2 3v/2 1f ()| |1/—x\+1/1/3 1/4 P 1/p
o ([ e () o) )
e ([, ([, wernZe (i

3v/2 1/p
C Pd
< (// ) y)
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and an analogous inequality with the second term from the right side of (28) in-
volved. Since in the latter case the argument is completely similar to what we
present below we do not repeat it. The change of variables X = v~V3(z — v),
Y = v~ /3(y —v), shows that the left side of (31) equals v—1/3+1/GP) multiplied by

V23 )2 v2/3 )2 |F(Y)| l+|X| 1/4 P 1/p
_ X.Y dY | dX
(/ y2/3/2</ yara py VXYY (X )|X—Y2(1+|Y|) ) ) ’

with F(Y) = f(Yv'/3+v). By symmetry, it is now enough to majorize the quantity

v?/3 )2 V2/3 /2 |F(Y)| 1+|X| 1/4 P 1/p
(XY dy ) dx
(/ (/Um"{”” o )|X—Y2(1+|Y|) ) )

by v'/371/Gp) times the right side of (31). We decompose the Y-range into five
intervals [~1%/3/2, —X], [~ X, 0], [0, X/2], [X/2,2X] and [2X,v?/3/2] (the extreme
intervals may be void, the second one may reduce to [~%/3/2,0]) and denote the
resulting double integrals by I;, ¢ = 1,...,5. We will focus on proving that

3v/2 1/p
(32) Ii<cw/31/<3p>( // If(y)Ipdy) . i=1..5
v/2

Leti=1. IfY € [-v?/3/2, —X] then |X — Y|~2 < C|Y|~2, the change of variable
Y = —T and Hoélder’s inequality produce the following bound of I;:

v2/3 /2 -X 1/4 p 1/p
FO)| (14X
—1 (X, Y dY | dX
</0 (/V2/3/2 X{|X-Y|>v /3}( ) )|X — Y|2 1+ ‘Y|
v2/3 /2 v2/3/2 |F(—T)‘ 1+ X 1/4 P 1/p
<C —ya (X, T dl'| dX
= (/0 (/x X{X+T>v /s}( ,T) T2 <1+T> ) )
V213 /2 V23 /2 F(—T p 1/p
[
0 max{X,v-1/3-X} T

V232 V232 p/p’ 1/p
< Cu—1/<3p>< / ( / T dT) dX)
N 0 max{X,2v-1/3-X}
(/.

3v/2 1/p
x /V/ If(y)lpdy) .

This proves (32) for ¢ = 1 since

v2/3 /9 v2/3 /2 , p/p’ 1/p
( / ( / T2 dT) dX) < v/,
0 max{X,v—1/3-X}

Leti=2. IfY € [-X,0] then | X —Y|~2 < C|X|~2, the change of variable Y = —T
and Holder’s inequality similarly show that I» is bounded by v~/ ®3P) multiplied by
the product of

V273 /9 X p'/4 p/p’ 1/p
(33) ( / D ( / <1 h X) dT) dX>
0 max{0,v—1/3-X} 1+T

and the right side of (31). This completes the proof of (32) for i = 2 once we note
that (33) is O(v'/?). Consider the case i = 3. Then I3 equals

1/2/3/2 X/2 ‘F(Y)| 1+X ]_/4 P 1/1)
_ XY dY | dX
(Lo ([ roermmonge s () o) o)
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and we further split the X-range onto [v~1/3,1] and [1,%/3 /2] denoting the result-
ing double integrals by I3; and I3s. Then

1 min{X/2,X—v~1/3} F(Y P 1/p
I 50</ (/ e dY> dX>
y—1/3 0

2V—1/3

A )
(L Y )

2y71/3

1/p
< Oy~ H/Gp) [(/ XX - V—1/3)p/p’ dX)
v—1/3

1 , 1/p 3v/2 1/p
(L earax) (] i)
2v—1/3 v/2

where, in the last line, Holder’s inequality was used. Now, the bound

o, —1/3 1/p 1 1/p
</ XX — Vl/S)p/p/dX> + (/ xP(1/p'-2) dX> < Covt/3
v—1/3 2

v—1/3

shows (32) for Is;. Similarly, using Holder’s inequality again, we majorize I3 by
v~/ 3P) times the product of

/2 X , p/p’ 1/p
(34) </ X‘7p/4</ (1+Y)P/4 dy) dX)
1 0

and the right side of (31). Thus (32) follows for Iso, hence also for I3, since (34) is
O(v'/3). Consider the case i = 4. Then I, equals

v2/3 /2 29X |F(Y)| 1+ X 1/4 D 1/p
U proremeen g lin (i) o) ax)

and we further bound it by

v2/3 /2 2X P 1/p
F(Y)|
C</ (/ X{|x—v|>v-1/23(X, Y | dY> dX)
0 X/2 {|IX-Y|>v—1 3}( )‘X — Y|2
1/2/3/2 e’} | Y F Y P l/p
X[o,uz/S/z]( JE(Y)]
C</ ( E / dY | dX
0 hhy | X =Y |2k X —YI[?

I/2/3/2 o) , l/p
C( /0 ( > 2 / X[o,w2/52 (Y)F(Y)|dY) dX)
k—k1

XY |~2Fk

1,2/3/2 o) P 1/p
C(/ ( > 2’“M(X[07V2/3/2]F)(X)) dX)
0

k=k1

L2/3

IN

IA

IN

) V2/3/2 1/17
< Oy1/3</0 M(x(o,p2/2 /2 F)(X)P dX>

with k1 = [—(logyv)/3] — 1. Using the fact that M is a bounded operator on LP
we finish the proof of (32) for i = 4. Consider the case ¢ = 5. Then I5 equals

1/2/3/2 1/2/3/2 |F(Y)| 1+X 1/4 P 1/p
_ XY dY | dX
(L U oremenfys (1) o) ax)
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and is easily seen to be bounded by a constant multiplied by the sum of

1 V2/3/2 F(Y p 1/p
Is; = (/0 (/2 X{‘X_y‘>y—1/3}(X7Y)| }(/2)| dY) dX)

X

v2/3 /2 v2/3 )2 Y p 1/p
Isy = (/ (/ X{lx_Yl>y,1/3}(X7Y)| )(/2)‘ dY) dX) .
1 2X

Using Holder’s inequality and the estimate

1 v2/3 /2 p/p’ 1/p
( / ( / Yy 2 dY) dX) <Ccp/3
0 max{X+v—1/32X}

(decompose the X-range into [0, v~1/%] and [v~1/2,1]) shows that

1 V2/3/2 F Y P 1/17
151§C</ (/ | )(/Q)dY> dX)
0 max{X+v—1/32X}

) ) 3v/2 1/p
< CA/B1/GD ( / If(y)”dy> .
v/2

and

Similarly, the estimate

1/2/3/2 l/2/3/2 , p/p/ l/p
( / ( / y—2» dY) dX> < COpt/3
1 2X

and Holder’s inequality produce

v2/3 )2 312/3 , p/p’ 1/p v2/3 )2 1/p
I5y < C(/ (/ Yy =% dY> dX> </ |F(Y)|P dY)
1 2X —v2/3/2

3v/2 1/p
<ovson( [ igray)
v/2

This finishes the proof of (32) for ¢ = 5 hence the proposition.

Lemma 4. Let
Ry =[27/3,00) x [0,7/2], Ry =[37/2,00) x [7/2,57/4],
R; =[0,7/2] x [20/3, ), Ry =1[7/2,57/4] x [37/2,00).
Then there exists a constant C independent of v > —1 such that

0, ()% (y)

Ky (o y)xn (@ y) < €= 2=, i=1,2,3,4.

Proof. We discuss the case v > 1 only (if v < 1 our argument also applies but
the right side of (29) must be suitably modified). It is sufficient to check that the
expression in parentheses on the right side of (29) divided by (z + y)? is bounded
by a constant. In Ry, x < z+y < 7x/4 and z/4 < z —y < z, therefore v/|u] is
bounded. Also each of the terms (|v? — 22| + z%/3)V/2, (|v? — y?| + y*/*)'/2, when
divided by = + y is bounded. Finally, |20 — (2% + y?)| when divided by (z +y)? is

bounded. Similar analysis holds for ¢ = 2, 3, 4.

Proposition 4. Let « > —1, 1 <p < oo and a, A,b, B satisfy the assumptions (3)

and (4) of Theorem 1. Assume also that
B+1+1/2-2/(3p), ifl<p<4/3,
b<<{B+1, if4/3<p<4, (<ifp=4/3 orp=4),
B+1-1/64+2/(3p), ifd<p<oc.
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Then, forv > «,

(35)
[e’e] [e'e] p [e%e]
| (o) [ xte e nslan) ao < ¢ [ iwpuanr i
0 0 0
where R;, 1 =1,...,4, are as in Lemma 4.

Proof. Denote the left side of the inequality to be proved raised to the 1/pth power
(with the usual interpretation when p = oo) by F; = F;(a,b,p,v; f). Consider first
the case i = 1. Using the bound from Lemma 4 and Holder’s inequality gives

A= (7 (st [ e slicsm sl ) dx)l/ ‘
5 C(/oj (= // ) P2 dy)p dx)””

<o [ :';3 (0,0 [ " e dy)p i) v

< Cllx(am/3,00) (@)2° 2@ () Iy - [IX (0,572 (W) was®) ' Lo @)l 1/ (W)was ).

The product of the first two terms following the last C' above is a continuous
function of v € [a,00). It is therefore sufficient to consider large v’s; analogous
remark applies when analysing F;, i = 2,3,4. Thus, from now on we assume v to
be large and write v in place of 7. Then we have

(36) X002 W)wa, B (y) ™ @0 (y)lly
< Cmax{|x©,) @y Lo W)y, X102 @)y P20 (y) )
< O27'T(v +1)"Y(v)2) " BHv+1/2,
where, to assure the convergence of the integral on [0,1] the condition A < 1 —
1/p+ (a+1/2) was used (A < a4+ 1/2 when p = 1). Moreover,
1, if p < 4,
B7) XG0 (@)2" 20y (@), < CvP 2P L (logn)! /4, ifp =4,
p1/6=2/Gp) - if p > 4.
This is obtained by splitting the integration onto (2v/3,2v) and (2v, o), using the
assumption b < 2 — 1/p (b < 2 when p = 00) and then by inspection. We conclude
the analysis by noting that the product of majorants in (36) and (37) produces a
bounded function of v > 1.
In the case i = 2, to get the required bound we proceed as in the case just
discussed majorizing F, by a constant times

IX(30/2,00) (@22 - (X w2500 @ wa,B@) " @u@)ly - 1 f @) wa,s@)llp-

Again, we claim that the product of the first two terms above is a bounded function
of v > 1. This is because ||X(3v/2,00) (2)2* 72|, = O(¥*~21/P) and
p1/242/Ge) - if p < 4/3,
X /2,500 @ was @) Pu(y)ly < Cv™FYP L log )4, it p=4/3,
1, if p > 4/3.
Now, considering separately the cases p < 4/3, p =4/3, p > 4/3 and using appro-

priate assumptions on the relation between b and B proves the claim.
Consider the case ¢ = 3. This time we bound F3 by a constant times

IX(0.072) (2)wa s (2)P ()l X 203,000 @)y~ F 2@ (W)l 1 (W) w2, 5 -
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Similarly to (36) (the assumption a > —1/p — (a+1/2), with a > —(a+1/2) when
p = 00, is used), we obtain the estimate

1X(0.0/2) () wa,p (@) P, () | < C27T (v + 1) (v/2)P T H/2,
Moreover,

p=1/242/Bp) i p < 4/3,
X300 @)y~ BP0, () < Cv B0 L log )4, it p=4/3,

This is easily seen by splitting the integration onto (2v/3,2v) and (2v, o), using the
relevant assumption and then by inspection. Combining these two bounds shows
that the product of the first two terms majorizing F3 is a bounded function of
v>1.

Finally, consider ¢ = 4. Then F} is bounded by a constant times

X /2,504 (@2 @ (@)l - (302,00 @)y~ FF2 - 1Lf @) wa, 5(9) -

Here we use ||X(3/2,00) %)y~ B+ ||,y = O(v=B~171/P) (the assumption B > —1 —
1/p, B > —2 when p = 1, is applied) and (37) with b instead of b — 2 (to be
precise with (v/2,5v/4) in place of (2v/3,00)). Then, considering separately the
cases p < 4/3, p =4/3, p > 4/3 and using appropriate assumptions on the relation
between b and B shows that the product of the two relevant terms is a bounded
function of v > 1. O

4. PROOF OF THEOREM 1

We start with the proof of sufficiency in Theorem 1. If « < 1 and v € [, 1],
then (2) is a consequence of the estimates contained in Propositions 1, 2 and 4. If
a>1and v € [a,00), then we use the estimates from Propositions 1-4 (note that
the regions that appear there cover the quarter plane (0,00) x (0,00)). Checking
the required assumptions shows that (3), (4) and (5) were used.

We now pass to the necessity. Checking of (3) relies on the asymptotics of
Kl(z,y) at (0,0). Indeed, to check the necessity of the first condition in (3) note
that for a sufficiently small € = ¢(a) we have J,(s) > Cs® for 0 < s < . Hence,
for z,y € (0,¢), Kr(z,y) > C(ay)*T1/2. Take f = x(c/2.); then, for = € (0,¢),

€

Saf@) = / Ko (z.y)f(y) dy > Cz*+1/? // yo 2 dy > Cxo T2,
0 /2

Thus, (here and later on an appropriate interpretation is needed if p = c0), by (2),

e 1/p € 1/p
</ glo+l/2ra)p dx) < C(/ |SLf(x)x®(1 + )P d:c)
0 0

e 1/p

< C(/ |xA(1 + x)B_A|p dx)
e/2

< 00.

In consequence, a > —1/p — (a+1/2) (> if p = o0) follows.
To verify the necessity of the second part of (3) define the function f by

7174/ (~logx)?, ifp=1,
flx) =L a"/r=4/(—logz), ifl<p< oo,

x4, if p = o0,
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for 0 < z < ¢ and f(z) = 0 otherwise, and consider in (2) the sequence of functions
fa(@) = f(@)X(e/ne)(@). Then, sup,>y | fo(@)z? (1 + 2)P 4|, < oo and, for 0 <
r <,

€

Sihale) = [ KA ) dy = vt [y ay
0 e/n
Thus, to keep ||SL fn(2)z%(1 + 2)°~2||, uniformly bounded (with respect to n) re-
quires « +1/2— A —1/p> —1 (> if p = 1), the second part of (3).
To check the necessity of the first condition in (4) choose a sufficiently small ¢
such that J,(y) > 0 for 0 <y < ¢ and take f = x(c/2,). Then, Sl f(x) is the sum
of

£ 202 — (22 4+ 42
(38) 2//2 (xg(_yQ)Q) y' 2 Ja(y) dy - V2 Jo(2),

e g2 42
39 —41:/ — =y 20, (y) dy - 2T (2),
(39) @ =P Y (y) dy (z)

€ 24,2

y(@*+y°) 12 1/2
40 4/ P TY )12 g (g dy - 22T, (),
(40) 1 E PR Y (y) dy (z)

: Y 1/2 1/2
41 —4x/ — JL(y)dy - /2T (2).
(41) PP Y (y) dy (z)
Since wr

22y (x) = (2/7)Y? cos (9: —5 - Z) +0(z™1), x>1,

and

T@) = o) = Jaga (2),

hence
V2] (x) = (2/m) % sin (:L' - % - %) + Oz, x> 1.

Let g and h, 4 < g < h < oo, be such that a:l/QJa(x) > 1/V2r for z € X =

220(g+2mj,h+2mj). Then, for z € X, the absolute values of (39), (40) and (41)
are less than Cx~3, while the (negative) value of (38) is less than —Cz~2. Thus,
for large values of z € X, the sum of absolute values of (39), (40) and (41) is less
than the half of the absolute value of (38). Therefore, it is possible to choose g so
large that the former statement remains valid for all x € X. Hence, with such a

choice of g, for z € X, |SLf(z)| > Cz~2, and using (2) produces

1/p 1/p
(/ m(bQ)pdx> <C</ |Sif(1’)xa(]_+x)ba|lndl'>
X X

€ 1/p
< c(/ F@)zA (1 + 2)PAp dx)
e/2

< o0.
In consequence, b < 2 — 1/p (< if p = c0) follows.
To check the necessity of the second condition in (4), define the function f by
a7 /(logz)?, ifp=1,
flz)=1<27 /7B /(logz), ifl<p < oo,
x~ B, if p = oo,

for x > 2 and f(z) = 0 otherwise. Then choose an interval (g,h), 1 < g < h < o0,
such that J,(z) < 0 and J/, (z) > 0 for « € (g,h). In addition, choose G and H,
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2max{g,a} < G < H < oo in such a way that y'/2J,(y) > 1/v/2r and J/,(y) <0
for y € Y = U2o(G + 2mj, H + 2mj). Consider in (2) the sequence of functions
falz) = f(@)xy, (2), Yo =Y N (2,n). Then, sup,>, [[fa()a? (1 +2)P "4, < oo
and SLf,(z) is the sum of
o) =2 [ g0 * S )y ),
Iy(n,x) —4x/ fly i —I—y)

Bina) =4 [ s (zy)) v 2T, () dy -2 ),

Y2 Jay) dy - 22T (2),

Iy(n,x) 74x/ fly @ y 20 (y) dy - 2T (2).

The choice of f, (g,h) and Y shows that for = € (g,h), I1(n,x), I2(n,z) and
I4(n, ) are positive while I3(n, x) in negative. Thus I (n,x) + I3(n,z) < SL f, ().
Moreover,

0< /Yn J;(/‘g)dy- (—:El/QJa(a:)) < CL(n,x)

and
|13(n,x)| < C/YW fy(g)dy . (—xl/QJa(J;)).

The last estimate shows that G’ might be chosen so large that |I5(n, z)| < 107211 (n, )
for « € (g, h). With such a choice of G,

T0) 4y (o120, (@) < CSL fu(a)
v, Y?

and then multiplication of both sides by #® and x-integration over (g, k) produces

f(y) " b4+1/2)|P e " 1 b e
[y ([ aawaeropas) <o [Misihmsra)
Y, Y g g
< Ol fal@)e (1 +2)P =4,
Thus, uniform boundedness (with respect to n) of the integrals fYn f(y)y~2 dy now
requires B > —1 —1/p (> if p = 1), the second part of (4).

Proving the necessity of (5) note that for R > 0, K, p(x,y) = RK} (xR, yR),
hence S, pf(x) = S} 1 fr(zR), where fr(y) = f(y/R). Then, applying (2) (where
R =1 is assumed) to a nontrivial function f € C2°(0,00) produces

156 pf ()2 (R™ +2)*~?|l, < CRE®| f(@)a(R™ +2)P~ )],
(42) < CRP™?| f(2)2P],

if B— A <0 or with the last term replaced by || f(x)z?(1 +2)B=4(, if B—A >0
and R > 1. But

(43) lim S! ,f(z) = f(x), x>0,
R—o0 ’
hence by (42), (43) and Fatou’s lemma for p < oo or trivially for p = co we have

(44) 1F()a"]lp < ClLF ()", lim int RE~

if B— A < 0 or analogous inequality with =¥ replaced by z#(1 + 2)5~4 when
B — A > 0. In any case, this implies b < B. To verify (43), fix z > 0 and
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[ € C(0,00) and use S} pf(x) = Hy(mp - Hy f)(x) to write

Staf@) = [ @ auten (1 (5)") Moty

Then, (43) follows by an application of the dominated convergence theorem and
the inversion formula for the Hankel transform 7, once we note that

/Ooo(xy)l/2|Ja(xy)||Haf(y) dy < .

The above is a consequence of Ho, f(y) = O(y*+1/?), y — 0%, which in turn follows
from (6) and H, f(y) = O(y~2), the latter easily implied by (22). This finishes the
proof of the necessity of (5), hence the theorem.
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